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9⼆ ( Canonicaltransformations)
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Now Define Rc IRM beaopensubset

Letf = (ffz , … .fm ) : R→ Vbeconnuous.me
sayfzssmoothmapiffiisasmothmaptitEI.nl?e-(di8feential
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NowweconsideradifeomorphnsmwHZ-flwjofpi.nu
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l) (9 . 18) canonical transformatn

wesayadifeomorphismyofopensubsetsoflRisc.dedaanonicaltransformatlon
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哒 (9 . 1 9) Symplectic

Anyredznxznmatnxfsatisifythat
FJ 中 ⼀ Jiscadedsymplectic
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Df difeentlal 1 _ Gm ( Recall MATH2020)

A difeentiall-fominlRisalinearcombinatzonofthesymbolsdxi.dz…
… dxzn :

wt Ěwidxīuithoefldentswiaefunctimegthetotaldlffenentialofasmothfuuctnf:P -7 Risadiferentldtform :
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Jidxīthenwnrǖwifnǖridxi)
= Widxnndxit Wzdxznndit

ˋ
ˋ

ˋ ˋ ˋ ˋ ˋ ⼗ Wzndxznnndxit

W.dxidrzdxztwzdxzd8zdxzt-t.n.itWzndxznArzdxzttWzndxzn A Jzndxzn

=
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l) dffeuntialzform ( on 伬以

linearwmbinatlousofdxindxjiitjEEI.znitare.ca/leddiAeentIal2-form.com R
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W⼀点Wīldxīndn ) twzndmndx:)

Similarly , ifwisal-fomandrlsaz.fm,
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wenowwant.to writethe Hamiltonequation

asanequatnindifferentialforms.wntezqi.jp
_

,
扣theunthngentvectoratagienpoint.in們

nthecoordinatedirecthonofqi.R.respective.ly。Recallthatonatangentector
H ⼆点 uz.itÈuiudearly
ue

haedqjlǔ) = vj , dpilǔ ) = u,
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W ⾼ ⼆点 dpīndqī



Lemma (9 . 2 3)

The Hamntonequatn Jl 䲱⼆ 7 HGD
is equralentto 透) = Xnlqp),
uheethe Hamiltonīanehfeldxnisdefhed

的dxn.j-dH.pt
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,

州劖 -.-𡤻.tn
PI 19.24)
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Roofiskipltmalflhfromthefactthat
thedifferentialz-formwisskewgmmeg.clHCXH) = _w (仙 , XH ) ⼆ 0 (MATH 4030)

阻 (9 .
25)
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isanoncaltycdpndq) = dpnd

QPI: Letz = (们 beaectorfudon 帜
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87eld Z

'

uecomiuteldpndq) (2,2)
- Y X_x ㄚ

ˋ

= (⼼ ⽵代)
= ÉJZ

uestnuseqas Jacobianofy, wehae
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Remark 9.26

Byrcsult above , canonicaltransformathsare

alsorefemedtoassympkctomorphīsm
9.4 ( Equīlibriumpointsandstabnītyj
Apoint Gii) = (8,9… ,qii…砂iscalled
anequilibriumpointofagiuenttamiltoniansystem.li

⼆ 發 , 阿 -_-器 , n_n

iftheconstantmapt-lfipsisasolut.tnofthe Hamiltonequatzons 。

(9 .4 . 1 ) Lgapunov stabīnty
、

dlhp) ,⼼阿 ) : ⼆te-eacndeannom.es/志 (G-sitlpi.pt)
2)

1丠 9.28 ( Lyapunovstable)

Aequilibriumpōmtlfip
0 ) iscalledLyapunovstableifUE 70 , ⼆ 8>0 st.IfdhnoD.lt防< 8

thenthesolutntisddnedforalltehanddht) ,𠴕 , 49咷 E ft Elf ,
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ExamtortheHamīltonian HGP) ⼆点印482)
weharethetlamiltonanesuathae8-P.p-G.aesolutn aeoffm

8比 ) =bshlta ) , ph-bcost.cn)
⇒ co.co?istheequTlTbr7umpointthispoTntisLyapunovstable.
For Hlqip ) = 立 印

2
- E)

we hare the

Hamiltonanesuathaeféit

Thesolutnareoftheformqltkpltkbetorqctk-pctkbetorq.lt
) = bsinhlta)

{ putbcoshcta)
⽇

{
Eltkbcoshcta)

p 比)
=
bsīnhltg
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9.4.2 ( Linearstabint )

wewanttounderdandthestabTlnthecaseofalinearsystemh-Ah.lv
he Aisaconstantnxnmatrx ,

solutlont-hhEIR.tt/RTheonJnoisanequ7lTbr7umpointofthissystem

By ODE,thecomponentsofanysolutzonofthislnearequattnc.ambewritteuaslinearombīnatlousof

①tkebtkelosbtzietsinbt.wherexcanbeanyrealeisenvdue.cn
ib Canbeanycomplexéyenvalue 08A.KENocantakeanyvduefronouptok.mg

uhichisdeflnedtobethelarsestJordaublock.frthecorspond7ngeisenulue.beiugakxkmatnx.Theconditnkmax-lhane.is envalue
Tsequivalenttosayingthatthe

geometncmultipncityofthiseisenvdue
isequdtitdgebraicmuttiplg.Ascharacteristicpdynonnal.isrealtsifuEGisaeigenvalue.isūīsalsoaeyenvalue



逛 9.30
Theongīnisastabkequilibnumofthelinearsystemh =Ahifandonlyīfthearenoeyenudueswnthpositiverealpart
iandkmax-ltpueimaginayeyenvalues.PISupposethereare.noeigenvalueswthposithetealpart

andkmax-lfordpureinaginangeyenvduss.byperlous.tl?sasolut7on,thenlcanbeurHtenaslinearcombinatnoftkethosbttkě
Bgassumptionwehae 入0

audac.co/asokmax=l=7K=o.lfpureTmaginaryeyenuhes.sotke
→oastsotkětcosbt< tkeat →

oastsotkětosbtctkedsoastso
⇒theoryinisastabkequilibrlum.lysupposeoryinisastabkequinbrlumofthelīnearsystemh= Ah

⇒ līnearcombhatlonoftketftkětosbt ,
tkeatsinbtnear 0

⇒ ancoleasg
! )

If kmaxtl ⇒ kcanbe greaterthan 1
.

⇒ tkisnotbounded.cmtadhon ,
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wenowunshtoappythis 即
toagien equilibriumpointlfipgofaHamiltouiausystembglinearisīngthe
equatunearthatpointsletxbeacontnnuousvectr-8eld.de
fnedinaneighbourhoddcRofsomep.intewnth Xli ) = 0 .

thenx-xcxjhasauequilibnumpointatx0Ifxisdifeentiabk.ve
canlinearisingitbyx-xothisowe.canwrite

XK) = Ahtbch ) , wlth Aij ⼆ 發⼼

isarealuxnmatrìxandbaremaindertemsánsyiugt
。 恕 -0



Def 1931) Tnfntesīmalystable

Aeqūllibriumpointxoofthedynamicalsystem:-X

iscdedīnfntesimalystableifthemginisaLyapunovstabkeqūmnum

ofthelinecnsedsystemh-Ah.ie
markinfinitesìmdlystable中 Lyapunovstable

(i) IfdeigenvdueofAhaenesatterealpart,xozseenasymptotiadystable.ie
.

Soluttnsofx = Xwnthīnitlalpōntsuffldeutlyclosetoxocouergetoe

I) Ifteigenvdueof Ahaspostheredpart
⇒iisinstable.lshowninperiouslwenowback.to

thestudgthestabiliyofanequilibrlumpantlf.PTofa

Hamiltoniansystem
,wheeweassamethettamiltonanfunct.tnatleastE.DeflneEi.si

byli-GtEi.PT/?l-8iiiEE.nI



The līnearapprnmatnofttamīltoneguathsat

theeguil7briumpontatenghenby.li) ⼀ 但品) ( :) _ a.in ,

where
。

腓 (識啊𢸶) ,Gtt
omeansthatitevahonatG.pg.no
tethatthecharacterlstlcwotsaeast.IA-XEB-C-D-E.lunsheslmath2040)
←

XM-IA-aEBCDtXEIwnshes.hemmal_izthepolynonnalxis.ae
n

ieitonycontainmutiplesofl.it/..-...T.pf--wewanttoshowthatXED =如入)

sīuce D =肚 ,
Bcaesymmetncmatrixaud

IMH-IMIUMisanxnmatnx.mehaexnic品非憯劍
⼀作斷-1啞劇 =⼼



ProP9.33z.TKequinbriumpōmtlqqpgis
īnfīnītsīmallystableifandonlyifallajarepureimaginaryandhauekmax -1 。

H) suppose ( fip ° ) isinfhntesimalystable

⇒ opnisaLgapunovstableequ7libnum.ofthelineansedsystemh-Ah.by
ProP9.3-sallajwithrealpartoaudkmax-l.ltpueimashay

eyenvaae.by/emma9.32ithecharactenst7crootscanbewrHten
asai-tanEGsolfzajunthrealpartc.co

⇒ zajwthrealpartzo
⇒ onsin is

Tnstabkeqūdibrlun

⇒contradlctnthenallxjwithreal.at -0
⇒ allajarepue7mginaryaudl.aekmax = 1

#
C) partistnvīae



Exerase 9.4 , 9.5

9.4

Ǖthatanysjmplecticznxznmánxfis

inrertlbleyexpessingtheinersemaexpndtyinte.msof 4,4
七
,

J.uehaefj-g-JbydehnsincewehareJt.TL
-_-J

⇒ JTJ 中 = I

⇒ 4⽵) 4 = I =
( -5⽵)

thenwehaefiol东井

(b) show thatthesymplectkznxznmatces
扣magoupundermatnxmultycatbn.clearly IJĪ =5 => I Efpkn)

supposed Gsplzn) i.e.fi f =5 .



uehae 必 = 5必 J

⇒ 4⾏炸揪州必
= 抖洲丁必'

= T 45必
= T4 EEzn)必
= ⼯

= Jlsine 拉拉》
⇒ 必 Espczn)

Iffkespczn) , wehae

化)
七 Jdkkktodk

- KJK -5
⇒ Spkn) isdosedunderoperatzon

theassoaatngtuedbymatnxmultycatzon
⇒ spwnuagoup
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wntearealznxznmatnxfasablock.MG?Xf=(是 別 ,

A.B.ci?EMnxnllR)d)showthatfissymplectIcifandonly7fAC=ctA,BD=
吋 B
,
ǍDIB ⼆ En

然 :

asgissympletzc.wehaefjq-J.tt
以家問承照HTEno

七 t

⇐, 作欺 㗊 ) = ( 台或n
← 們

⼀⽇比 您吵)= ( 是哉ǍA -54 DB-𠯻 n

←

{dA-Atc-oDA-Btc-EnDB-BD-0-fdA-AtcAD-dB-EnDBt.BE
D #


