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1 Concepts .ﬁv W e b":‘" Wr 5?6“&

1. T:V — W is a linear transformation if
() T (v1 +v2) =T (v1) + T (v2)

(b) T (aon) = o () — Tw)Cc w

2. Let T : V. — V be linear, then a subspac C V is said to be
T-invariant if T(W) C W. (We will use it later.)

2 Notations Tt V= w
L N(T):={ZecV:T@) =0w}CV
2 R(T) = {T(@):Fe VIcW
3. Nullity(T") = dim N(T'), Rank(T") = dim R(T)

3 Formula

\ 1. Nullity(7) + Rank(T) = dimV_

2. Two facts: .
(a) T is injective < N(T') = 0 < Nullity(T) = 0.
(b) T is surjective < R(T) = W < Rank(T') = dim W.

4 Problems

1. Let T : V. — W be a linear transfomation, and assume that dimV = dim W.
Prove that
T is injective < T’ is surjective

preak; O ullitg (1) + Pank(T) < olim V = ofim W
_— e~ e
T s mjective & Mullity (7) = o

= pair) = dimy
e D{TN w

<D T s SArjective



b) we Can derermine <che N(T)’/U T
T(ad)=°
= @H’L o, L&-b):ﬂ
:'7§‘u+b~o > {“v""’ ey T: R = %
b=-o - 2 clim |13; yonlc (T)

2. Let T : R? — R3 be given by T'(a,b) =fa +b,0,2a —

a linear transformd4tion. _ d 2N R - 0

c T surjective? d(m R
D O TLV tvz) = T4 T02) lls 4 Jmp>
® T(ayi)= 0@ Tv). T 25 net durjeccive

© W€ con hae -Htro tar, bi) ,@7“”7-?

(@u bi)+ (o2 b2)) = T( avvor, bi+b2)
= (atoz+bithe , 0, 2au+200 =b1” b2)
- (M-rh ,0, 281 —by) + (02td 0,208

—————— N~ N ————
Z Tl b)) #T(a2,b)

© T(Noar b)) = T((&m , &bn))—' (9a|+abo ,o, 280 —abi)

3. Let T : R — R be given by T(z) = 2 + 1, is it hnear7 9 at""l" ) o lO.- bl)

/T( OT(+1) = (+nH+1=3
A0 Tt 1) = 141 +111my T TC D
~ L T(l\)—»l""‘:?’

@@ﬁfhﬁ‘}'% :R;‘v-v(ft‘hTTz)TU )) T34 = (1,2 whatlsTm?)- T( \)//Lf__
h Tll.0)?

{ poki (o) = all2)+ FC34)
Weha"/(’ This qlves ¢ Systém 9"" [Tnenr €Juations -

ﬂadd &-4'3(3 . 5= -2
F'”Fer-:—z benT\iz‘a_\_%go = (le

oY= =2¢(e2) t 1-C3.%
&2 ow agsmmppen that L L10) T 72 TU) 4 - T
T 'S Imear troansfel/mution ) = 203%)+ j\u;z,)




— ¢ =(£,-6)
ﬁ/"f"‘) = TW)+ TN —

A\

YQ 5. Leti‘“/:V—H/be linear, N(T) PC() (2 5u,b$ ces d't' W

a) Show that N(T'), R(T) are T-invariant.

b) Suppose that T? = T, show that every v € V can be written as
asum v = a+ b with a € N(T),b € R(T) , and the expression is
unique.

D Llet & € NT), then Tia) _ 7 & N
§ Let be pLr) , then T(b) &P CD)

o TIw) = Tu
veV.

b D) E Listene let
);uppoze — a+b m b e RCT)

b=TC) . xEV

—

= V= 0+ T we let T wmops both
sideg,

=2 Tw)= T+ T30

= Tew + T
— 0+ (W
& T = T)

3

cT(L) = TW)



laz Vv=TWw), T@=1w)= TV

V= (J=-T)) + TW) = ) - T)=o
W o e NCT)
peT)  RCT)

e hwe showed thet There ooually €1t

D (U= v-10) t ). |

suppeee V= o+ b «’E NCT)
? : b= T
then T(V) = T(a) + TLb,)

= 04 T(TwH)

2T = b

Tw) = b ' V=oa+ )]
a '—’—9 0\): U/ T(l/)

othe e, (V= U-T0) + T

we FWWO’ the unigueness .ﬁ




3./ Let V be a real vector space, and Wy, Wy are subspaces of V. The sum of
W1 and W5 is defined as

Wi+ Wy = {w1—|—w2:w1 € Wi, ws EWQ}

(a) Show that W; 4+ W5 is a subspace of V.

(b)If Wy = span(S1),Wa = span(Sz), show that Wy + W, =
span (S1 U Sa)

(C) SllppOSG that W7y N Wy = {0} Then if Ry C Wl,RQ c Wy
are linearly independent subsets, show that R; U Rs is also linearly
independent.

. 0 v‘dwby.&, Qo 0\/6 WH’WL-
prosf . Vertfy ~davee o DT € witih Ao 9 T, FE
witwy

® ai’ Ewduwe 40 ¥V o € T and

ZL € Wi+Wa
st (y= O+ 0v e Wit We

Secorw"j ) n'-‘- X = W\1+W\>_ eW.+Wez anol
wi
y= e le e Wi+ Wa
W\ \,\/1
then T *6> = Wut W o+ Wa+ W22

QNH tW2 £ Cwz + W22) ¢ W,-f' Wz
n

W. Wa

In the end | Wt ae F(lp), we have
ce- SC = a(Wa « \A)lz) = (()\Wlo-(—@wn_) GW-{—WL
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(b Fose, we shou Wiewz C sponc81U€)

For ¥ ¥ = witwa e WorW | we hue,

L = oulitae Vot ook G U & 0D
+ b i+ bane v+ bnun € €[’CAV\L&L)
V\N\/\/“'\/\""’\
[/\)hefe— Vi~~~ Vm € S, N V. (RSN ¥ 5N e Sy
~. { Vi -+ Um , At-cn- W% (- S'USZ

“«

- ij Me_s. Cwe l’lcwe féSF“V\LSI\)Sz)

% € S)xm (Si1 Vi) , we (Car have

,_‘Vov\d 2L

Qe + Nk opip  where TuesvWp3c StdS2
rearovge ol UL €S and Uy &S 2 omed i Ul &S
Pu—c i ™ Si. Then weé can get

G U 3 Ug  t
—> = 2 U -('%\Ze’z.z'oq 4 [ W W=

A= weSh

As « fesut, we hove Wt Wa = SR CSIEUS2)

=
we

O Su

Co) Take ony elements ‘[”""\ Riongl Po Forexample  {wi--- Lo]cR,
{ UI--w-UW\j C Ry . Consider !

az Un + zbJVJ

I=\

0) T we 0 then 2=o | then we G€T

% ‘N

<)
E[‘\s

atl =0 2= %-LJU;]:O

Jve)
A f‘/ﬁl , i I/]'S are. Cnd(epeno(en—t yospect vely

S fesl amd Th3y are all T
) .'+ s - 2 #0 , them e have w=-2 € W NW-

M (e cw, -2 € P UM

W\ \NW2 = fD } , (‘\ weé ‘je't Wz -2=-o0 . e go La.d&
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£ the ist case.

As a yéesult
are  linearly i dependen‘t :

4\Let A € Mat,«,(R), and k be a positive integer such that A* # 0, A¥*1 =0

(a) Show that {I, A4, A%, ..., A*} is linearly independent.

(b) Show that {I, A+ 1,(A+1)% ..., (A + I)*} is linearly indepen-
dent.

})rpﬂf: (a) convder
\N\AN oI + A+~ + agrAE= o

Q MutiPly A= QA€+ 0+ t0 =
=7 O.= o0
© Mutipld  A™ on both sides =>
Ot ASF 0+ .+ 0=0

—-> =0

repent,  Similav steps umtil we get
Qo ... oari=9p Ln the 'QN‘, we Ohi‘j haUe,

AL -0 = Qrk=0

them,
. We hive @a° ... ag =0 -fvr al( 97L

C‘,) First we ntroduce -the binom'al  theorem

n [
T et = (R o rE where (1) h“é :
S G

n

we have ot the elements 7‘rom RlUR:



N = nx@a1)x oo x 2%

Now we consider

K .
Z‘ GiCA+ I)";

1=0

=3 L S = ()AUI‘<’ =

-

~=Do

(= Z & e (A =-

%= )
L3 . X .
(= 2 2 : __ S — ‘Sw;'tCl/\ Ve Jd )
> f]’b '\,/0 o ( ) A > (

Y=y ; (z 0'1,(>)A:’

J
FVbM (a) we€ len oW 01“ —t'he (oeff(c.ents ,o-f A

Shoud b€ ©

AN~

o Wher = kK
'L.

-E..(Oli(g) = e =0

:—> Qeq =o©
[©) [leyea'(: cll these ﬂf/’-‘, one  +ien we howe

all $ai i ore 2 which Co//l/'/)/et(/;
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