
 

6.4 Taylor's Theorem

Recall If fix has n thderivative at a point Xo

then the polynomial

Pn x f Xo t flXo X Xo t I o x Xo

is called the n th Taylors Polynomial for fat Xo

Note PityXo SkXo t k o I n

Thm6.4.1 Taylor'sThm

let NEIN lie n 1,3

f ab IR suchthat acb

f f are continuous onTa b and

ft exists on a b

If XoEtab thenH Xe Ia b I c between Xoand x suchthat

f x Pn x 115 x Xo

where Pnd is the nth Taylor'sPolynomialof f at Xo



Remark Rnx f x Rex is referred as the remainderand

Ru x II x xon

is called the Lagrangeform oftheremainder
a derivative form of theremainder

Pf of Thm6.4.1

let Xo XE Ia b begiven

If Xox then theformula is clear

If Xo X we let

J Exo X a Tx Xo depending on X Xo a Xo x

Then J is a closed interval JC 595
Consider for te J

F t SX flt X t It XIII
x Jf t

Then F x 0

F Xo f x Pn x Rn x is theremainder



And by assumption Flt is continuous on J and

F t exists in the interiorof J

with FEt flt
flt x t Ft

ex t fits A E fit

HII f et Hits f et

l s f t

Consider further the function

G t F t Exo F xo fate J

Then G is continuous on J differentiable in theniteriaofJ

and G Xo F Xo F Xo 0

I
G x F X Y o

F xo 0

By Rolle'sThin Ice interiorof J lie between Xo ex

St O Glc Ffc t htt EEye F Xo
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Applications of Taylor'sTheorem

eg6.4.2 Approximationofvalues

9 UseTaylor'sThin with no to approximateTHX near x o x 11

let fix TX Xo 0

For n 2 Pax fixo Exo X Xo Xo X Xo
2

using fix HX 3 7107 1

Fx 4344 53 Flo
x 34 53 5 07 3

i Pax I tx d x
Andhence fix Pax Rdx HEX EX Rza

where Rex If c x Xo 3 Hc X

I Itc x fu some c between Osx



Expliciteg If X 0.3

Then Palo3 1 3 0.3 0.35 1.09

Rz 03 81 g
0.33

R 10,3 E 0.333 she c e 10,03 c o

it c I

fo 0.0017

I510.3 P 0.3 0.0017

ie I TT 1.091 0.0017

Ts 1,09 upto 2 decimalplaces

b UseTaylor'sThu to approximate e with error 10
5

5decimalplaces

Assumingthatwehavedefinedex proved f ex exincreasing

an'd es 3

let gox ex Xo o

Then by ex ex we have glex ex t k 1,33

Suppose that we need to use Taylor'sThaup to n

Then the error is givenbythe remainderterm

Rnex e x forsome c between o e x



Take 4 1 we have

Rnc E El Intl
Hence to ensure error 10

5
we need

3
htt

10
5

shouldusethesmallest
ie htt 3 105 300000 possible n to reduce calculation

Try 8 1 9 362880 7 1 8 40,320

i n s is the required value and hence

e gate Pell gcostgloat949 it 9541.18

It It t at It with error 10
5

2 718278 usecalculator computer

E 2.71828 upto 5 decimal places

og6.4.3 Applications to inequalities

a I Ex's Asx H XE IR

Pf let fix Osx Xo O

Then Taylor'sThm

Cox I EX Rdx check



with Rex
3

x Amex fusome c between Osx6

If OEXET then Of CST thecase 4 0 wehave c o

sine 20 320

Hence Rex 20

I I RELAX VXETO.TT

If XE ETO then y XECOT

I ty's cosy
Using CestX ax we have 1 EX's box

Hence I Ex's ox V XE I Y
If 1 1 T then I EXCL ET stisox
All together 1 EXEGX HXER

b Uk1,33 DX 0

X X 3
3 x In lx X Ex tx tax

Pf let fix lucitx fax 1 mistake in textbook

Then fix f city stktifil
tho fi M 1



nth Taylor's Polyof lullex at Xo is

Prix Ot l X E X't 12 X tn
EDYnD X

X x fx3 I xn

and Remainder is mistake inTextbook

Rn x CD n I
nel Intl

x fasone cbetween

0 and X

If X 0 then C 0 and hence ITC I
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0 if newen
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Pf Taylor'sThm

ex txt Rix seeeg6.4.2

with Ri x E X 0 fu some C between Osx

using the fact that e o t CER

ex ax AX 0

Put X I I 0 usingknownapprox
valuesof Tire

into it we have

Eet it Ie i Ie
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Application to Relative Extrema HigherDerivativeTest

Thin6.4.4 Let f I IR I interval

Xo be an interior pointof I

f f's f exist and continuous

in and of Xo

f xo f exo f Xo O f cxo 0

Then

I n even f exo o f has a relativeminimumatXo

I n even f exo so f has a relativemaximumatXo
n odd f has neither a relativeminimum

nor a relative maximum atXo

Remark If n z it is the 2nd DerivativeTest

Pf If f exo 0 and f continuous
then I nbd U Xo o xoxo CI of xo such that

Sgh x Sgh f exo H Xe U 4

Now
using f Xo f xo o

the Taylor'sThu



f x fast tf x Xo t funk ex xo

fixo tf x Xo forsome c betweenXo ex

Caselli never f cxo 0

Bye Taylor's AXE U

fix fixo FYI x Xo 20

she n even X Xo 20 t Xt O

f Xo o 5 c o XE U CEU

i f has a relative minimum at Xo

Caselli never Shoko

Bye Taylor's AXE U

fix fixo fÉ x Xo O

she n even X Xo 20 t Xt O

f Xo co f Coco XE U CEU

i f has a relative maximum at Xo



Caselli's n odd

Taylor'sThin txt U

fix fixo FI ex Xo changes sign

since n odd ex Xo change sign

f Xo to fucc has fixedsign XE U CEU

Not maximum and also Not minimum

Application to Convex Functions

Def6.4.5 let Ike an interval

A function f I R is said to be convex on I

if t t Eco II and any Xuxa EI we have

f I A Htt X2 E CI A FIX Af X2
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