
 

Thm9.3.4 Dirichlet'sTest

If Xn decreasing tin Xn o

Sn E ya are bounded

then Exnyn is convergent

Pf Sn bdd I B 0 Sit IsnKB then

Then Abel's lemma Thu9.3.3 fam n
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By Cauchy CriterionFhm3.7.41 Exnyn is convergent



Thm9.3.5 Abel'sTest

If
y

Xn convergent monotone sequence

Yn convergent

Then Exuyn is alsoconvergent

multiplying convergent monotone coefficients to a convergentseries

results in a convergent series

Pf Case1 Xu decreasing luiXu X

let Un Xu X then

Then Un decreasing Un O

Now Zyn converges partial sum of Ign arebounded

i Dirichlet'sTest Thu9.3.4 Eunyn is convergent

Hence I Xuyn Z un x Yu Zunynt X Ign
is also convergent

Case 2 Xu increasing X linen

let Da X Xu the IN

Then Da decreasing on 0 as no

Now Eyn converges partial sum of Ign are bonded

1 Dirichlet Test Enya convergence

Exny n E x only X Eyn Zayn
is also convergent



Eg9.3.6 Recall2suitXCcaXtn.t crux sin htt x sink Ex

If X is fixed and X 2kt Fk 3 1,0 1,2

Then ext it conx Isth htt X six I
Ising

the IN

1 21 said
partial sum of t

Eaux
bound indep of n

i Fa a fixed x 2kt Dirichlet's Test

É ancesnx converges provided can is decreasing
bean 0

b Similarly from

2 six sext it sinnx cestx co htt x then

we have fa XI 2kt

Isinxtatsuinx E 1

Isin I
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partialsum ofEsinnx bound indep ofu

Izansuinx converges fax 2kt
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9.4 Seriesof Functions

Def9

If ta is a seqof functions defined on D E IR with R value

then the sequenceof partial sums su of the

infinity series of functions Ifn is defined by

Snlx E fix V XE D

If Sa converges to a function f on D then

we say that the infiniteseriesof functions
Ifn converges to f on D

usually write f x É fuk f É fu a f Ifn

If I 1fuel converges the D then we say that

Ifn is absolutely convergent onD

If Sn I f uniformly on D then we say that

Ifn is uniformly convergent onD or

Ifa converges to f uniformly on D

Using Sn If Ifn conveys to funifawly Thm8.2.2 Thu8.2.3

a Thin8.2.4 imply the following theorems immediately



Them9.4.2 If fu contains an D the IN

Ifn converges to f unifawly on D
Then f is continuous on D

Pf Applying Them8.2.2 to Su f

Thm9.4.3 If
g
fa ERtab then Aber

Ifa converges to f uniformly onTaib
Then FERIAb and

Sab f É Sifu
SEESu É Sab ta

Pf Applying Them8.2.4 to Su 35

Thm9.4.4 If Fa Taib IR neIN asb EIR

fu exists onTab thEIN

I I XoETab St I facto converges

Ifn converges uniformly on Taib

Then If a b IR such that

Ifa converges to f uniformly onTaibI
f exists and FI fi

Pf ApplyingThem8.2.3 to Su with si converges unifauly etc



Testsfor Uniform Convergence

Than9.4.5 Cauchy Criteria

Ifn is uniformly convergent on

HE 0 I k e E IN suchthat

if m n I KE then futile tent forKE AXED

Pf Applying CauchyCriterion fuUniformConvergence Thru8.1110

to Sn and observing that

Smx Sy x fat X t c Fmlx

Thm9.4.6 WeierstrassM Test

If
y
Ifuk EMn AXED then

EMn is convergent

then I fu is uniformly convergent on D

Pf I Mn convergent Mn O

HE O I K e EIN suchthat Thu3.7.4

if m n z ke then Mnt t Mm E

Hence IfryG t tfmix eMatt tint MmcE

CauchyCriterion Thu9.4.51 Efa converges uniformly onD


