
 

Power Series

Def9.4.7 If fu x an lx C an C E IR An 0,13

then I fax Eaux C

is called a powerseries around x c

Remarks Powerseries usually starts with no Gileadof n 1

Eaux Ao ta Xt azx t

I aux may not defused over all of IR

lil IGN X converges only fu x 0 Ex

di Fox converges fu IX kl geometricseries

lil II 41 converges t x EIR exponentialfunction

Hence there is a need to determine the set onwhich

Eaux converges

In the following we consider the case that co

This is no loss ofgenerality as the translation y x c

redues Zan x c to zany



Recall Def3.4.10 Thm3.4.11

Fa Xu a bounded seq limit superior of Xu

lui supxu Etinfluek Ucxn forfinitelymany n

in flu EIR XuED fu sufficientlylargen

And Is If u luisupXn then

Xue n fa sufficiently large n

ie I KID E IN Sit if n3KID then XuED

dis If we binsupxn then I infinitely many nEN

s it W E Xn

Def9.4.8 Let Eaux be a power series and

p I
luisup Hulk if

Hutt is aboldseq

to otherwise

Then the radius of convergence of Eaux is definedby

R t
0 if pecs

supcaul's
otherwise

including Recs
whentusseplaut o

The interval of convergence is the open interval ER R



Thnx9.4.9 Cauchy HadamardTheorem

If R is the radiusof convergence of Eaux then

Eaux is absolutely convergent if KKR

divergent if XI R

Remark No conclusion for IXER
i EX pluisuplautt luisup 1 1

R 4 1

1 Ex It it is divergent

X 1 Ex 1 1 1 1 is divergent

i's EFX p hissuplautt luisup L Ex

R 4 1

x 1 I x It htt is divergent

x 1 E taxa I It is convergent

Hi I x p luisuplault luisupn.tn 1 Ex

R 4 1

I
x 1 I fix It tutte is convergent

X 1 I turn I tatty is convergent



Pfof Cauchy HadamardThm

R O and R to leave as exercises

Assume Oc Raw

Clearly Eaux converges fax o

Consider Oskar

then I occal such that IXKCR G
Therefue pix luisupfault it s c

IKE IN such that

if nek then tant Xi s c

Laux I E C task

Since acct I C is convergent

By ComparisonTest Thu3.7.7 Elan X I is convergent

it Eaux is absolutely convergent

This proves the 1st part

If 1 1 R t then p limsuplautt

fault s fa infinitelymany MEN

it I aux I I fa infinitely many MEN

and hence aux O Eaux is divergent



Remarks 1 If his tail exists then radiusofconveyance lui Eat
Ex 9.4.5

Ii If one can choose o c c at independentof XECRR

then one get uniform convergence

Thm9.4.10 Lt R radiusof convergenceof Eaux

Tab CER R be a closedand bounded interval

Then Eaux converges uniformly on Tab

Remark R to included andhencewe need the assumption that

Ta b is bounded

l R O is excluded as C0,07 0

althought Eaux converges fax 0

Pfof Thm9.4.10 Since Tab CER R I occal suchthat

CRe a and back Note c dependsonly on a b

Therefue f Xt la b IXI CR

By argument in the proof of Cauchy HadamardThar we have

IKE IN Sit Ianx I E C I ne k Ex Yaa rest

Since IC is convergent Weierstrass MTest Thu
9.4.54

II aux and hence Eganx converges uniformly on Tab



Them9.4.11

The limitof powerseries is continuous onthe intervalof
convergence

A powerseries canbe integrated termby term over

any closed and bounded interval contained in the

interval ofconvergence

Pf t XE ER R choose a closed bounded interval Taib

Sit XE Ta b CC R R Then on Lab

I anX converges uniformly

Then9.4.2 Eaux is continuous onTab andhence at x

Suice XECR IT is arbitrary Eaux is containas an FR R

Fa any closedand bounded interval tab CCR R

Eaux converges uniformly on a b Thu9.4.10

and hence Thu9.4.3

SEEaux E Saban



Thm9.4.12 DifferentiationThm

A powerseries can be differentiated term by termwithin the

interval ofconvergence In fact if R radiosofconvergence ofEaux

and fax É Aux fu IXk R

then the radius of convergence of Ionaux R

and Fx Inauxh fu KKR

Pf Sure n't 1 theseq knit anti It is bounded

theseq Huta is bounded

i unbounded

R 0 Radiusofconvergenceof Inaux o

bounded

Radiusofconvergenceof Inaux hissuplentilantith

hinsup naut binsup Atlanta

luisuptant suice nth e

R

Hence Radius ofconvergence of Inaux
Radius of convergence of Eaux

Note that Eaux converges fu x o



Now AXEER R choose O a R such that Ixka

Then E a a is closedandbonded

Ea AT CC R R and

O E FA a Sit Zanx converges at x 0

UsingThan9.4.10 Then8.2.3 and notethat

aux naux I

I naux É faux convergesuniformly onEa a

wehave
Egan Élan É naux megas

and in particular fu X
Since X EFRR is arbitrary we have

Eaux É naux Axel R R

Remark I DifferentiationThan9.4.12 makes no conclusion fu HER

If I x converges fu IF I ER
butftp.xny ztxn lg converges at x 1

diverges at x 1

di's Repeated application of Thu9.4.12 then

Egan Eight an x



Them9.4.13 UniquenessThm

If Eaux Ebux converge to the samefunction f
or an interval C r r no then

an bn the IN

In fact an bn ti f o

Pf By remarkdi of Thu9.4.12 t KEIN

flex Inch an x A x et r r

f co Cgiar on h o fa n k

an tho
same fa bk

Taylor Series

let f has derivatives of all orders at a point CER

then one can fam a powerseries

Is ti ex es

Notethat no convergence yet unless c

Even it converges it may not equal f Ex9.4.12



Def wesay that fix Is tf ex c

is theTaylorexpansion of f at c if I R o suchthat

If ex c converges to fix on C R ctr

and f d are called Taylorcoefficients
n

ie The remaider Rn X in Taylor's Thus o on car Ctrl

Remark By UniquenessThan9.4.13 if Taylorexpansion exists
it is unique

Eg9.4.14

a f x sax XE IR

Then f ex I
tDsuix if A2k

CDRAX if h 2ktl

At c 0 we have face to if nah
C it if n 2kt l

Furthermore by Taylor'sThru6.4.1

the remainder Rn x satisfies

Rnk text
ht

for some C between X to

HI o



I six ÉEn x Axe R

is the Taylor expansion of six at X O

Then application of DifferentiationThen9.4.12 we have

cos X E E X H XE R

is the Taylorexpansion of osx at x 0

b gas ex x EIR

Then g x ex HER g to 1

By Taylor'sThm6.41 the remainder satisfies

Rnk e e

µ
1 1 forsome c between x o

E e Kitt o as new

htt

i ex Font X TX EIR

is the Taylorexpansion of ex at x 0

Furthermore by ex e'ex Eec E tix es
we see that ex É E x o is the

Taylor expansion of ex at C
X



Remark This implies the radiusof convergence to

says at c o Ofcourse one canderive it from
calculating ht so as new


