
 

Ch7 TheRiemann Integral

7.1 Riemann Integral

Def If I a b is a closed interval then a partition of I

is a finite orderedset

P Xo Xi Xu

of points in I such that

a Xo X s C X n b

Note A partition P exo x y xn is used to divide I

into interior non overlapping subintervals

I Xo XP I z Ex Xz In Xu g Xn

Hence an alternate notation for P is

P I TXi I Xi É

Def The norm ormesh of P I exit Xi it is defined
by 11811 MIII Xi Xi i

Max X Xo Xo Xy Xu Xu i

lengthof largest subinterval



Def 1 If ti e Ie exit Xi t it yn has been selected

ofeach subinterval of a partition D Exit Xi i

of Ita b then ti are called tags of Io
2 The partition P Exit xis is together with

tags ti is called a tagged partition of Ita b

and is denoted by

I Exit Xi ti É

I
É

I
É
d I É

Yo 15

Def If B I exit Xi tis it is a taggedpartition

of I a b then the Riemann sum of a

function f a b IR is defined by
maynotcontains

g f 8 E f ti Xi Xi D

Remark This definition works for the case that 8 is

a subset of a partition andnot the entirepartition



fi X ii
SC f 8 sumof signed areas ofthe n rectangles with

bases Exit Xi heights ti it h

Def7.1 I 1 A function f a b IR is said to be

Riemann integrable on a b if
I L E IR such that

HE O I de o such that

t tagged partition 8 of Lab with 11811 de

1Sct B L I E

e Thesetof all Riemann integrable functions on Tab will

be denoted by Ria b

3 If f E Rab the number L is uniquely determined Thm7.1

called the Riemann integral of f over a b is

denoted by fast or Sab flax

x is a dummy variable can bereplaced by anyother notation



Remark Oneoftensaysthat L is thelimit of Sct 8 as

1181170 However Scf D is not a functionof 11811

it is not the limit offunctions that defined before
therearemany 8 wthsame11811

Thin7.1.2 If fe Ria b thenthevalueofthe integral is

uniquely determined

Pf Suppose L and L bothsatisfy thedefinition 7 lil

ThenHE 0 I 86 0 suchthat

ISet 09 L K E t P with 118,11eOE

and I 8 70 suchthat

ISet 8 L K E t B with 11ElleÉ

let de min18 of o

If P is a tagged partition with 11PIK de
then 11811 84 and 11811 ok

Hence 1 If 8 L K E and Sht J L E



IL 41 1 If P Elt sit D El
Et E E

Since E 0 is arbitrary we have L L

Thin7.1.3 If ge Ria b Riemann integrable

fix gas exceptfor a finite numberofpoints
Then FERIA b and

Sab f Sabg

Pf Only need to prove the case that

f x 94 except for one point in tab
Then induction implies the Theorem

i
let c be thepoint inTaib

Sit flat gas I 3
Then f x gu Axe la b Rc's

Let L Sabg By assumptionthatgeRead it exists

For any tagged partition D Exit xis tibia
then i c e Xian Xi for some io ell 3 n

a di c Xi for some iot 4,3 in



For case is fix ga for all Exit Xi it io

f ti giti
And hence a

Scf 8 519,8 I fIxi Xia Ei.gltiCxi xiD
fCt1CXio Xio i flt Xio Xi l

flt get Xi Xi i

Idf 8 5cg D E fetid glti.lt Xio Xioil
15101 19101 11811

Similarlyfor caselli's so
Scf D Scg 8 Egg Ittti Tai Xie

flt Xio Xi i Yeti Xio Xin

flt Xia Xi flt D Xia Xi

flt get Xi Xi 1 fetid get Xia Xi

i Scf D 5cg D I 144 19101 11811 1514119101 11811

2 Ifa 1gal 11811

Hence inboth cases

15158 519 D EZ Ifc 1 19141711811



E
Therefore HE O th d

gaggingcop
we have

t B with 11811 8

1515,8 Sig D E 2115101 19101 shogi

Now by ge Rta b LEG I dz o s t

8 with 11811 02

1519,8 L Is E

letting 8 min 81,82 0 we have

t P with 11811 8

15158 L Ht D 59,83 1519 D LI

Et E

i f E Rea b and Sab f L Sabg
y



Eg7.1.4
a If f cast then f E Rea b

Pf Let the const be k

Then fix k AXELab

If 8 1Exit Xi ti É be ataggedpartitionof Ia bl

then corresponding Riemann sum

Scf D É flti Xi Xi is
Ék Xi Xin

k b a

HE o we can just pick any 8 0 and have

Sit D Rcb a l O E H P with 11811 0

FIKE RIA b

In fact we have proved that Shak kib a

3 I XE3
b g 0,3 IR defined by 91 5 2 Exel

3 9 9
2 is Riemann integrable 139 8
O 3



Pf Let 8 1 Exit Xi ti É 3 9 9
2 I

let kit n such that

Otis street and got If x YIs tht E Stn E3 z passiblesituations

ts oftag tklet 81 2Exit Xi ti É
and 82 3 Exit Xi ti Ékt
Using the remarkof the definition of Riemannsum

we have g D Ég ti Xi Xi Dt É g ti Xi Xi i

Sig 8 519 8

Suppose that 11811 8 for some 8 0

Then the 1 Xk Etf Xk and Xk Xk i d

we have Xk Ot XK E 8 the 1 8

i U É exit Xi TO Xk CTO Ito
notationintextbook

Ontheotherhand consider 1 8 Xk taints In
From the choice of k try 1

i Xkti Art 1

Hence 8 Xk Xk 21 4 03 8 which is a contradiction

I I E Xk



Together we have

TO I OTC U EXE Xi TO XD CTO HO

Therefore

Slg D ÉÉg ti Xi Xi i

2 Xk till gitis z

24 8 e Scg 8 E 211 8 H

Similarly

Slg 82 EH9 ti Xi Xi i

313 Xk ti I get 3

313 1181 5 5cg Pi E3 3 11 81

312 8 E 5cg 89 E3 2 8 Az

By it z wehave tap satisfying 11818
24 83 312 0 E 519 8 I 24 83 312 8

ie 8 50 E 519 8 E 8 58

15cg D 81 50

Therefore HE 0 we can take Je E 0 to have

48 with 1181158 151g p 8145E E



c hat X fu Xero 13 E Rio I Soth t

Pf Let P Exit Xi Sit be a partition of I

Take tags ti fi be the mid points

ie g Xi i Xi

Then the corresponding taggedpartition Elixir Xi qiÉ
has Riemann sum

5th Q Éhcg Xi Xi 1 É GilXi Xi i

É E Hit Xi e Xi Xia I É XE X

Xi Est CE xist Xi Xin

I Xi Xo I Xue Xo 0

Now if Elixir xis tile is atagged partition

with the same partition but arbitrary tags ti

then 11811 11011 o and

15th P Sth Q hit Xi Xi D Éhcqixxixi.nl

É fi fi Xi Xi i



E É Iti Gil Xi Xie

8 É Xi Xi is

since ti gie Exit Xi8
and Xi Xi 1 8

Using 5th Q I fr any partition withmid.pt tags
we have t 8 with 11011 8

156,8 Eko

Hence HE o take E E O we have

8 with 11811 E 15th D Ike

i he RTO I Sabh t

d Glx oh if X t Cn is l

elsewhere on to I

t
is Riemann integrable onto

and SIG 0

Pf HE O E XEto I GLEE

it inte where Mette thelargest
integerEteis a finite set



let 8 4 O

If P IexitXi tilt is a tagged partition

with 11811 8

Then S G 8 É Gl ti Xi Xi i

III Gitis Xi Xi Dt Ed
Gti Xi Xin

tiEEE

Ai KEE Of Gto E

i O E ELEGANCE Xi D
CE É Ni XiD E

There are only Ne number ofpts in Ee O Glx El

and a tag belongs to atmost twosubintervals

O E É GADA Xi D S É 8 2Ng E E

toeEe ti EEE's at most 2Neterms

Hence Of SIG F EtE z e fa any faith 1181kg

Since E o is arbitrary we have GERTO I and

Joe O H


