
 

MATH 2050C Lecture 13 Mar 1

Reminder Midterm this Thursday 8 30am 10 15am

Please email me if you have hardsubmissiondeadline

any questions before during the test

Recall Subsequences

Let In new be a seq For any strictly increasing

N C R2 C Mz c of natural numbers

we can form a subseq Nhk Ken

Ink Ken Xm Xm Xn

Thm kn x EVERY subseg Genie

Remark Hence to show kn X 2C we need to find

i 7 subseq Kuk which divergent
Ii two subseq converging to different limits

Caution kn mayhm Xu does NOT converge to X beconvergingto
some2C'tK

7 Eo 20 AID a subseq Cknk St

1 Kuk 2C I 3 Eo V kG



Proof From def't Xu does converge to 2C

HE 20 I k e N at

I kn k l c E th 3 K

Taking the negation of the statement

kn does NI converge to X

I Eo so s.tt K EIN 7 ha K H

IKuk 2C I 3 Eo

idea take K 1,43 obtain Ny Nz Nz

Want to define the subseq knee Ken

Cariou we may not have M C Hz Ch 3 C

Furt I need to choose Nic's more carefully

Do a one term at a time

For K 1 X I n z I se l Xu 2C I 3 Eo

For k n t 1 Ct In 23h I St

I Xu z 2C I 3 Eo

Repeat Kuk k St 174k K l 3 Eo
D



Recall MCT kn bad monotone Gcn convergent

Q what can we say if kn is ONLY bold

Bolzano Weierstrass Thm BWI

Xu bold Z subseq Kuk which is convergent

Remark Ct xn has converging subseq

1,1 1 and C 1 1 I 1

which have different limits
NIP

Proof Our prove is based on the Nested InternalProperty

oo

Il Iz Iz z N In F f
n i

closed bdd Tf Length In 20 then

I In 131

GOAL Construct intervals In satisfying the hypothesis

Using the method of bisection

Let Gcn be a bold seq ie I M o se

I kn l E M F n C IN



Define It Cai b C M M

Notice that Xu C I t n G N

T I
Iz
a a e Jo e e e a e e z IR

M MAz bz
fA actb bi
ly many 2
Xn here

Consider the midpoint

atzbicase1 Ai Att contains a'ly many terms of
Xn

arts
choose Iz Caz.bz Cai 2

Case2 otherwise choose Iz Qtzb bi

Aztbz
Repeat take a midpt 2 choose 13 Caz b

Which is half of Iz containing N'ly many terms ofGcn

Inductively we constructed a Seg of closed

bold intervals

Il Iz Iz 2 Trested

S t each In contains oily many terms in Xn

2M
Length In o as a 20



Apply NIP In 3 ie himcans
4

lekCbnCanbn u

claim I subseq Kirk

PI Pick any N c IN St Xn E Il

Then pick Nz n s t T.cn C Iz which is

possible since Iz contains ly many terms

of Gcn

Then pick ng s n St Xh E I3

Inductively we obtain a seq Kuk KEIN

SI Xnk E Ik Calc bio V k C IN

ie au E Kuk E bk t k EIN

since lion calc lim bio 3 by
Squeeze Thus then lien Kuk

K zoo
D

we now give one application of B WT

PIP Suppose Cocu is a bold seq

limon x L ANY convergent subseg Ink

has Ema Kirk X



Proof trivial done

By contradiction Suppose Xn 2C

By Thin before 7 Eo so a subseq Kuk Ef

I Knk K l E t k c IN tf

Note that Cnn bdd acne bold

By B WT I a further subset Xn ke een

of Chic K which is a subseqof Gcn new

which is convergent

By hypothesis in Xnke 2C contradicting C I

D

Subsequential limits lim sup limit

Q Given a bold seq kn what is

L f l G IR I 7 subseq Xue of Gcu
St lionacne e

Examples If lim xn X then I x

If Xu Gi then L I 1 1



Note that since Cn is bold

But Lto
On the other hand xn bdd means that

I M 20 se I kn I E M V n C IN

If Xue is a converging subseq ul limit L

then M E Xnk E M V k C IN

By Limit Thin M E fig Ink L E M

So lo t L E f M M is a non empty

bold subset of IR By Completeness of 1B
the inf and sap of I must exist in IR

Def't limsup Gcn lim Gen a sup L

liminf Cdn lim xn a infL

Examples If lim xn X then

bin xn lis xn x lion xn



If ka C i then I I I I hence

lion Gcn I and lis xn I

Thm Let Gcn be a bold seq Define a
new

seq Um by Um sup f X n I ng m m l 2,3

Tt N Un is a decreasing seq with

lim Um inf Um men him xn
M 200

Exercise Formulate d proof an analogous statement

for him xn

Proof Fromthe deft of Um

Xn X c K2 X 14 Xs Xn n

sap U Sup Uz

Reed S E Sz sup S E supSz

So Um C IN In 1h3m Ian 1h3m113

take
um 7 Um 11sap I



So Um forms a decreasing seq

Since Xn is bold Um is also bdd_

By MCT lim Lum int Um Im c IN
M 2A

It remains to show

Lim Lum inf Um 1 me IN lim kn
m 2A

Step 1 lis xn E lim Lum

By def lis xn sup L Take any
L EL

by deft I subseg Chic of Gcn S.t

Kuk l as k 200

b KEN Ink E Unk supEkn I n z nk

take k 700 l E him Uh lim Chin
k 2N in 2A

Step 2 lis xn 3 him Um



Ciam him Um E L

We have to find a subsey Nhk of Gcn

Et Kirk him Um

Choose n 31 at

Ui 1 s kn E U c sup bin In 313

Choose Nz n SE

Unit L Xn E Un.tl ShPlXn n3nc 1

Repeat inductively we choose Michzen c

Et Unkti II C Xnk E Uniat b KG

Take k 10 by Squeeze 6hm

lim Lum him CNnic E L
Kzoo

D


