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Consider the open half space  H := {x = (xq,..., x,) € R": x, > 0}.
Let y: [a,b] — Hbe a C'-curve. \7‘ z (Y' L b/" )

Regular: The velocity vector is nowhere zero

Definition 8.18 The hyperbolic length of y is

b 1)
dr.
. 70"

Ln(y) =

Definition 8.19 A hyperbolic geodesic is a curve y: I — H, defined on
some interval / C R, with the following properties.

(1) The parametrisation is proportional to arc length, i.e. the function |y|/y, is
constant.

(i) The curve is locally distance minimising, i.e. for sufficiently small sub-
intervals [#o, #1] C I, the curve |, «,] 1S the shortest connection from y(#y)
to y(t1).”
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Definition 8.21 The tangent space 7xH of H at a point x € H is the space of
velocity vectors of C!-curves passing through x:

T H := {y(0), where y: (-&,&) — His a C!-curve with (0) = x}.

v i= 0 = Vv = 109 = [ ol ar
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Riemannian metric the half-space model of hyperbolic space
Definition 8.23 Given a C!-map ®: H — H, its differential at the point
x € H is the linear map

TZyH — TexH
v — J(D,x(v)
Hx- f(a) ,
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Definition 8.24 An isometry of H is a diffeomorphism ®: H — H whose
differential preserves the Riemannian metric, that is,

(Jox(V), Jox(W))n = (V, Wi
for all x € H and all v,w € T H. &(=) x

Definition 8.25 The angle 4(v,w) € [0,n] between two tangent vectors
v,w € TyH is determined by

(V, W)p
[Vl - [Wln

v, w0
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cos £(V,w) :=

OH = {x e R": x, = 0} U {0} Boundary at infinity
S.20



Lemma 8.27 Let p # o be a point in dH. The inversion ® of R" U {o0} in a

sphere centred at p restricts to an isometry of H. o
BR)=p+vi XL
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Definition 8.28

A hyperbolic line is a maximal geodesic (understood to be

of unit speed) in Hi, i.e. a geodesic y: R — H defined on all of R.

Proposition 8.29 The hyperbolic lines are precisely the euclidean half-lines
orthogonal to OH and the euclidean semicircles orthogonal to JH.
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Figure 8.12 The inversion sending H to [D.
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Proposition 8.30 The Riemannian metric on D induced from the hyperbolic
metric on H via the diffeomorphism ®: H — D is given by

Ay,
(V, W)y = AW for v,w e TyD.
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Definition 8.31 The pair (D,(.,.)y) is called the Poincaré disc model of
hyperbolic space.

Proposition 8.32 The hyperbolic lines in the Poincaré disc model are pre-
cisely the arcs of circles orthogonal to 0D and the diameters of D.
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Theorem 8.33 (Osipov, Belbruno) The inversion in the unit sphere S* C
R3U{oo} yields a bijection between, on the one hand, the hodographs of Kepler
solutions with energy h = 1/2 or h = 0 and, on the other hand, the oriented
hyperbolic lines in D* or euclidean lines in R?, respectively.!! i = -i-v’- - ,e-_ (36 )

radial plane — B or IR-
(Hyperbolic: A=) For C¢0'L""J”Pk is fhe part of ve|0¢i5’ arde thaf oufside the enevgy arde {v?= 1

Inversim mags ths t oawrc of carde or'”wyna.l to I

For c=0,‘\o«|¢3r¢.pk is the part of radial ray oulside enerqy circle

Inversim maps this 1o olimeJrcr oF b
Ly l\ype.rLoltc lines n ID* (Prof) X.SJ_)

(Parabolic : h= 0) For c# 0, HOJOJro.Plls e urdeg 'ﬂ\roqu the oﬂjir\ with or'iji»\ remove d {V‘;o)
For c= D,hoalojrtpl'\s we vadial fmes without oﬁgin,buf nclde o0

]'W&’van maps ‘HIC!& b etu.ueam lines in IR*



Pambo\i (&

Proposition 8.34 Let s — v(s) be the velocity curve of a Kepler solution

4¢.,.).

xy-r.olm\t, 2<(0,0.¢),&:(1.0.0)
for c#Q. P(8) =L (s 1t wsB) deln,x) (8.1)
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with h = 0. The inversion in the unit sphere sends this curve to a euclidean
line parametrised by arc length with respect to the scaled euclidean metric
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Proposition 8.36 Let u — v(u) be the velocity curve of a Kepler solution
Hypel’l')o I,C with h = 1/2. The inversion in the unit sphere sends this curve to a hyperbolic
line parametrised by arc length
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For cz0,e=1,

x)z a (l-toshu), tlw)=al(sith u-w) (see Ex.4.3)
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For K € R* consider the sphere S, . ¢ R* of radius 1/ VK centred at 0. The

stereographic projection Wg: S ,3/ & \ {N} - R? where N = (0,0,0,1/ VK), is
given by

1
Wi (x1, x2, X3, X4) = ———(x1, X2, X3);
1 - \/EX4
the inverse map is given by
Kw? -1
¥l (Wi, wa, w3) = m(2wl,2wz,zw3, d ),

where we write w = (w1, wp,w3) and w = |w|.

Proposition 8.38 The Riemannian metric . ,.)g on R3 that turns ¥ into an
isometry is given by

Ko
(1 + Kw?)*

. . HRE . ,

(. )k (8.12)

For K € R™ we can define a Riemannian metric on the disc Dy of radius
1/4/|K| by the same formula (8.12). For K = 0 this formula defines the scaled
euclidean metric 4(.,.) on R>.



Definition 8.39 The manifolds

Dyyxw forK <0
Mg :={R? forK =0

Shx forK>0

with the Riemannian metric (.,.)g are called the three-dimensional space
forms.

Definition 8.40 Let r be a solution of the Kepler problem with ¢t = 0 the
time of pericentre passage or of (regularised) collision with the force centre,
respectively. The function

" d
s(f) = ‘fo T‘:) (Exersise t¢)

is called the Levi-Civita parameter.



Theorem 8.42 (Moser, Osipov, Belbruno) The inversion of R?® in the unit
sphere S? gives a one-to-one correspondence between the velocity curves of

Kepler solutions with energy h, parametrised by the Levi-Civita parameter,
and the unit speed geodesics in the space form M_;;,.
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