MATH1050 Exercise 9 (Answers and selected solution)

1. Solution.

(a) M is formally formulated as: ‘For any set A, for any functions f,g: A — A, the equality go f = f o g as functions
holds’

Hence ~M reads: ‘There exist some set A, some functions f,g: A —> A such that go f # f o g as functions.
2

(b) Let f,g: R — R be functions defined by f(z) = o2 g
T

(x) =2 —1 for any = € R.

i. For any = € R, we have

(g0 N)x) = g(f(x) = g( o ): @ 1

1+ 22 1+ 22 1422’
fop)@) = flol@) = fo—1)= 21
(Fos)la) = Flo@) = fla=1) = o

i, We have (9o £)(0) = ~1 and (f 0)(0) = 5. Hence (g0 £)(0) # (f 0 )(0).

iii. There exists some zy € R, namely, g = 0, such that (g o f)(z9) # (f o g)(xo). Hence it is not true that
go f = fog as functions.

(c) Let A={0,1}.

)
[¢]
jmp)
=}
@
o
K}
b
g
o
<
K'\_'
—~
(e
=
I
&H
—~
Nt
I
<
—~
(e
=
Il
=
—_
~—
I
—_

J
D
=
o
I
e
=
=
sV
<
e}
—~
e}
(@]
=
=
o
I
o
oY)
=)
o,
kﬁ
[e]
S
—
=
o
S—
1
(@)
H
=
D
=]
6\ —
(o)
kh
S~—
—~
K
(=)
N—
AN

—~
&H
(o)
s}

N~—
N

s

Therefore g o f # f o g as functions.

Remark. Let A be a set. (This set is fixed in our subsequent discussion.) Suppose f,g: A — A are two functions
from the set A to A itself.

e When we want to verify that g o f, f o g are the same function from A to A, we have to verify that for any x € A,
(go f)(x) = (fog)(@)

e To verify that go f, f o g are not the same function from A to A, we check that there exists some zy € A such that
(go f)(zo) # (f o g)(xo). Hence we have to name an appropriate zy and show that (g o f)(xzo) # (f o g)(z0o).

2. Answer.

(a) (I) Pick any
Alternative answer. Let
Alternative answer. Suppose
Alternative answer. Assume
Alternative answer. Take any
M) z=(y+1)

3
5

e

) fa) =t ~1= [+ ~1= G -1-y
(IV) f is surjective.
(b) (I) z,w e R
(IT) Suppose
Alternative answer. Assume
(I1I) f(z)+1= f(w)+1
(IV) (@ )° = w
(V) f is injective

3. Answer.



(a) (I) Take
Alternative answer. Let
Alternative answer. Define
Alternative answer. Pick
Alternative answer. Suppose
Alternative answer. Assume
(II) for any x € R
(I1T) Suppose
Alternative answer. Assume
(IV) there existed some g € R such that f(z¢) = yo.

(V)0
) (v 1) + 2204
2 4 4
(VII) f is not surjective.
(b) (I) wo = 2.

(II) ZTo 7é wo.
(M) f(wo) = 50— = 2
(V) f(uwo)

(V) f is not injective

5. Answer.

(a) No. Note that f(0) = f(1).
(b) No. Note that f(z) # 1 for any = € R.

6. Answer.

(a) No.
(b) No.

8. (a) Hint. The crucial step is to apply Triangle Inequality to obtain

p q r p q r
ﬂ”:w@+b+w+w>>w0‘ut‘|‘u>

(b) Hint. For each v € IR, apply the result in the previous to the function f, : R — IR defined by f,(z) = g(m)T—’y for

any = € IR.

9. Answer.

(a) 1,2. () 1,2. (g) 0,1,2,3,4.
(b) 0,1. (e) 2,3,4. (h) 1,2.
(¢) It is the empty set. (f) 2. (i) 2,3,4.

10. Answer.

a=-1. _ _9
(a) 1 (c) 5——175—?

(b) =1,v=7. (d) ¢=—V2+1,7=v2+1.



Vb Vb 1 1
= - = = = . @ p=——F+lo=—F+1
(e) 0=—V2+1, K S tLA="+ln V241 7 7
f) v ! +1,¢ L (h) V2+1 1+1¢ L V2+1
- T 5 S T T & . T== y =77 = y W= "= y W= .
V2 V2 RV V2
11. Answer.
(a) a=0,0=3,y=1,6 = —1. (b) e=-2,(=-025,n=-1,0=0,k=1.
12. Answer.
(a) a=2,b=3. (b) 1,4. (c)a=0,8=1,v=2,§=4.



