
Lecture 15

Recall : T : V → V
,
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.

Char poly of T i felt ) = C-1) net - a.)
"

Ct - Az ) ?
. . H . awn "

nj
 

= algebraic multiplicity of Xj  
= µ , ( Xj )

dimftigenspauof Xj) = dim ( NLT - Xj Iv )) =dimftxj )
-

Geometric multiplicity = VT l Xj )



• T is diagonal izable iff µ ,
( Xj ) = VTLXJ )

Bases
of Etj 's for j -

- 1,2 , .  -

,
k

Then :

p =p , up , u . .
. upk is a basis of eigenvectors

for V .



Theorem : Let T be a linear operator on a finite dimensional

vector space V such that the characteristic polynomial splits .

Let Xi
,

Xz ,
. . .

,
1k be distinct eigenvalues of  

T? Lt )

The "

La ) T is diagonalize ble iff : Mahi ) = 8Th Xi )

for i -4,2 ,  -
-

,
k

(b) If T is diagonal izable and pi is an ordered basis

for Epi for each i
,

then =p : =p , ups u
.  . up k is

an ordered basis for V consisting of eigenvectors .

( so that IT ]p is a diagonal matrix )



Proof : Write n -

- dim LV )
,

and Mi  = MT C Xi ) and di  = 8T !?i )

for all i
.

dim I Exit

Suppose T is diagonalize able and p is a basis for V consisting

of eigenvectors of T .

( e.g . p={ viii. is .in .is
,

.
. .

,

Tnt )
'

For each i
, let pi

 = pn Ex ; and ni  It # pi

Then : hi s di  = dim l Edi ) ( '

.

'

pi is Lin .
independent )

Also
,

di E Mi ( last lecture )

So
, we have ni Edie Mi for all i

.



" . n ni s di E ¥ mi  =n=dimw )

i . Eh
,

di - Eh, ni
 = o ⇐ FZ Cdi -99=0

⇒ di  
= ni for all i

.

.

'

. II
,

mi - IF di  
= o ⇒

,

Crni-7%7=0

dim LEXI ) ⇒ di  
= mi for all i

.

11

.

'

.
ni  

= di  
= mi for all i

( So
, pi is a basis of Eai )



Conversely , suppose
mi  = di fi .

For each i
,

let pi be the ordered basis of Eai

and let p =p , upz u .  -
- u Pk -

Then : from previous proposition ,
we

know p is linearly

independent .

k

But  # p
= Edi = ¥7 mi  

= n = dim CV )

"
M

.

.

. p is a basis for V

of eigenvectors
I pit -1114 t . .  tlpkl

dim"LE×)
"

dinner )

"

dint ⇒
,

'

.
T is diagonal izable .

" dk
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Example : Let T : Run ) → 131112) be defined by :

T C fun ) = fix ) text It f
'

ex )

Then : A : = E TIP = ( ! ! } )
where p

= { I
,

X
,

K ) = Standard ordered basis for BUR )
.

I the char . poly
: c o

det C A - t Is ) a
det (

' It
zo-tg.ee/=Ctt5cz-tTC3-tj1E8tChEM-ll) = I

} 8Th ) = MT " )
⇒ Diagonalize He

( E ITCH E Mt l 2) = I
Itcz ) = µtC2 )

I
EDT

Is ) E MT l 3) = I VTC 3) = MTG )



t.AT#vCEyEs!a;yv(1IEl=Eal':I:aeir3C- 1123

⇒ Ez = NLT - 1 Iv ) = { as = a EIR } E Pzclk )

Similarly ,
NCA - 223 ) = NCTo ! 7)

'

= { al I ) : a EIR }

Ez = { a ( HX ) -

- a EIR ) check )

up
[ TIP

1123

Ez -

- { all 't2×-1×4 -

- a elk } →

P -

- { I
,

Itx ,
(1-1×5) is a basis I I

of eigenvectors fr V
.

RCIR ) Pack )



Example : For A  = ( ! I %) E Msx , C IR )

fact ) = - ( t - 4) Lt -35 splits over IR .

8TH ) = MT L 4) = I

→
But rank ( A - 33 ) = rank ( %!& ) = 2

( Rank CABt Nullity CAB) =3 )
a- e-

Val 3) = I f- MA I 3) = 2

,

-

.
T is not diagonal izable .



Example ! Consider Ti Pz CIR ) → Pz CIR ) defined by i

TCFLXI ) = fell t f
'
co ) X t ( f fol t f

"

co ) ) x
'

Let p= { I
,

X
, X

'

}
.

[ TIP = ( ! ! I ) ⇒ FT Lt ) = - Ct - 15 Ct - z )

splits over IR
.

and the eigenvalues of T are I and 2
.

c

'

.
8T ( 2) = MT C 2) = I

.

Rank ( IT )
p

- I ) = tank ( ! I ! 1=1 ⇒ 8-1111=2
-

- MTH

I T is diagonal gable .



For [ T ) p ,
the eigen spaces :

Ei -

- { ( If;) elk .

.
xxx ,

-

-

o } -

- span { ( ! ) , II ) }
Basis

Ez = span { ( ! ))
Fuses

{ ( ! ) I (1) it ! ) } is a basis of eigenvectors (of Etfs )

for 1123
.

i. f 1
,

x - x
'

, it x
' } is a

basis of eigenvectors ( of T )
for Pz CIR ) .



TCW ) = I text ix. w)



Definition : Let T be a linear operator on a vector space v .

A subspace W c V is called T - invariant if TCW ) EW .

That is
, tcw ) EW for ttw EW .

Example :

If T is a linear operator on V
,

then :

{ T } is T - invariant

V is l I

" ( WIERCT ) ,
then : TITCH )

RCT ) ' '

que ,
ERM)

NLT ) 4
4

Ex "
"

( Te Ex , Teika
, y

T
eigenvalue



• For Ti 1133 → 1123 defined by Tfa , b , c) = ( atb
,

btc , o )

then x - y plane { Cx , y ,
o ) = xiy EIR } is T - invariant

X-axis { L X ,
o

, ol = XEIR } is T - invariant

Z - axis { Coco , x ) = XEIR } is NOT 7- invariant
.

Tl L 0,0 ,
x ) ) = ( o

,
X

,
o ) Cf z-axis

* A
O O



Def : Given a linear operator T on a vector space V
,

and a non - zero I C- V
,

the subspace

W : = spanffTklIi-kElNDdEtspan@xsTcxhT2c.x?:} " It

( Tk Et To To -
-

- OT )
-
k times

is called T - cyclic subspace
of V generated by I

.

Prop : W is the smallest T - invariant subspace of V

containing I .



Proof : For any view , I ao
, . .

.

, ak EF S 't -

in = II. ai Tin )

Then : Thi ) = Eto ai Ti
-' '

CI ) EW
.

i . W is T - invariant .

If U CV is a
T -

invariant subspace containing
I

.

then : it also contains Tix)u
and T

"
) by induction .

U

i .
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