1. Recall the definition for the respective notions of linear dependence and linear indepen-
dence.

Let uy,uy, - - - ,u, be vectors in R™.

We say that uy,ug,--- ,u, are linearly dependent if and only if the statement (LD)
holds:

(LD) There exist some aq, g, -+, a, € R such that aqu; + agug + - -+ + au, = 0 and
a1, o, - -, are not all zero.
The equality aqu; + asug + - - - 4+ a1, = 0 in which aq, ao, - - -, oy, are not all zero is
called a non-trivial linear relation of uy, us,--- , u,.

2. The notions of linear dependence and linear combinations are linked up in the result below:
Theorem (H).
Let uy,uo, - -+ ,u, be vectors in R™. The statements below are logically equivalent:

(a) uy,uy, - - - ,u, are linearly dependent.
(b) At least one vector amongst Uy, U, - -+ , W, Is a linear combination of the others.



3. Proof of Theorem (H).

Let uy, us, - - - ,u,, be vectors in R™.
« Suppose uy, Uy, - - - , U, are linearly dependent.
Then there exist some aq, ao, - - - , @, € R such that aqu; + asuy + - - - + au, = 0 and
a1, o, - -, o, are not all zero.
Without loss of generality, assume aq # 0.
a2 a3 A
Then u) = (—)ug+ (—)ug+ -+ - + (———)u,.
aq aq a
Hence u; is a linear combination of uy, us, --- , u,,.
« Suppose at least one vector amongst uy, us, - - - , 1, is a linear combination of the others.
Without loss of generality, assume u; is a linear combination of us, us, - - - , u,,.

Then there exist some B9, 83, - , 8, € R such that u; = Bouy + S3us + - - - + S0,
Therefore 1 -u; + (—f2)us + (=fF3)us + - - - + (—B,)u,, = 0. This is a non-trivial linear
relation of uy, ug, - -+, u,.

Hence uy, uo, - - - , u, are linearly dependent.



4. Illustration of the idea in Theorem (H).

1 1 0 0 0

2 3 1 0 0
Writeuy = |3, ug = |d|,u3= (2], uy= |1]|,us= |0

4 7 3 3 1

5 9] 4 5 2
We have

1-uw + (—1)us + 2u3 + (—2)uy + 3uz = 0s.
We also have

u; = 1'112—2113—|—ZU4—3115

uy = 1-u; +2u3+ (—2)uy + 3u;
1 1 3
U3 = —§U1—|—§U2—|—1'U4—§U_5
1
u = §U1—§UQ+1'U3+§U5
1 1 2 2
Us; = ——U; + —-Uy — —U3 + —Uy

3 3 3 3

Theorem (H) says that each of these six equalities is valid exactly because of the validity of
each other.



5. By logic, Corollary (1) to Theorem (H) holds immediately as a re-formulation of Theorem
(H).

The notion of linear independence can be understood through this re-formulation of Theo-
rem (H): it corresponds to our heuristic understanding of the word independence in daily
language.

Corollary (1) to Theorem (H).

Let uy, s, - -+ ,u, be vectors in R™. The statements below are logically equivalent:
(a) uy,uy, - - - ,u, are linearly independent.
(b) None of the vector amongst uy, s, - -+ , W, is a linear combination of the others.

6. Corollary (2) to Theorem (H) is an immediate consequence of Theorem (H).
Corollary (2) to Theorem (H).
Let uy,us, --- ,u,, Vv be vectors in R™.
Suppose uj, uy, - - - , U, are linearly independent.

Then the statements below are logically equivalent:

(a) uy, g, - -+ ,u,, v are linearly dependent.

(b) v is a linear combination of ui, ug, - -+ , U,.



7. Proof of Corollary (2) to Theorem (H).
Let uy,us, -+ - ,u,, v be vectors in R,

Suppose uy, Us, - - - , U, are linearly independent.

« Suppose uj, Uy, - - - , U,, v are linearly dependent.
Then there exist some ay, oo, - - - , @, 0 € Rsuch that ayu;+asus+- - -+a,u,+58v =0
and aq, a9, -+ , o,  are not all zero.

We verify that g # 0:

x Suppose it were true that 8 = 0. Then we would have ayu;+aous+- - -+a,u, = 0 and
aq, o, - - -,y are not all zero. Therefore uy, uo, - - - , u,, would be linearly dependent.

Contradiction arises.
a1 9 7

As B # 0, we have v = (—E)m + <_E)UQ + 4 ( 5 u, + v,
Therefore v is a linear combination of u;, us, - - - , u,.
« Suppose Vv is a linear combination of uy, us, - - - , u,,.

Then there exist some ¥y, v, -, v, € R such that v =~yu; +yus + - - - + y,u,.
Therefore viu; + ouo +---+y,u, —1-v =0.
Hence uy, uy, - - - , u,, v are linearly dependent.



8. By logic, Corollary (3) to Theorem (H) holds immediately as a re-formulation of Corollary
(2) to Theorem (H).

Corollary (3) to Theorem (H).
Let uy,us, - - - ,u,, Vv be vectors in R™.
Suppose uy, uo, - - - , U, are linearly independent.

Then the statements below are logically equivalent:

(a) uy,uy, - - - ,u,, v are linearly independent.

(b) v is not a linear combination of uy, Uy, -+ + , U,.



9. We are going to give a useful re-formulations for the notion of linear independence which
is usetul in the study of theoretical questions.

We start by recalling the re-formulations for the notion of linearly independence below:

Letuy, uy, - -+ ,u, be vectors in R™. Define the (mxn)-matrix U by U = [ u; us |- uy, } .
The statements below are logically equivalent:
(~<>) ug, s, - - - ,u, are linearly independent.

(~e&) The only solution of homogeneous system of linear equations LS (U, 0,,) is the trivial
solution.

(~OQ)N(U) = {0n}.
(~#) For any t € R, if t € N(U) then t = 0,

With the help of the ‘dictionary’” between linear combinations and matrix-vector products
applied on the statement (~@) above, we obtain another re-formulation, in the form of
Lemma (I), for the notion of linear independence, which is useful for theoretical discussions
(or in calculations in which the vectors involved are not given in ‘concrete’ terms).



10. Lemma (I).

Let uy,us, - - - ,u,, be vectors in R™.

The statements below are logically equivalent to each other:

(L1y) uy,uy, - -+ ,u, are linearly independent.
(LI) For any (1, Bo, -+, By € R, if f1uy + Boug + - -+ + By, = 0, then By = fo = -+ + =
Remark.

1.

In fact, in many standard textbooks, people simply refers to the statement (LI) as the
definition for ‘uy, uy, - - - ,u, are linearly independent vectors in R"".

Theorem (1).

Let uy,us, - - - ,u; be vectors in R™.

Suppose uj, Uy, - - - , Uy are linearly independent.

Then for each 7 =1,2,--- |k, the vectors uj, uy, - - - ,u; are linearly independent.
Remark.

In plain words, Theorem (1) says:

Any ‘portion’ of a collection of linearly independent vectors is itself a collection of linearly
independent vectors.



12. Proof of Theorem (1).
Let uy, us, - - - , u; be vectors in R,
Suppose uy, Uo, - - - , Uy are linearly independent.
Suppose j = 1,2,--- , k. Pick any oy, a9,--- ,a; € R.
Suppose ajuy + aoug + - - -+ ayu; = 0.
Then cyuy + agug +---+aou; +0-uw1; +0-ujp0+---+0-u, =0.
By assumption uy, ug, - - - , u are linearly independent. Then ay = ag = --- = a; = 0.

It follows that uy, uy, - -+ ,u; are linearly independent.

13. Theorem (1) is logically equivalent to the statement below, which is called the ‘contra-
positive re-formulation” of Theorem (1).

Theorem (2).

: m
Let vi,va,--+ ,Vy, Wi, W, -+ , W), be vectors in R™.
Suppose vi, Vo, - -+ , Vv, are linearly dependent.
Then vi,Va,+ -+ ,V,, W1, Wo, -+ , W, are linearly dependent.
) ) y Y, ) ) )y YV
Remark.

In plain words, Theorem (2) says:

A collection of vectors is definitely linearly dependent when soem portion of it is, on its
own, a collection of linearly dependent vectors.



14.

15.

Lemma (3).

Let uy,us, - - - ,u,, be vectors in R™.
Suppose A is an (m X m)-square matrix, and Auy, Aug, - - - , A, are linearly independent.
Then uy,uy, - - - ,u, are linearly independent.

Proof of Lemma (3).

Let uy, us, - -+ ,u, be vectors in R".
Suppose A is an (m X m)-square matrix, and Auy, Aug, - - - , Au, are linearly independent.
[We want to verify that ug, us, - - - , u,, are linearly independent. This amounts to verifying

the statement ‘for any 8y, 89, -, 5, € R, it Byuy + foug + - - - + B,u, = 0, then 51 =
Bo= = B =0]

Pick any 81, 8o, -+, 8, € R. Suppose Siuy + foug + - - - + B,u, = 0,,.

Then

BiAu; + fAuy + - - + B Aw, = A(fiur + foug + -+ - + Buuy)
= A0,, =0,
Then, by assumption, 5y =y =--- =, = 0.
Therefore uy, us, - - - , u,, linearly independent.



16.

17.

Lemma (4). (A ‘partial converse’ of Lemma (3).)

Let uy,us, - - - ,u,, be vectors in R™.
Suppose A is a non-singular (m x m)-square matrix, and Uy, Uy, - - - , W, are linearly inde-
pendent.

Then Auy, Aus, - - - , Au,, are linearly independent.
Proof of Lemma (4).

Let uy, uy, - -+, u, be vectors in R™. Suppose A is a non-singular (m X m)-square matrix,
and uy, uo, - - - ,u, are linearly independent.
(We want to verify that Auy, Auy,--- , Au, are linearly independent. This amounts to

verifying the statement “for any 3, 5o, - -+ , B, € R, if 51Au; + BAug+- - -+ 5, Au,, = 0,,
then By =B =--- = 3, =0

Pick any 81, 8o, -+, 8, € R. Suppose 81Au; + BsAus + - - - + 3, Au,, = 0,,.

Then

frag + fug + - - + Gou, = Gl + Blun + - - + Bl
= Bi(A " Aw + B(A T Auy + - + Bu(AT A,
= BiA T Aw) + BA T (Auy) + -+ - + B,A (Auy,)
— A_l(ﬁlAul + BoAug + - - - + 5, Au,) = A7t0,, =0,

By assumption, 81 = 8y =---= 3, = 0.
Therefore Auy, Aus, - -- , Au, linearly independent.



18. We combine Lemma (3) and Lemma (4) to obtain Theorem (J) below:
Theorem (J).

Let uy,uy, - - - ,u, be vectors in R™.

Suppose A is a non-singular (m xm)-square matrix. Then the statements below are logically
equivalent:

(a) uy,uy, - - - ,u, are linearly independent.

(b) Auy, Auy, - - - , Au,, are linearly independent.

Remark.
In plain words, this result is saying that
linear independence for a collection of vectors (though not necessarily the individual

vectors themselves) are preserved upon multiplication of the same non-singular square
matrix from the left to the vectors.

When we think in terms of row operations, this result is saying that

linear independence for a collection of vectors (though not necessarily the individual
vectors themselves) are preserved upon the application of the same sequence of row
operations to the vectors.



19. Theorem (5). (Generalization of Lemma (3) and Lemma (4).)

Let uy, uy, - - - ,u, be vectors in R™. Let A be a (p X m)-matrix.

(a) Suppose Auy, Auy, - -+, Au,,.
Then uy,uy, - - - ,u, are linearly independent.

(b) Suppose N'(A) = {0}, and uy, uy, - - - ,u, are linearly independent.
Then Auy, Aus, - - - , Au,, are linearly independent.

Proof of Theorem (5). Exercise.



