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Chapter 9: Indefinite Integrals 9-9

1.

Z
x3ex

4
dx =

1

4
ex

4
+ C.

2.

Z
6x

p
x2 + 3 dx = 2(x2 + 3)

3
2 + C.

3.

Z
ex
p
ex + 1 dx =

2

3
(ex + 1)

3
2 + C.

4.

Z
(2x� 1)(x2 � x)100 dx =

1

101
(x2 � x)101 + C

9.4 Integration by Parts

Motivation

Let u(x) and v(x) be differentiable functions. By the product rule, we have

d

dx
(uv) = u

dv

dx
+ v

du

dx

or

u
dv

dx
=

d

dx
(uv)� v

du

dx

Integrating both sides with respect to x,

Z
u
dv

dx
dx =

Z
d

dx
(uv) dx�

Z
v
du

dx
dx

= uv �
Z

v
du

dx
dx

which is Z
u
dv

dx
dx = uv �

Z
v
du

dx
dx

or Z
u dv = uv �

Z
v du

Key Idea: Write the integrand as product of u(x) and v0(x), then integrate by parts.

Example 9.4.1. Compute

Z
xex dx.

let u e ti du DX

EEE frida u c 3 ti tC

mm 4 Leibnizrulefor products in
differential

calculus

O

mum

d

un

b b
went

2 formally

apply

integration

byparts
I f t u _x

dat 4
E dd v ex

xex fee Idx x E exec
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Solution. Z
xex dx =

Z
x dex (u = x, v = ex)

= xex �
Z

ex dx

= xex � ex + C

Question: What happens if we let u = ex and v = 1
2x

2
?

Z
xex dx =

Z
ex d

✓
1

2
x2

◆

=
1

2
x2ex �

Z
1

2
x2 dex

=
1

2
x2ex �

Z
1

2
x2ex dx (More complicated!)

⌅

Example 9.4.2.
Z

x lnx dx =

Z
lnx d

✓
1

2
x2

◆
(u = lnx, v =

1

2
x2)

=
1

2
x2 lnx�

Z
1

2
x2 d(lnx)

=
1

2
x2 lnx�

Z
1

2
x dx

=
1

2
x2 lnx� 1

4
x2 + C

Question: What happens if we let

Z
x lnx dx =

Z
x d(?)

v0(x) = lnx, not easy to find v!

Remark. Choose proper u and v such that:

1. it’s easy to write the integral as

Z
u dv;

2. it simplifies the problem after integration by parts.

Exercise 9.4.1.

1.

Z
x2 lnx dx =

1

3
x3 lnx� 1

9
x3 + C

2.

Z
xax dx =

1

ln a
xax � 1

ln2 a
ax + C, (a > 0, a 6= 1)

u ex
e.la

exdFxxv El U

00
deDX

D
f t

take If U
Lax

dx

E a
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Example 9.4.3.
Z

lnx dx = x lnx�
Z

x d(lnx) (u = lnx, v = x)

= x lnx�
Z

1 dx

= x lnx� x+ C

Exercise 9.4.2.
Z

loga x dx = x loga x� x

ln a
+ C

Hint: either integration by parts directly, or use loga x =
lnx

ln a
.

Example 9.4.4. (Integration by parts twice)

1. Z
x2ex dx =

Z
x2 dex

= x2ex �
Z

ex dx2

= x2ex �
Z

2xex dx

= x2ex �
Z

2x dex

= x2ex � 2(xex �
Z

ex dx)

= x2ex � 2(xex � ex + C)
= x2ex � 2xex + 2ex + C 0

2. Z
ln2 x dx = x ln2 x�

Z
x d(ln2 x)

= x ln2 x�
Z

x · 2 lnx · 1
x
dx

= x ln2 x�
Z

2 lnx dx

= x ln2 x� 2x lnx+ 2

Z
x d(lnx)

= x ln2 x� 2x lnx+ 2x+ C

Exercise 9.4.3.
Z

(x2 + 2x+ 3)ex dx = (x2 + 3)ex + C.

O
y

2 d e

2 integration day z v e

de byparts
U ax

2
integrationbyparts

Ex 94 l

Trp
integrateby u du
y parts

Anti d zlnx T r
du il
dx a T T2 integration

byparts
IX 94.3
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9.5 Integration of Rational Functions

Rational function:

R(x) =
p(x)

q(x)
,

where p(x) and q(x) are polynomials with q(x) 6= 0.

How to integrate

Z
p(x)

q(x)
dx?

9.5.1 deg q(x) = 1 : q(x) = ax+ b, a 6= 0

Let a 6= 0. By long division,

p(x)

ax+ b
long division

====== A(x)| {z }
polynomial

+
r

ax+ b| {z }
know how to integrate!

,

where A(x) is a polynomial and r is a constants.

Z
1

ax+ b
dx =

Z
1

ax+ b
· 1
a
d(ax+ b) =

1

a
ln |ax+ b|+ C

Example 9.5.1. Evaluate Z
x2 + 3x+ 5

x+ 1
dx.

Solution. By the long division

x+ 2

x+ 1
�

x2 + 3x+ 5
� x2 � x

2x+ 5
� 2x� 2

3

.

So,

Z
x2 + 3x+ 5

x+ 1
dx =

Z
(x+ 2) +

3

x+ 1
dx

=
x2

2
+ 2x+ 3 ln |x+ 1|+ C.

⌅

8

d

µ proper
rationalfunction




