1. Tacitly assumed properties of the real number system since school-days:

(a) i. Let z,y € R. x +y € Randx —y € R and xy € R.
ii. Let z,y € R. Suppose y # 0. Then x/y € R.

(b) i. Let x € R. Exactly one of ‘x < 0, ‘x =0’, ‘x > 0 is true.
ii. Let x,y € IR. Suppose x > 0 andy > 0. Then x +vy > 0 and xy > 0 and
x/y > 0.
iii. Let x,y € IR. Suppose xy > 0. Then (x > 0 andy > 0) or (x < 0 andy < 0).

(¢) For each positive real number x, for each integer n > 2, there exists some positive
real number r such that x = r".

We denote this r by {/x and call it the n-th real root of x.



2. Statement (A1l).

Let =,y be positive real numbers. Suppose x*> > y*. Then x > .
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Statement (A1l).
Let x,y be positive real numbers. Suppose x> > y*. Then x > v.
Very formal proof of Statement (A1l).

I. Let x,y be positive real numbers. [Assumption.]

I1. Suppose ° > y*. [Assumption.|

IIL. 22 — ¢ > 0. [IL]

IV. 22 — y* = (x — y)(z + y). [Properties of the reals]

V.(z—y)(z+y) >0 [IIIIV]

VI(x—y>0andx+y>0)or (z—y <0andz+y <0). [V, properties of
the reals.]

VIL. z+y >0 [L]

VIIL. =z —y > 0. [VIL, VII]

IX. z >y [VIIL]



3. Statement (A2).
Let x,y be positive real numbers. Suppose x> > y*. Then x > y.
Proof of Statement (A2).

Let x, y be positive real numbers. Suppose 22 > 3.
Then 2% — y* > 0.

Note that * — y* = (x — y)(z + y).

Then (z — y)(x +y) > 0.

1
Since x > 0 and y > 0, we have x + y > 0. Therefore n > () also.
Ty
1
Thenz —y =z —y)(x +y)| - > 0.
y= [z —y)(z+y)] Ty 2

Therefore x > y.



4. Statement (B).

Y >
Proof of Statement (B). [AW?XN T Conlusion rzj
Do » Swppor %, )y o ?Q‘h&m& STVL'Y ¥ SURNVORIN PN [ %ﬁomk%?@_‘?

Suppose x,y are positive real numbers. Then

X (e De h W\L(Qy) C/lV\Q«le/h 7 So ~
\t%t @LV \L\hv " \13 . %ﬂ ol H}Q ! Is thae. Some @»bm\m&w( 'fvml&hmv dg/
m —54\\\‘0) = —\B k. M§£%\k&& by A WQ““”‘W C x4y s W

\5\'\0\\ N mive WSSV’K-\"O

mk(% wY\CJ\ wt IQ'\.S\J\S v "\M ’(WV\T')

Oy there  Some Qb\sulwx&, /éf |
2<_*J_>J_ " ulhick D met 8“3&‘7“\"7

;‘?\\“3«‘3«9 ez %,y o poitie, s oJso ?W;h'vt .
‘i"fﬁm T\W, W [} w&k‘&%wxm o el numben

e R

| N

T, i sl M. I
B Aok J\gw\us il 6 Mo, &7

. g ) 2 = %
\\L%%- gp\u, X,) Ont T&kﬁ\fﬁ,, X‘—(F) &Ml ..)-,(\\7) .
| — " Rnswer . x4 5 '“7' :
yan Txe = (MY +(TT) -929K .1y 2 y
ey-2lxy = () H{E) -2 ds b x-2fF 9 = o
[ — a— > £ ,f’ﬁ ;='
- p&\i\’( Di\‘ ) @\\SWLAJ)"‘?,?)I = zlﬁ \::1 + ﬁ = 0.
> 0O ’ .(\3,? -1 PR T\ 2
Lalndhs ~ o DeT—— ( ,
Hoes e a R . Nos okt Qo thiy pracems be ‘eoerned T

|
(
(
(
|
I
|
I
|
|
|
|
N
I
u
|
|
|
l
|
|
|
I
\




Statement (B).

. T+
Suppose x,y are positive real numbers. Then > Y > \/Ty.

Very formal proof of Statement (B).

I. Suppose x, y are positive real numbers. |Assumption.]
II. \/z,/y are well-defined as real numbers. [L]

III. \/z — /y is well-defined as a real number. [IL]
IV. zy is a positive real number. [I, properties of the reals.|
V. /zy is well-defined as a real number. [IV ]

VI z,/y = /zy. [II, V, properties of the reals.]
VIIL (z)? ==z [I, IL]

VIIL (/y)* =y. [L, IL]

IX. (v —\y)’ =z —2/zy+y. [VI, VII, VIIL]
X.(vx — \/y)* > 0. [III, properties of the reals.]

XL z—2/zy+y >0 IX, X]

XTI & ; Y'> Jry. [X1]




5. Statement (C).

Let z,y € R. Suppose x # 0 or y # 0. Then z? + zy + > > 0.

- Proof of Statement (C).
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6. Statement (A’).
Let x,y be non-negative real numbers. Suppose xz? > y*. Then = > y.

Proof of Statement (A’).

LJ X,) ‘JL h&x—:e,scﬁ\r&, re;&v\un\w ,

&WWN 9y 27

Thew X -9 = 0. | .

Nbe 3 X" = (gl , 1o fooglogte ]

Dme Comelude

%Lf:%s-ﬂ(mp)z o s eicae
SVZL\‘?Z&AQX(X_ >0 ow( X+ 20) o (| x=9 £0 QA X+ so/d BGK +l\w 1) o~ }»nﬂy@m,d
oW W [ g
Sx‘mf{t\lé S %20 od 20, wt het ¥ty >0,

ekl e ety 20 (00 X979
(Q%uj , SWYN x+9>0. B
T R e 2o, we baw x=y>0. Then. x>y
(C,a/m/ 2>- SuﬂﬁxNL '?(-&7:0.

T Qe %X 20 andy>0, e hank x =y=0. ‘TL&; X2y,

"’(L\Mo\p,/ 0~ Oy LRk \,\,-g,l\owc x2\7. .



Very formal proof of Statement (A’).

I. Let z, y be non-negative real num-
bers. [Assumption.]

I1. Suppose z° > y*. [Assumption.|
III. 2° — y* > 0. [I1]

IV. 2?2 —y? = (x—y)(z+y). [Prop-
erties of the reals.]

V. (x—y)(x+y) > 0. III, TV ]

VI(x—y>0and z+y > 0) or
(z—y < Oand z+y < 0). |V,
properties of the reals.]

VIL z+y > 0. [L]

VIIL 24y > O or a4y = 0. [VIL]
IX.
IXi. Suppose x +y > 0. [One of
the possibilities in VIIL]
IXii. z —y > 0. [VI, IXi]
IXiii. z > y. [IXii]
X.
Xi. Suppose x +y = 0. |One of
the possibilities in VIIL]
Xii. # =y = 0. [I, Xi|
Xiii. z > y. [Xii]
XI. z >y [VIII IX, X|]



7. Statement (D). (Bernoulli’s Inequality.)

Let m € N\{0,1} and 8 € IR. Suppose § > 0 or —1 < B8 < 0. Then

(L+8)™ > 1+mp.
Proof of Statement (D).
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Remark.

Let i be a rational number, and 3 be a real number.
Suppose pp # 0 and p # 1, and g > —1.

The statements below hold:
Suppose i < 0 or > 1. Then (14 B)* > 14 up.
Suppose 0 < pu < 1. Then (14 8)* < 1+ up.
In each of (1), (2), equality holds iff B = 0.
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Below is a more general version of Bernoulli’s Inequality:
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8. Statement (E). (A ‘baby version’ of the Cauchy-Schwarz Inequality.)
Suppose x,y are real numbers. Then x* + y* > 2zy. Equality holds iff x = y.
Proof of statement (E).

Suppose x,y are real numbers.
[Preparation. Study the difference ‘L.H.S. minus R.H.S in the desired inequality.]
We have (2% + y?) — 2zy = (v — y)*.
(a) Since x,y are real, x — y is real.
Then (z — y)? > 0. Therefore 2° + y* > 2zy.
(b) 1. Suppose x = y.
Then (2 + y*) — 2zy = (v — y)* = (x — x)? = 0. Therefore 2° + y* = 2xy.
ii. Suppose 22 + y* = 2zy.
Then 0 = (2% + y?) — 22y = (x — y)?. Therefore x — y = 0. Hence x = .

The result follows.

Remark.  Strictly speaking, Statement (E) is not just about an inequality.

It is about a non-strict inequality together with the ‘necessary and sufficient condi-
tions for the equality to hold’.

This kind of statements is common amongst results concerned with inequalities. (For
instance, see the more general version of Bernoulli’s Inequality.)



9. We need expand the list of ‘rules as regards inequalities’ which we are tacitly assuming
since school-days!

(1) Let z,y e R. y —x > 0 iff x < y.
(1") Let x,y e R. y —x >0 iff v < y.
(2)

)

(2*) Let x,y, z € R. The statements below hold:
(2%a) x < .
(2°b) If (x <y andy < x) then v = y.
(2%c) If (x <y andy < z) then x < z.
et x € IR. Exactly one of ‘w < 0’, ‘@ =0, ‘e > 0 is true.

Let z,y,z € R. If r <y and y < z then x < z.

et x,y € IR. Suppose x < y. Then the statements below hold:
(4a) Foranyu € R, x+u <y+wandx —u < y — u.
(4b) For any u € R, if u > 0 then xu < yu and x/u < y/u.
(4¢) For any u € R, if u < 0 then xu > yu and x/u > y/u.
(4*) Let x,y € R. Suppose x < y. Then the statements below hold:
Foranyue R,z +u<y+uwandx —u<y—u.

e~
*
St

)
(4*b) For any u € R, if u > 0 then zu < yu and x/u < y/u.
(4*c) For any u € R, if u < 0 then xu > yu and x/u > y/u.



... More rules:

(5) Let x,y,u,v € R. Suppose x < y and u < v. The statements below hold:
(ba) x +u < y+wv.
(5b) Further suppose x > 0, y > 0, u > 0 and v > 0. Then zu < yv.
(5%) Let z,y,u,v € R. Suppose x <y and u < v.
(5*a) z +u <y+w.
(5*b) Further suppose x > 0,y > 0, u > 0 and v > 0. Then zu < yv.
(6) Let z,y € R. The statements below hold:
(6a) Suppose vy > 0. Then (x > 0 andy > 0) or (x <0 andy < 0).
(6b) Suppose xy < 0. Then (x > 0 andy < 0) or (x <0 andy > 0).
(6%) Let z,y € R. The statements below hold:
(6*a) Suppose xy > 0. Then (x > 0 andy > 0) or (x <0 andy <0).
(6*b) Suppose xy < 0. Then (x > 0andy <0)or (x <0andy > 0).
(7) Let x € R. Suppose x # 0. Then x> > 0.
(7*) Let x € R. 2> > 0.





