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Normal r.v. Convergence of r.v.s Log-normal r.v.

Normal r.v.

For a normal r.v. X with parameters µ, ‡2, the density function of X is
given by

fX (x) = 1Ô
2fi

e≠ (x≠µ)
2

2‡2 .

(a).Find E[X ], Var(X ). (µ, ‡2)
(b).Find E[|X |], E[(X ≠ K )+].
(c).Find E[e◊X ], E[eX ].
(d).Find E[X 2].
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Normal r.v. Convergence of r.v.s Log-normal r.v.

Normal r.v.

Suppose Xk ≥ N(µk , ‡2

k) and E[|Xk ≠ X |2] æ 0 as K æ Œ, then X is a
normal random variable with E[X ] = lim µk and Var(X ) = lim ‡2

k .

Proof:
From E[|Xk ≠ X |2] æ 0, we have E[Xk ] æ E[X ] and Var(Xk) æ Var(X ).
Since |eiax ≠ eiay | Æ |a| · |x ≠ y |, we have

E
#
{ei◊Xk ≠ ei◊X }2

$
Æ |◊|2 · E[|Xk ≠ X |2] æ 0 as n æ Œ.

Therefore
E[ei◊Xk ] æ E[ei◊X ] k æ Œ.

So X is normal, with mean E[X ] = lim µk and Var(X ) = lim ‡2

k .
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Normal r.v. Convergence of r.v.s Log-normal r.v.

Convergence

Let (�, F , P) be a probability space and Xn and X are random variables
from (�, F , P) to R. There are di�erent notation of convergence:

Convergence almost surely
{Xn} converges to X a.s. if

P(Ê œ � : limnæŒ
Xn(Ê) = X (Ê)) = 1.

Denoted as Xn
a.s.≠≠æ X .

Convergence in Probability
if for every fl > 0,

limnæŒ
P(|Xn ≠ X | Ø fl}) = 0.

Denoted as Xn
P≠æ X
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Convergence

Convergence in Lp-norm
Given a real number p Ø 1, {Xn} is said to converge to X in Lp-norm, if

limnæŒ
E[|Xn ≠ X |p] = 0.

Denoted as Xn
Lp
≠æ X

Convergence in law (in distribution)
Let Fn and F denote the cumulative distribution function of Xn and X .
{Xn} is said to converge to X in law if

limnæŒ
Fn(x) = F (x)

for every x œ R at which F is continuous.
Denoted as Xn

L≠æ X .
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Normal r.v. Convergence of r.v.s Log-normal r.v.

(a) If {Xn} converges to X a.s., then {Xn} converges to X in
probability.(Use Egorov’s theorem)

(b)If {Xn} converges to X in probability, then {Xn} converges to X in
distribution.
Proof:
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Normal r.v. Convergence of r.v.s Log-normal r.v.

(c) If {Xn} converges to X in Lp, then {Xn} converge to X in probability.

(d)If {Xn} converges to X in L2(X ), then {Xn} converges to X in L1(X ).

(e) If {Xn} converges to X in probability, then there exists a subsequence
{Xnk } such that {Xnk } converges to X a.s. .(Google Borel-Cantelli lemma,
left as exercise).
Proof:
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Log-normal r.v.

A random variable S is log-normal if lnS ≥ N(µ, ‡2)
(a) The probability density function pS(x) of S is given by

pS(x) = 1
x

Ô
2fi‡

· e≠ (lnx≠µ)
2

2‡2

YANG Fan fyang@math.cuhk.edu.hk MATH4210 Tutorial 7 11 / 14



Normal r.v. Convergence of r.v.s Log-normal r.v.

YANG Fan fyang@math.cuhk.edu.hk MATH4210 Tutorial 7 12 / 14


