1. Definition. (Eigenvalues and eigenvectors.)
Let A be an (n X n)-square matrix (with real entries).
Let X be a (real) number.

Let v be a non-zero vector with n (real) entries.

We say v is an eigenvector of A with eigenvalue A (or equivalently, X\ is an eigenvalue of A
with a corresponding eigenvector v ) if and only if Av = \v.

Remark.

In this course, we restrict all discussion to real numbers. However, in other mathematics
courses and in many practical situations, allowing complex numbers into play is not only
desirable but also natural and necessary. This definition is formulated in such a way that
it can be adapted to the ‘world of complex numbers’ immediately: simply change the word
‘real’” to ‘complex’.

Further remarks on terminologies.

(a) We may write ‘the number \ is an eigenvalue of A’ (without mentioning any specific
corresponding eigenvector) as long as there is some non-zero vector u so that u is an
eigenvector of A with eigenvalue A.

(b) We may write ‘the non-zero vector v is an eigenvector of A’ (without mentioning its
corresponding eigenvector) as long the equality Av = pv holds for some number .



2. Lemma (1).
Let A be an (n X n)-square matrix. The statements below hold:

(a) Let v be a non-zero vector in R". Let A, u be real numbers. Suppose v is an eigenvector
of A with eigenvalue A and also with eigenvalue p. Then A = p.

(b) Let v be a non-zero vector in R". Let A be a real number. Suppose v is an eigenvector
of A with eigenvalue A\. Then, for any non-zero real number 3, the vector Sv is an
eigenvector of A with eigenvalue .

Remark.
In plain words, what this result says is about the square matrix A:

(a) Every eigenvector of A corresponds to a unique eigenvalue.

(b) Every non-zero scalar multiple of an eigenvector of A is also an eigenvector of A, and
they correspond to the same eigenvalue.

Be careful: we have not ruled out the possibility that non-zero vectors which are not scalar
multiple of each other can be eigenvectors of A with the same eigenvalue.



3. Examples.

o= 0 ) waus 5] 0= [2]

Note that none of u, v is the zero vector in R?.
5
—2
Every non-zero scalar multiple of u is also an eigenvector of A with eigenvalue 1.

Detail:

 Suppose @ € Rand o # 0. Then A(au) =aAu=a-lu=1:au.

—4
2

Every non-zero scalar multiple of v is also an eigenvector of A with eigenvalue —2.
Detail:

 Suppose a € Rand o # 0. Then A(av) = aAv = a(—2v) = —2av.

i. We have Au = [

] = 1-u. Then u is an eigenvector of A with eigenvalue 1.

ii. We have Av = [ ] = —2v. Then v is an eigenvector of A with eigenvalue —2.



I 11 1 1 3
(b)Let A= 102 2 |,andu= [0|,v=|1]|,w= |4].
003 0 0 2
Note that none of u, v, w is the zero vector in R>.
1
i. We have Au= |0 =1-u. Then u is an eigenvector of A with eigenvalue 1.
0

Every non-zero scalar multiple of u is also an eigenvector of A with eigenvalue 1. Detail:
« Suppose a € Rand a # 0. Then A(au) = acAu=a-lu=1-au.
2

ii. We have Av = |2| = 2v. Then v is an eigenvector of A with eigenvalue 2.
0

Every non-zero scalar multiple of v is also an eigenvector of A with eigenvalue 2. Detail:
« Suppose « € Rand av # 0. Then A(av) = aAv=a-2v=2-av.
9

iii. We have Aw = [12| = 3w. Then w is an eigenvector of A with eigenvalue 3.

6
Every non-zero scalar multiple of w is also an eigenvector of A with eigenvalue 3. Detail:
 Suppose a € Rand a # 0. Then A(aw) = aAw = o - 3w =3 - aw.



(c) Let A=

1.

1.

2 11 1 1 1
1 21 f,andu= |1|,vi=|—-1],Vvy=
112 1 0 —1
Note that none of u, vy, vo is the zero vector in R>.
4
We have Au = [4| = 4u. Then u is an eigenvector of A with eigenvalue 4.
4
Every non-zero scalar multiple of u is also an eigenvector of A with eigenvalue 4.
h
We have Avy = [—1| = 1-vy. Then vy is an eigenvector of A with eigenvalue 1.
L O -
.
We have Avo = | 0 | =1-vy. Then vy is an eigenvector of A with eigenvalue 1.
—1

Every linear combination of v, vy which is not the zero vector in R? is also an eigenvector of A with

eigenvalue 1. Detail:

« Suppose a1, a9 € R, and w = a1 vy + aove. Suppose w # 0s.
Then Aw = A(Oqu + OzQVQ) = a1 Avi + asAve = avi +agve =1 - w.

Remark. It is possible for a square matrix to have eigenvectors which are not scalar multiples of

each other but which correspond to the same eigenvalue.

More generally, it is possible for a square matrix to have several linearly independent eigenvectors with

the same eigenvalue.



0 01 0 1 1 1 1
(d) Let A = g (1)(1) 1 cand t = 11,u: _51,V: §7W: _g
-5 25 —1 —1 —5 3 15
Note that _none of t, u, V,_W is the zer_o Ve_ctor in |R_4. ) . o
T
i. We have At = _11 = 1-t. Then t is an eigenvector of A with eigenvalue 1.
—1
-
ii. We have Au = _15 = —1-u. Then u is an eigenvector of A with eigenvalue —1.
=
iii. We have Av = g = 3v. Then v is an eigenvector of A with eigenvalue 3.
9
T
iv. We have Aw = 195 = —3w. Then w is an eigenvector of A with eigenvalue —3.
—45




4. Further examples and non-examples.

(a) Let A = Opun.
Forany ve R" Av=0,=0-vV.
It follows that every non-zero vector in R” is an eigenvector of A with eigenvalue 0.

(b) Let A = 1,.
Forany ve R", Av=v=1-v.
[t follows that every non-zero vector in R"” is an eigenvector of A with eigenvalue 1.

(b 0 0
(c) Let by, by, b3 € R,and A= | 0 by O |.
00 by |
(3)

J

(3)

For each 7 = 1,2, 3, we have Ae i

= bje

[t follows that ef’) is an eigenvector of A with eigenvalue b;.



b 10 1
(d) Let b be a real number,and A= |0 b 1 [,andu= [0].
00 b 0
b
We have Au = [0| = bu. Then u is an eigenvector of A with eigenvalue b.
0

We verify that b is the only eigenvalue of A and every eigenvector of A is a scalar multiple of u:

« Suppose Vv is an eigenvector of A with eigenvalue A. Denote the j-th entry of v by v; for each j = 1,2, 3.

buy + vy (35 (%) U1
Then Av = Av = |[bvg +v3| =bv + |v3|. Therefore [v3| = (A—=b)v=(A—=0b) |vg].
bus 0 0 U3

Comparing the entries, we have (A — b)vs = 0, and vy = (A — b)v; and v3 = (A — b)v,.
We have A = b or v3 = 0.
1

% (Case 1.) Suppose A = b. Then vy = v3 = 0. Therefore v=v; |0| = vju.
0

* (Case 2.) Suppose A # b. Then vz = 0.
We have (A — b)vy = v3 = 0. Then vy = 0.
We have (A — b)v; = vy = 0. Then v; = 0.
Therefore v = 0. But this is impossible because v is an eigenvector of A.
Hence A = b, and v is a scalar multiple of u.
Remark. It is possible for an (n x n)-square matrix to have ‘relatively few’ eigenvectors, in the sense
that there is no chance to form a basis for R" out of eigenvectors.



—1

0
(e) Let A = ?
1

o O = =
O = = O

0
0
1

We verify that A has no eigenvalue (and no eigenvector):

« Suppose u is an eigenvector of A with eigenvalue A.
Denote the j-th entry of u by ;.

U1 — Uy -—U4- -ul- -—’LL4-
u u u u u
We have Au = Au = | "1 42 —u+| ' |.ThenA=1) | | =A=1Du= !
U + U3 U9 us U2
Uz + Uy Uus Uy Uus

Comparing the entries, we have

up = (A= 1ug
us = (A —1)us
) ug = (A —1)uy
|l w = —(A=1uy

Then u; = —(A — 1)*uy. Therefore [(A — 1)* + 1]u; = 0.

We have (A — 1)1+ 1 =0 or u; = 0.

Since A is a real number, (A — 1)* +1 > 0. Then u; = 0.

Therefore us = ug = us = 0 also.

Hence u = 0. But this is impossible, because u is an eigenvector of A.

Remark. It is possible for a square matrix to have no eigenvalue (and hence to have to eigenvector).



5. Lemma (2).
Let A be an (n X n)-square matrix.
Suppose u, v are eigenvectors of A with distinct eigenvalues.

Then u, v are linearly independent.

6. Lemma (3).
Let A be an (n X n)-square matrix.
Suppose uy, Uy, - - - , W are linearly independent eigenvectors of A.

Further suppose v is an eigenvector of A whose eigenvalue is distinct from the eigenvalue
of each of uy,ug, - -+, ug.

Then uy,uy, - - - ,ug, v are linearly independent.



7. Question.
What are the immediate consequences of Lemma (2) and Lemma (3) combined?
Answer.
Suppose A is an (n X n)-square matrix, and Ai, Ao, A3, - - - are pairwise distinct eigenvalues

of A.

(a) For each j, suppose v; is an eigenvector of A with eigenvalue A;.
By Lemma (2), vy, vy are linearly independent.
Then by Lemma (3), v1, Vo, v3 are linearly independent.
Again by Lemma (3), vq, Vo, v3, vy are linearly independent.

Repeatedly by Lemma (3), vy, Vo, - -+, vj are linearly independent for each k.
[t follows that any finitely many vectors from amongst vy, vo, vs, -+ are linearly inde-
pendent.

(b) Now, for each j, we indeed pick some eigenvector of A, say, v;, with eigenvalue \;.
As argued above, the vectors vq, vy, vs, - - - are linearly independent.
Further recall that any n + 1 vectors in R" are linearly dependent.

Therefore the list of vectors vy, vy, vs, - - - has to terminate at some point: itis v, va, - -+, vy,
for some p < n, in disguise.

This in turn implies that the p pairwise distinct numbers A, Ag, - - -, A, are all the eigen-
values that A has.

We summarize the above discussion into Theorem (A) and Theorem (B) below.



8. Theorem (A).

Suppose A is a square matrix, and A1, Ag, A3, - - - are pairwise distinct eigenvalues.
Further suppose vi, vy, V3, - - - are eigenvectors of A with respective eigenvaluies A1, Ag, Az, - - - .
Then vy, vy, Vs, -+ - are linearly independent.

Theorem (B).
Suppose A is an (n X n)-square matrix.

Then A has at most n pairwise distinct eigenvalues.

Remark. What we will be most interested is the scenario in which A is an (n X n)-
square matrix and there is some basis for R” which are eigenvectors of A. (Their eigenvalues
are not necessarily pairwise distinct.)



9. Proof of Lemma (2).
Let A be an (n X n)-square matrix.

Suppose u, v are eigenvectors of A with distinct eigenvalues, say, k, A respectively.

[Reminder: we want to deduce that u, v are linearly independent.
This amounts to verifying: ‘For any o, § € R, if au+ v =0 then a = § = 0]

Pick any «, § € R. Suppose au + fv = 0. [Reminder: We want to deduce o = 5 = 0]

[Ask: How to make use of assumption? Answer: Multiply this equality by A from the
left.]

By assumption, Au = ku and Av = A\v.

Then aku + fAv = cAu + AV = A(au + fv) = A0 = 0.

We also have adu + SAv = A(au + gv) = 0.

Then a(k — A)u = 0.

By assumption, u is not the zero vector. Also by assumption, x — A # 0. Then o = 0.

Now we have Sv = 0. By assumption, v is not the zero vector. Then § = 0.



10. Proof of Lemma (3).

Let A be an (n X n)-square matrix. Suppose ug, Uy, - - - , Uy are linearly independent eigenvectors of A, say,
with eigenvalues k1, ko, - - - , ki Tespectively.
Further suppose v is an eigenvector of A with eigenvalue A\, and X\ # k1, A # Ko, ..., A # K.
[Reminder: we want to deduce that uy, uy, - - - , ug, v are linearly independent.
This amounts to verifying: ‘For any aq, ao, -+ ,ar, 8 € R, if aqu; + agug + - - - + apug + v = 0 then
ap=ay=---=q=0=0/
Pick any aq, a9, -+, ap, 8 € R Suppose ajuy + asuyg + - -+ + aguy + fv = 0. [Reminder: We want to
deduce oy =ag =+ =ap =05 =0]

[Ask: How to make use of assumption? Answer: Multiply this equality by A from the left.]

By assumption, Au; = k;u; for each j =1,2,--- |k, and Av = Av.
Then

Q1K) + QokoUs + + - - + apkpy + BAV = a1Auy + agAuy + - - - + apAuy + SAV
= Alaquy + avug + -+ -+ agu + fv) = A0=0

We also have apAuy + apdug + - - - + agpkpug + BAV = AMaqug + agug + - - - + aguy + fv) = 0.
Then a1(k1 — AN)ug + as(ke — ANug + - - - + ag(kr — A)ug = 0.

By assumption, uy, ug, - - - , uy are linearly independent.

Then for each j, we have a;(k; — A) = 0. By assumption, A # ;. Then a;; = 0.

Now we have v = 0. By assumption v is not the zero vector. Then 5 = 0.

It follows that uy, us, - - -, uy, v are linearly independent.



