MATH 2068 HW 11 - Solutions Posted on 29 April 2022

1. Discuss the convergence and the uniform convergence of the series > f,, where f,(x) is given by

i fo(2) = g forz >0

il fn(z) = (;HC forxz >0
Solution.
i. We first claim that f, converges point-wise precisely on [0,1). When x > 1, f,(z) = % T 2 x,f;:n = l

for all n € N. It follows clearly that > f,(z) diverges. It remains to con51der the convergence of > fn
on [0,1). Now suppose z € [0,1). Then |f,(x)] < z™. It follows from the convergence of geometric series
and the comparison test that Y f,(z) converges. Hence, Y f,, converges point-wise on [0, 1) but diverges
elsewhere.

Next, we claim that f,, is not uniformly converging on its domain of convergence, that is, on [0,1). We
proceed by contradiction. Suppose (> f,) converges uniformly on [0, 1). Then f,, converges to 0 uniformly.
This is because we have f,, = s, — s,_1 where s, := ZZ:1 fi for all n € N. It follows from the Cauchy
criteria (on the uniform convergence of (sy)) that f, converges to 0 uniformly. However, for all n € N,

take x,, := (1/2)'/™ € [0,1). Tt follows that we have f,(z,) = 1}2/i1 = 1. It follows from definitions that

fn does not converge uniformly to 0 and so contradiction arises.

ii. Write a,(x) := niw and so fn(x) = (=1)"a,(z ) for all z > 0 and n € N. We claim that f,, converges

point-wise on & > 0. Fix > 0 then a,(z) := W is decreasing with lim a,(z) = 0. By the alternating

series test, > (—=1)"a,(x) = > fn(x) converges.
Next, we claim that f,, converges uniformly on [0, c0). To this end, observe that for all n € N and = > 0,
we have

0 <ap(z)—ansi(x) = L - ! = ! <i
- Y T s nt+l+x (n+a)n+l4x) T n?

Hence, for all odd n € N and p > 1 € N we have

n+p p/2 p/2 n+p/2
0< Z fk(ﬂf)zzan+i(93)—an+i+1($) <Zn+l Z kg
k=n-+1 =1 k=n+1
if p is even; and we have
n+p (p—1)/2 n+(p—1)/2 1 1
0< Y M@= Y ani(@) —tnria(@) +anp() < Y =
k=n+1 =1 k=n+1
Combining the two, we have
n—+p n+p
S A< > Gy
k=n-+1 k=n-+1

for all odd n € N and p € N. We clearly have similar inequalities when n is even. Hence by the convergence
of Y po, kim it is clear that the Cauchy condition is valid for > fi and so > fx converges uniformly on
xz > 0.

Remark. For Qli, many of you also discussed uniform convergence of the series on compact sets, which is
totally relevant and can reward you marks.

2. Let (c¢,) be a decreasing sequence of positive numbers. Suppose > ¢, sinnz converges uniformly. Show
that lim nc,, = 0.

Solution. Let € > 0. Then there exists N € N such that for all n > N, we have ‘Ziin Ck Sin(kx)‘ < €
for all z € R by applying Cauchy criteria on the uniform convergence in question. For all n > N, we take
T, := £-. Then nx,, = n/4 and 2nz, = 7/2. It follows that kx,, € [r/4,7/2] for all k € [n,2n] N N. Hence,
sin(kx,) > sin(r/4) > +/2/2 for all n > N and k € [n,2n] NN. It follows that we have for all n > N that

2n 2n
(Ck)i 2
E cpsin(kz) > — E Ck \f Cop > gnCQn

k=n

Hence, for all m > 2N + 1, |[m/2| > N. It follows that € > ng/QJCQLm/QJ > %(4L%J)cm > %mcm. It
follows that limne, = 0.

Remark. After proving lim 2ncs, = 0, one can also consider (2n + 1)cant1 < (2n + 1)can < 2nca, + cop <
2ncay, + 2nco, — 0 as n — oo. Combining 2ncy, — 0 and (2n + 1)ca,1 — 0, we have ne,, — 0.
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3. Find a series expansion for f(x fo e~t"dt for z € R.

Solution. First note that et = ZZO 0 - for all t € R is the power series expansion for ¢ — e. Note that

the power series converges everywhere on R and so converges on every compact intervals (on [—n,n] where
ny 2n

n > 0 in particular). Hence, the (power) series expansion e~ ¢ = S % also converges uniformly for

all compact set. In particular, it converges uniformly on [0, z] for all x € R. Hence by limit-integral exchange

theorems, we have

nt2n nt2n St (71)71 l.2n+1
R —t2
R S Y=

for all z € R to be the required series expansion.

Common Mistake. One must verify every interchange of integrals and limits (even in future courses). Hence
you must state the uniform convergence for the power series of e’ on compact sets. Note the the power series
is NOT uniformly converging on R (try to prove yourself!). A number of you wrote too few for this question.



