
MATH4210 Tutorial 10

1. Let f : R ! R be such that, for some constant C > 0, f(x)  eC|x| for all x 2 R.
Define

u(t, x) := E[f(BT )|Bt = x] = E[f(BT � Bt + x)].

Prove that

(a) @xu(t, x) = E[BT�Bt

T�t f(x+BT � Bt)].

(b) @2
xxu(t, x) = E[ (BT�Bt)2�(T�t)

(T�t)2 f(x+BT � Bt)].

(c) @tu(t, x) =
R
R f(x+ y)@t⇢(t, y) dy.

(d) Apply Itô formula on u(t, Bt), deduce that u satisfies the heat equation

@tu+
1

2
@2
xxu = 0.
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