1. Definition. (Linear Combination.)

Let uy,us, - - - ,u,, be vectors in R™.

Let v be a vector in R™.

We say v is a linear combination of uy, ug, - - - ,u, if the statement () holds:
(1) There exist some real numbers o, ag, -+ + , oy, Such that v.= ajuy + asus + - - - + Uy,

The expression ajuy + oy + - - - + au,, on its own is called the linear combination of the
vectors ui, Uo, - - - , U, With respect to the scalars o, o, -+ , .

2. Lemma (A). (‘Dictionary’ between linear combinations and matrix-vector
products.)
Let A be an (m x n)-matrix, and t be a vector in R".
Suppose that for cach j = 1,2,--- ,n, the j-th column of A is a; and the j-th entry of t
e
istj. (So A= [3.13.2"' an] and t = t:2
tn

Then At = t1a; + thas + - - - + t,a,.



3. Proof of Lemma (A).
For each 4, 7, we denote the (¢, j)-th entry of A by a;;.

n
« The ¢-th entry of At is given by Z aiit; = tian + taain + - - + tha,.
j=1
- For each 7, the i-th entry of a; (which is the j-th column of A) is a;;.
Then the ¢-th entry of t1ay + teas + - - - + tpa, is t1a; + toajp + - - - + thain.
The corresponding entries of At, t1a; + teas + - - - + t,a, agree with each other.
Hence At = tja; + toas + - - - + t,,a, indeed.

Remark.

Lemma (A) looks innocent, but it will serve as a useful tool in various situations.



4. Simple concrete examples.
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5. Theorem (1).
Let uy,us, - - - ,u,, be vectors in R™.

The statements below are true:

(a) The zero vector 0 in R™ is a linear combination of uy, uy, - - - , Uy,

(b) The sum of any two linear combinations of uy, ug, --- ,u, is a linear combination of
U, us, -, Uy.

(¢c) Every scalar multiple of any linear combination of uy, ug, - - -, u, is a linear combination
of uy,ug, - -+, U,.

6. Proof of Theorem (1).
Let uy, uy, - - - ,u, be vectors in R™.
(a) [Ask: Can we name some appropriate real numbers aq, g, - - -, o, for which the equality
0 = aju; + asuy + - - - + a1, holds?]
Wehave 0 =0-u1+0-us+---+0-u,.
Then by definition, 0 is a linear combination of uy, us, - - - , u,.



(b) Suppose v, w are linear combinations of uy, ug, - -+, u,.
Then, by definition, there exist some real numbers 51, 89, - - - , 3, such that

v = fiuy + foug + - - + Spuy,.
Also, there exist some real numbers i, vo, - - - , ¥, such that
W = 71U + 72Uz + - - -+ YUy,

[Ask: Can we name some appropriate real numbers aq, oo, - - -, o, for which the equality
V+ W =aju; + asuy + - - - + a1, holds?]

Note that

v+w=..= (B +7)wm+(B+ru+-+ (B + )
and 51 + 1, B2 + Yo, - -+, Bn + 7Y are real numbers.
Then by definition, v + w is a linear combination of uy, ug, - - - , u,.

(c) Exercise.



7. Theorem (B).
Let uy,us, - - - ,u,, be vectors in R™.

Every linear combination of (finitely many) linear combinations of uy, s, - - - , W, is a linear
combination of uy, ug, - - -, u,.

Remark.

In fact, Theorem (B) is saying the same thing as Statement (b) and Statement (c) in
Theorem (1) combined.



8. Proof of Theorem (B).
[This argument carries the same essence of the argument for Statement (b) and Statement (c) in Theorem
(1)]
Let uj, us, - -+ ,u, be vectors in R™.
Pick any x € R™.

Suppose X is a linear combination of (finitely many) vectors in R, say, vi,va,---,V,, which are linear
combinations of uy, uy, - -+, u,.
[Reminder: We want to see why x is a linear combination of uy, ug, -+ -, u,.|
By definition, x is a linear combination of vi,va, -+, v,,.
Then there exist some aq, ag, - -+, o, € R such that x = ajvy + agve + -+ - + vy,
[Ask: Can we link up the u;’s with the v;’s so as to see that x is a linear combination of uy, ug, - -+, u,7]
By assumption, for each j = 1,2,--- | p, there exist some 1, 825, -, Bnj € Rsuch that v; = B1;u; + Bajus +
o B,
Then
X = 1V]+ QVy+ -+ QpVvy
= a1(Buug + Baug + - -+ Buuy) + az(Baur + frun + - -+ Buouy,)
+ - 4 ap(Brpur + Byus + - - -+ Bopyuy)
= (Buar + Braog + - - - + Brpay)ur + (Barag + Baocg + - - - + Popay, ) us
o+ (B + Buac + -+ 4 Brpoyy)uy
Note (Sr1on + Braca + - - - + Brpyy) is a real number for each j =1,2,--- | n.

Then x is a linear combination of uy, uo, - -+ , u,.



9. Alternative argument for Theorem (B).

By applying mathematical induction, and by consciously applying Theorem (1), we can
verify the statement

‘For any positive integer s, if vq,Vvs, -,V are linear combinations of uy, uy, - - - , U,

and aq, o, - - - , g are real numbers then ayvy+aova+- - -+ Vg IS a linear combination
7

Oful; Uz, -+, Up.

Such an argument is also legitimate.



10. Lemma (2).

11.

Let uy,us, -+ - ,u,, Vv be vectors in R and oy, oo, - - - , o, be real numbers.

Suppose A is an (m X m)-square matrix, and v is a linear combination of uy, ug, - -+ , U,
and the respective scalars oy, ao, - -+, Q.

Then Av is a linear combination of the vectors Auy, Aus, --- , Au,, and the respective
scalars oy, o, - -+, Q.

Proof of Lemma (2).

Let uy,u, - -+ ,u,, Vv be vectors in R" and aq, as, - - - , o, be real numbers.
Suppose A is an (m X m)-square matrix, and v is a linear combination of uy, us, - -+ , u,
and the respective scalars aq, ao, -+ -, ay,.

By assumption, v = aju; + aous + - - - + auy,.

Then Av = A(oqul + aoUly + - -+ + oznun) = a1 Auy + avAuy + - - - + o, Au,,.
Hence Av is a linear combination of Auj, Aus, --- , Au,, and the respective scalars
ap, g, - -, Qi



12.

13.

Lemma (3). (A ‘partial converse’ of Lemma (2).)
Let uy,us, - -+ ,u,, Vv be vectors in R™ and aq, oo, - - -, oy, be real numbers.

Suppose A is a non-singular (m X m)-square matrix, and Av is a linear combination of the
vectors Auy, Auy, - - - , Au,, and the respective scalars o, i, -+ - , Q.

Then v is a linear combination of the vectors uy,uo, -+ ,u, and the respective scalars
ap, g, - -, Q.

Proof of Lemma (3).

Let uy,uo, - -+ ,u,, v be vectors in R and aq, as, - - - , oy, be real numbers.

Suppose A is a non-singular (m X m)-square matrix, and Av is a linear combination of the vectors
Auy, Au,, - - -, Au,, and the respective scalars aq, as, -+, ay,.

By assumption, Av = o Auy + avAus + - - - + o, Au,,.
Since A is non-singular, A is invertible. Therefore
v = I,v=(A"A)v=A"Av)
= A Yo Au; + awAuy + - - + o, Auy,)
= A7 (Au) + AT (Awg) + - 4 a, A (Auw,)
= a (A Ay F oA A)y) + -+ (A A)u,
= a1l,,u1 + asl,us + - - + a0,

= iU + asug + - - - + ayu,

Then v is a linear combination of the vectors uj, us, - - - , u,, and the respective scalars aq, ag, - - - , .



14. We combine Lemma (2) and Lemma (3) to obtain Theorem (C) below:
Theorem (C).
Let uy,uy, -+ - ,u,, Vv be vectors in R and oy, oo, - - - , o, be real numbers.

Suppose A is a non-singular (m X m)-square matrix. Then the statements below are
logically equivalent:

(a) v is a linear combination of the vectorsuy, Uy, - - - , W, and the respective scalars ay, ag, « - -
(b) Av is a linear combination of the vectors Auy, Aus, - - - , Au,, and the respective scalars
a1, g, -+, Qp.
Remark.

In plain words, this result is saying that

linear relations amongst vectors (though not necessarily the individual vectors them-
selves) are preserved upon multiplication of the same non-singular square matrix from
the left to the vectors.

When we think in terms of row operations, this result is saying that

linear relations amongst vectors (though not necessarily the individual vectors them-
selves) are preserved upon the application of the same sequence of row operations to the
vectors.



15. Theorem (4). (Generalization of Lemma (2) and Lemma (3).)

Let uy,ug, - -+ ,u,, v be vectors in R™. Let A be a (p x m)-matrix.
(a) Suppose v is a linear combination of uy, g, -+ - , U,.
Then Av is a linear combination of the vectors Auy, Auo, - - - |, Au,,.

(b) Suppose N(A) = {0}, and Av is a linear combination of the vectors Auy, Aus, - - -

Then v is a linear combination of the vectors ui, us, - - , u,,.

Proof of Theorem (4). Exercise.



