
 

MATH 2050C Lecture 9 Feb 9

NO Lecture tutorial on Feb 11 d 16

Last week E K def for limits some examples

lim kn exists
Questions

How to compute lim kn

Limit Theorems Textbook 3 Z
independent of n

Def'd xn is bounded if I M o st

l kn I E M V h E N

Remark This is equivalent to fkn n c IN is bounded as a set

1hm kn convergent Ku bounded

Reason
M c xn M

Xu x xxx x x x I IR

Proof Since Xn is convergent bydeft 7 K E IR st

lim n x
ie Va I Kein se

Ikn k l c e f n K

Take E 1 by defI of limit 7 K E IN s t

I Xu k l C E 1 V n K



ByTriangle ineq H n 3 K

I Xu l e l Xu k t K I E I kn 2C It 1 1 e It 1 1

Choose M Max flail 12cal IXK il It 12CI 0

Then I kn I E M V n e N
b

RemarksThe converse of this thin can be used to prove that

a sequence is divergent

i.e Is unbold xn divergent

Examples Xn n unbdd hence divergent

Caution xn bdd can convergent

we'll return to this later

Recall B is a complete ordered field
e r r
kindof Compatible

Limit Theorems Suppose Tim xn K lim Tn Y Then

lil lim xn 1 Yn Key
Cii lim Kuya XY

Iii lim tyg provided Bn to Vn cIN and Y I 0

i.e the limits exist are equal to the expected value



oooProof i Let E 20 be fixed but arbitrary

i
1 kn 24k119m y I

1 Xu KI C E t n s K T
z small small

Xu x yw y
and I Yu Y l C E t n 3 Kz hmm

choose K Max f ki ka e IN then t n 3 K we have
yo ineq

xn Ign KEY I E I kn KI t Lyn y I
i k k ela

Ez Ez E
o

o
Ii Let E 20 be fixed but arbitrary

si i i
fEstimate

IYu l E M V n e IN
InYn Ky

Take M Max f M It 1 1 o Lanyn Kyu t xyn xy1

Bydef1 of limit taking E 42M o I 9hCana ItKlyn y I
IYul Lan XI t lui lYu y

then 7 Ki Kz C IN St T T Taybdd smell fixed
now

lxn xtc m.tn kisbIhEEEMEEem
and I Yu Y l C V n Ka

Choose K Max f ki k C IN then t n K e we have



I xnYn ay I 1 any n Kyu xyn ay I

I yn kn x x x Yu y

E Yul Ian al t 124 ly n yl

E MN Inn xl 124 Ibn YI

E M Ian al t M lYu YI

M M ZIM E

Iii Since Kyu xn Tn using Iii it suffices to show

tf lim Tn yl provided Unto them and YI o
ooo

Let E 20 be fixed but arbitrary

We first establish a lemma Good Rhd k si tu is

Titi's tn E if

I'T Il I
Pf of lemma n Since lim bn Y lYn
by take E e 1 so since I O lynley
7 KEIN se Ibn Y l c E

y ty 19h 91
f

never

Ibn I ly yn y I 31191 Ibn911 y

3 191 Lenya 1hr13 1 so ten E



Since bin bn D taking 4,2g
7 K'EIN se Ibn 91 c Yz f n K H

ly12

Choose K Max E K GCN then t n K we have

It It I y it ion s

7 T 4 e
ex

byLemma choiceof K b

Non example The assumptions in Ciii are necessary

Consider Yn ht y o then

Tn E n is divergent

Remark Converse of the Thin is not true

E.g Xu ht Yu n then Kubu I

convergent divergent convergent
to 0

Thru Let Cdn Yu be two sequences of real numbers Srt

Xu E Yu Th E IN Cte

THEN limGen Elim yn provided that their limits exist



Remarks For it is also sufficient to have

XuE Yu f h Z L for some fixed L

Cii Even if we assume Xu s Yu f n c in in C

we still get himcan E limlyn only

Eg O s th th en But lim67 0 limn

Proof of Thin By him 1 Thin Cig it suffices to show

X Zn st 2n o th CIN Lin Zn Z Zo
Con Ag

Suppose NOT then Z lim Zn s 0

Take E so then 7 KEIN St Enzo
ma lo 2 B
Zeo

ten 2 l C E
1 th K

zu e z
1 s o th K

Contradicting 222 o th C IN
D


