1. Definition. (Submatrices of a square matrix)

Let A be an (n X n)-square matrix.

For each k, ¢, the (k,¢)-th submatrix of A is defined to be the ((n — 1) x (n — 1))-matrix
resultant from simultaneously deleted the k-th row and ¢-th column of A. It is denoted by
A(kl|f).

2. Illustration.

(a) Suppose A = [au 2 ] .

a21 A22
Then A(l‘l) = [CLQQ], A<1|2> = [CLQl], A<2|1> = [a12]7 A(Q‘Q) = [CLH].
_0«11 a12 CL13_
(b) Suppose A = | a1 a ass
| 31 432 A33 |
Then
Ay = | 2B AR = | 2 AaR) = | 2 2
| 32 433 | | 431 Ad33 | | @31 A32 |
ARy = | 2 A) = | AR =

| d32 A33 | d31 Aa33 | | d31 a32

A(3|1): 212 313 | A(3\2): 311 213 7 A(3|3): 211 212
| (22 423 | | (21 A23 | | Q21 A22 |




3. Definition. (‘Inductive definition for determinants’ through ‘expansion’
along the first column.)

Let A be an (n x m)-square matrix, whose (i, j)-th entry is denoted by a;;.

(a) Suppose n = 1. Then we define the determinant of A, which is denoted by det(A), to be
the number which is the only entry of A.

(b) Suppose n. > 1. Then we define the determinant of A, which is denoted by det(A), by

det(4) = (=)' agdet(A(1|1)) 4+ (=1)*ag; det(A(2]1)) + (—1)*as; det(A(3]1))
o (=1 a,; det(A(n]1)).

Remark. The ‘formula’
det(A) = (=1)"ay det(A(1]1)) + (=1)*Tag; det(A(2]1)) + (=1)*tas; det(A(3[1))
+ee (—1)”“%1 det(A(n|1))

is usually referred to as the ‘expansion’ of a determinant along the first column.



4. Illustration.
(a) Suppose A = |aq1]. Then det(A) = aq;.

(b) Suppose A = [a“ 2 ] We have A(1[1) = [ass] and A(2|1) = [az].
a21 G22

Then det(A) = a1 th(A(l’l)) — a9 d@t(A(QH)) = 11099 — A12491.

_@11 a12 Aa13
(c) Suppose A = | as1 a9 ass
| a31 a32 433 |
We have A(1]1) = [“22 a23], A(2]1) = [“12 ‘“3], and A(3]1) = [a” “13].
a32 A33 a32 Aa33 22 a23

Then
det(A) = a1 det(A(1|1)) — ag; det(A(2]1)) + agy det(A(3|1))

a11<a22a33 - &23a32) — a21(a12a33 — a13a32) + &31(a12a23 - a,13a22)

= 11A22G33 + A12023031 + Q13021032 — A11A93A32 — A12021A33 — Q13022031



ail Qi2 413 a4
21 Q22 423 A24

(d) Suppose A =

a3y azz a33 as4

41 Q42 A43 Q44

22 A23 A24 a2 d13 A14 a2 A13 A14
We have A<1|1> — 3o a3z A34 ,A(Z‘l) = a3y az3 A3y ,A(3|1> — a29 A923 A4
| Q42 A43 Q44 | | Q42 Q43 Q44 | | Q42 Q43 Q44 |
a2 dA13 A14
and A(4‘1> = a99 A923 A4
| 432 A33 A34

Then

det(A) = aqydet(A(1]1)) — agy det(A(2]1)) + asy det(A(3]1)) — agy det(A(4]1)) = - --
= (11022033044 T 11023034042 + 111024032043

T@112021034043 + 112024033041 + 112023031044

+@113024031042 1 113021032044 + 413022034041

(14023032041 1 114022031043 T 114021033042

—11022034043 — A11A24G433042 — Q11023032044

—a12021033044 — A12023034041 — A12024A31043

—a13024032041 — A13022031044 — A13021A34042

—a14023031042 — 114021432043 — A14A2203304]



5. Examples.

(a)det(_ég]):1-9—6-7:—33.
(1 70]
9 8 70 70
(b)det(| 6 9 8|)=1-det( ) — 6 - det( )+ 0 - det( )
698 5|6 reo-aad Y
—1-(9-5-1-8)—6(7T-5—1-0)= —173.
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6. Theorem (1). (‘Expansion’ of a determinant along any arbitrary column.)
Let A be an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;;.
Suppose n > 1. Then, for each j =1,2,--- . n,
det(4) = (=1)"Vay;det(A(1]7)) + (—1)*Vaz; det(A(2]7)) + (—1)" az; det(A(3]5))
o (1) a det(A(nl ).

Proof of Theorem (1). Omitted. (This can be done with mathematical induction.)

7. Illustration.
(a) Suppose A is a (3 x 3)-square matrix, whose (¢, j)-th entry is denoted by a;;. Then
det a1 det(A(l\l)) — a9y det <2|1>) + as det(A(3|1)),

(A) = (A
det(A) — —a12 det(A(l ‘2)) + a99 d€t<A<2|2>) — Aa3z? det(A(3|2)),
(A) — ais det(A(l ‘3)) — a3 det(A(2|3)) + ass det(A(3|3))

(b) Suppose A is a (4 x 4)-square matrix, whose (7, j)-th entry is denoted by a;;. Then

det(A) = ail det(A(l 1)) — a1 det(A(2 1)) + asy det(A(S 1)) — a41 det(A(4 1)),
det(A) = —appdet(A(1]2)) + agodet(A(2]2)) — agadet(A(3]|2)) + age det(A(4)2)),
det(A4) = apzdet(A(1]3)) — assdet(A(2]3)) + assdet(A(3]3)) — auzdet(A(4]3)),
det(A) = —Aai4 det(A(l 4)) + CL24d€t<A<2 4)) — a34 det(A(S 4)) + Ay det(A(4 4))
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9. Theorem (2). (‘Expansion’ of a determinant along the first row.)
Let A be an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;;.

Suppose n > 1. Then
det(A) = (=)' ap det(A(1]1) + (=1 2aodet(A(1]2)) + (=1)"P a3 det(A(1]3))
+ oo (=) "ay, det(A(1]n)).

Proof of Theorem (2). Omitted. (This can be done with mathematical induction.)

10. Illustration.

() Suppose A = [“” 2 ] We have A(1]1) = [ag] and A(2|1) = [aja].
a21 a22

Then det(A) = a1 det(A(1]1)) — ap det(A(1|2)) = anaz — aisaso.

a1l dai2 ais
(b) Suppose A = | a1 as ass

| 431 a3z2 Aas3

We have A(1]1) = [“22 a23], A(1]2) = [“21 a23], and A(1]3) = [“21 “’22].

32 33 a31 33 a31 a3z
Then
det(A) = ayidet(A(1]1)) — ajpdet(A(1]2)) 4 a3 det(A(1]3)) = - - -

= 110922033 + A12A23031 + 13021032 — A11A93G32 — Q12021033 — A13A922031



a1l aiz a3 ai4
a21 A22 A23 Q24
az; a3z a33 a34
41 Q42 Q43 Q44

(¢) Suppose A =

22 A23 A24 21 A23 A24 21 A22 24
We have A<1|1> — 3o a3z A34 ,A(lp) = a3l ass a3y ,A(HS) — as1 az2 asq
| Q42 A43 Q44 | | Q41 Q43 Q44 | | Q41 Q42 Q44 |
21 A22 A23
and A(1‘4> — asz1 asz aAss
| Q41 Q42 Q43 |

Then

det(A) = ajydet(A(1]1)) — ara det(A(1]2)) + a3 det(A(1]3)) — ajgdet(A(1|4)) = - -
= (11022033044 T 11023034042 + 111024032043

T@112021034043 + 112024033041 + 112023031044

+@113024031042 1 113021032044 + 413022034041

(14023032041 1 114022031043 T 114021033042

—11022034043 — A11A24G433042 — Q11023032044

—a12021033044 — A12023034041 — A12024A31043

—a13024032041 — A13022031044 — A13021A34042

—a14023031042 — 114021432043 — A14A2203304]



11.

12.

Theorem (a).
Suppose A be a square matrix. Then det(A") = det(A).

Proof of Theorem («). Omitted. (This can be done with mathematical induction.
Apply the definition and Theorem (2).)

Theorem (3). (‘Expansion’ of a determinant along any arbitrary row.)
Let A be an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;;.
Suppose n > 1.

Then, foreacht=1,2,--- ,n,

det(A) = (=1)""ay deﬁ(A(i\l)) + (1) an det(A(i]2)) + (—=1)Pa;z det(A(i]3))
4 (=1)""ay, det(A(iln)).

Proof of Theorem (3).  This is a consequence of Theorem (1) and Theorem ()
combined.



13. Illustration.

(a) Suppose A is a (3 x 3)-square matrix, whose (¢, j)-th entry is denoted by a;;. Then

det(A) = aill det(A(l\l)) — a19 det(A(1|2)) + Qi3 det(A(1|3)),
det(A) —= —a2 det(A(Q\ 1)) + a99 det(A(2|2)) — Aa923 det(A(2|3)),
det(A) = azg det(A(3]1)) — asadet(A(3]2)) + agszdet(A(3|3)).

(b) Suppose A is a (4 x 4)-square matrix, whose (7, j)-th entry is denoted by a;;. Then

det(A) = aj;det(A(1]1)) — apdet(A(1]2)) 4+ aiz3det(A(1]3)) — ayqdet(A(1
det(A) = —agy det(A(2]1)) + agodet(A(2]2)) — aggdet(A(2]3)) + agq det(A(2
det(A) = asg;det(A(3]1)) — agadet(A(3]2)) + assdet(A(3]3)) — asqdet(A(3
det(A) = —a41 det(A(4 1)) + Qg9 d€t<A(4 2)) — 43 det(A(4 3)) + Ay det(A(4




14. Key theoretical examples.

(a) Let A be an (n X n)-square matrix, whose (¢, j)-th entry is denoted by a;;.

i. Suppose there is some ¢ amongst 1,2, --- , n for which the ¢-th column is all zero.
Then

det(A) = (~1)" a1, det(A(1g)) + (~1)* ag, det(A(21q) + (~1)*az, det(A(3]q)
e (1) g, det(A(nlg))

= 0.
ii. Suppose there is some p amongst 1,2, --- ,n for which the p-th row is all zero.
Then
det(A) = (=1 a,; det(A(p|1)) + (=17 2a,, det(A(p|2)) + (—1)Pays det(A(p|3))

<_
Foo 4 (=1)Pa,, det(A(p|n))
0.

(b) Let D be an (n x n)-square matrix, whose (7, j)-th entry is denoted by d;;.
Suppose d;; = 0 whenever ¢ # 7. (Such a matrix is called a diagonal matrix.)
We have det(D) = dy; det(D(1]1)).

Note that D(1|1) is itself a diagonal matrix.
Then det(D) = dlldggdgg T dnn

Remark. In particular, det([,,) = 1.



(c) i. Let A be an (n X n)-square matrix, whose (¢, 7)-th entry is denoted by a;;.
Suppose a;; = 0 whenever ¢ > j. (Such a matrix is called an upper-triangular matrix.)

ajp a2 a3 --c o Uin
O CI/22 a23 ...... azn
A is explicitly given by A = U U ag e n
0 0 0
0 0 0 -
By definition, we have det(A) = a1; det(A(1]1))
(22 23 Q24 -+ - A2n
O a33 a34 ...... a3n
0 0 Qaq * - - A4, ) )
Note that A(1|1) = 0 0 0 . (So A(1|1) is also an upper trian-
0 0 0 G

gular matrix.)
Then, ‘inductively’, we have det(A) = aj1a92as3 - - - Apyp.



ii. Let B be an (n X n)-square matrix, whose (¢, 7)-th entry is denoted by b;;.
Suppose b;; = 0 whenever ¢ < j. (Such a matrix is called a lower-triangular matrix.)

(b O 0 0 -+ 0 ]

bopr be O 0O -+ 0

B is explicitly given by B = bi)’l b:32 b?3 O ) O
| bnt bug bz oo - brn |

Note that B! is an upper triangular matrix.

Then det(B) — th(Bt> — bllbggbgg T bnn



(d) i.

11.

Denote by p the row operation aR; + R; on matrices with n rows.

The row operation matrix M|p| corresponding to p is the (n X n)-square matrix given
by Mlp| = I, + aE,;".

Note that M |p] is an upper triangular matrix or a lower triangular matrix.

Then det(M|p]) = 1.

Denote by o the row operation SR; on matrices with n rows.

The row operation matrix M o] corresponding to o is given by M[o] = I,+(8—1)E."".

Note that M|o] is an upper triangular matrix, whose diagonal entries are made of n—1
copies of 1 and 1 copy of 5.

Then det(M|o]) = 5.



iii. Denote by 7 the row operation R; <> R; on matrices with n rows.

The row operation matrix M[r] corresponding to 7 is given by M([r] = I, — E}" —
n,n n,n n,n
B + By + B

M]|r| is a symmetric matrix with n — 2 entries of 1, along the diagonal, and 2 entries
of 1 off diagonal.

Repeatedly applying the definition, we have det(M|r]) = det( [ U1 ]) = —1.

(e) Let A be an (n x n)-square matrix. Suppose A is a reduced row-echelon form.

i. Suppose A is non-singular.
Then A = I,,. Therefore det(A) = 1.

ii. Suppose A is singular.
Then A has at least one entire row of 0’s. Then det(A) = 0.



