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Most people, even If they do not
study mathematics, will recognize
the utility of mathematics and
Its power In solving problems
In various areas and In explaining
what is happening in the world
around us, not just the physical
world but also the biological
and the economic-financial
world as well.



What endows mathematics
With its power and utility?
What is the “Way” of mathematics?
How did mathematics develop
InNto a subject as It Is today?
What is the nature of the subject?
Is mathematics a tool,
or a way of thinking,
or a part of culture?



s a mathematical proof
a kind of ritual observed
by a certain sect
(called mathematicians)?
What is a proof for — verification,
or enhancement of understanding, or
training of the mind, or only
for professional conscience?
Why are we so certain that
a theorem in mathematics
really holds true?



How do mathematicians work?
Do they only do complicated
calculations? Do they just
follow logical deduction, or

do they al

low wild thinking that

may not yet be justified
according to logic?
When a mathematician talks about

the bea
matr

Uty and elegance of
ematics, what Is

11

eant by that?



Why can mathematics,
abstract and seemingly
man-made though it Is,
explain and be applicable to
so many different phenomena
In the real world?
Do we discover the mathematics,
or
do we Inveni the mathematics?



It would take at least a full course to just
touch upon such issues, which soon
become philosophical. Since one can hardly
do justice to such issues in one or two
lectures, we will in these two lectures
(October 15 and 22) try only to have a
glimpse of the power and “Way” of
mathematics by going through some
selected examples. We will work through
and discuss these examples in class
together, presuming knowledge in school
mathematics. In the second lecture we will
talk more about proofs in mathematics.




Course YSCNo0002
Mathematics: A Cultural Heritage

g 2 itagigk

This course attempts to elaborate an exhortation of Hermann
Weyl through examples gathered from the long history of
mathematics, around our daily lives, in other areas of human
endeavour and in Nature. Rather than transmitting a body of
technical knowledge in mathematics the emphasis is placed on
appreciating, contemplating and discussing about the beauty,
the utility and the “Way” of mathematics.

Instructor: SIU Man Keung ( #% < 33 )
Department of Mathematics
mathsiu@hku.hk

From 1999 to 2009 it was offered as
an elective for students in any
faculty and department at HKU.
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Nigcradoc ot a seerchar ta
na Elnshig nevstriyiu, ti sedon’t
tamert ni thaw redor het stetler ni
a rowd rae, het loyn torptamin
hingt si hatt rifst nad salt telter ear
ta het girth caple. Het sert anc eb a
lotta sems nad uoy anc tills dear ti
thowitu belmorp. Hist si cabusee ew
od ton dear revey tetler by sitfle tub
het rowd sa a howle.



Aoccdrnig to a rseerach at
an Elingsh uinervtisy, it deosn’t
mttaer in waht oredr the Itteers in
a wrod are, the olny iprmoatnt
tihng is taht frist and Isat Itteer are
at the rghit pclae. The rset can be a
toatl mses and you can sitll raed it
wouthit porbelm. Tihs is bcuseae we
do not raed ervey Iteter by itslef
but the wrod as a wlohe.



According to a research at
an English university, it doesn’t
matter in what order the letters in
a word are, the only important
thing is that first and last letter are
at the right place. The rest can be a
total mess and you can still read it
without problem. This is because we
do not read every letter by itself
but the word as a whole.






The reason for showing you
this experiment is not to discuss with you
the topic of cognition in reading.

I just want to borrow this example as
an analogy to indicate that in order
to understand and appreciate
mathematics it is not imperative that
you should follow every single step
of the technical content
in detail meticulously.

You need only get an impression of how
things hang together as a whole.
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“ Philosophy is written in this grand book_ , the
universe, which stands continually open to our
gaze. But the book, cannot be understood unless
one first learns to comprehend the language and
reads the letters in which it is composed . It is
written in the language of mathematics, and its
characters are triangles, circles, and other geometric
figures without which it is humanly impossible to
understand a single word of it; without these, one
wanders about in a dark [abyrinth.”

Il Saggiatore (The Assayer)
vy Letter to the Illustrious and Very Reverend Don
. B B Virginio Cesarini from Galileo Galilei (1623)




g y Galileo Galilei
4 Al (1564-1642)

HOW (MUCH) rather 4

o

than WHY? oo o

[a quantitative rather than a
gualitative description]



Curiosity
Imagination
Disciplined and Critical
Thinking

(precision in
mathematics as well as
in words)
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www.puzzie. jp/letsplay/play_sudoku—e.htmi
wew.
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Financial Times
2005.05.

28/29

1 first came across Sudoku a couple of
ago, when [ wandered

nine. The idea is to Ol In the blank
Saturday each row,
down 10 the comer shop to buy a week-
eod writes. Pincock.

squares in such a way that 3
each column and every three-by-thres

newspaper,
The folks who run my excellent
“Jocal mixed stock most of
Britain’s plethora of daily mational
‘which arrange in conven-
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Count me in on the Sudoku number puzzle craze

magic squares. Latin squares are grids
of any size in which each number
ance in each column and each
Tow, just as in Sudoku puzzles.
Regardless of their heritage, I've
learned that can be compul-
sive. It didn't take too many hours
after that trip 1o the newsagents before
my wife was she
‘was becoming a ‘widow".
‘The rules are simple, although they
can flendishly difficult as the
rumber of given numbers drops. But
the odd thing is that newspapers make
a point of saying that the puszles

|

ct, the process involved in figur-
ing out how to solve number

mathematician t

@s an exercise In | colouring”,
and consider a strategy for tackling it
math- 28 a “backtrack search”.

themselves have even

triggered thelr own mathematical
~ the number le

mathe- valid arrangements is currently
fact that mathe-

problems
conceptual. They bos oa & smay
challenges using the Friday afterncon and consider k
thinking you need to - maths might actually be fun. ¢
employ in tackling Sudoku puzzles.

You might not know it, but the decl- stephen. pincocki@journalist.co.uk

The Su-do-ku
Craze

Count me in on the

Sudoku number craze
Stephen Pincock

Financial Times
May 28, 2005.
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East dealer. Both sides

NORTH

4Q103

v74

418

#AQ10843
WEST EAST
4A72 4)8654
YAQ863 vi9
41074 49652
92 *K5

SOUTH

4K9

YK1052

$AKQ3

*J76
The bidding:
East South West  North
Pass INT Pass. 3NT
Opening lead: six of hearts

This deal from a team contest
demonstrates one of the more subtle
areas of sound defensive play. The

| final contract at both tables was three

| notrump, but only one of the defenders
found the way to derail declarer.

At the first table, West led the heart
six. Declarer won East’s jack with the
king and led the jack of clubs, on which
West played the nine, dummy the three
and East the king. East then returned
the heart nine, ducked by South, whose
only real chance was to hope the
opposing hearts were blocked.

West followed with the three to
the second heart lead, leaving East
in a quandary as to which suit to play
next. With virtually nothing to go on,
East shifted to a diamond, whereupon
declarer ran off four diamonds and five
clubs to finish with 10 tricks. Of course,
had East returned a spade at trick three,
West would have collected a spade and
three more hearts for a two-trick set.

Though it might appear that East
simply misguessed, there was a better
way available, as the defence at the
second table demonstrated. Here, too,
West led the heart six to the jack and
king, and declarer took a losing club
finesse. But when East then returned the
heart nine and declarer ducked, West
played the eight. s

This gave East food for thought.
While it was possible that West had
started with just the A-Q-8-6 of hearts
(which would in turn mean that declarer
began with five hearts), it was also
possible that West started with five
hearts and had played the eight as a
suit-preference signal asking for the
return of the higher-ranking side suit,
spades.

Since this was far better than a total
shot in the dark, East shifted to a spade,
and South very quickly went down two.

South China
Morning Post,
May 21, 2015

wplete the grid so that
1 row, column and 3x3
contains every digit
n1to 9, inclusive.
iculty: sk & &

9

m e m oo

Complete the grid so that
each row, column and 3x3
box and the two centre di-
agonal lines contains every
digit from 1 to 9, inclusive.
Difficulty: % #

Yesterday’s solution:

How many words of four letters or more

can you make from the letters shown

centre letter and there must be at least

one nine-letter word. No plurals.
E c Today's target: 20 words

very good; 39 words e)

See solution@gm
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here? In making a word, each letter may C
be used once only. Each must contain the :

09
\ 3
g+ Q

Sudoku in Puzzles’
Corners of newspapers

Financial Times
Asian edition, 2014

CHESS LEONARD BARDEN CROSSWORD 14,804 SET BY MAGWITCH

new format this year which 853 Nd7 10 0-0 cxdé 11
‘sparked a rush of entries. ‘exdé Bb4 120d2 0b2 13 ¢3!

lite event there was a trapped. Be7 14 Be1 Qa1 15 10 820 work by cogpur g e
rapidplay (one boar games) Pyl
| where the world's best Bb2 follows. Nakamura won ngreson @

Al Mortazavi missed the L

1 b e first tree on’
Meherioieied | S e
the world No 2. How could o ovatess (9 One Southwark Bridge, London ....‘
i 3 it g s on December 27, winmers”names on Janaary

table., trumps
dummy, you usually require  andled Q#, When East |
multiple entriesand,ina  played low, he ran the Q8 — |
sult contract, your trumps fost's K#. i *
F 2 I
| abr there a superior line? |
‘ :S‘Ml Suit establishment should
[ Swad® your mind and, here,
Fidowr  Bihesn |
$ Xioss _{ andleade 70 Whikhever |
«card he plays from d
P el
| s e Je i YU cvary Ao, 1109, For sratagies on fow 0,300 Sudolu, visk i scadolac v ok
Dealer: Fast Love All % L] 4 | 91 JURDAY S PUZZLE
| North Fast South West diamond rufied, | T 6.5/813/4(7/2(9(1
& oamiEE P 2 9(3|2[5/1[6[7[8]a
i e 47/1]278[9[6]5[3
u 51194 2(8|3(6]7
-
| . 2/al6|7/5/3|8/1]9
values. Unable 3. Now, all three club | g 21218
b £ ol gt 7/8/3[9/6[1]|4[2]5
| the slam. West led 10¥ and 3/2/516/9/4(1/7]8
8/6(7]|1/3/5|9/4]2
1/9/4]87]2|5/3[6




Sudoku
in Toilet
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Count me in. The real puzzie behind
Sudoku is the idea that maths doesn't
come into play. Well, the number
crunchers will have the last laugh.

Stephen Pincock
Financial Times, May 28, 2005.

"One thing that mildly irritates me is
this idea that because you don't have

to add the numbers up in Sudoku then
it's not mathematics."

Charles Leedham-Green,
Professor of Pure Mathematics
at Queen Mary College, University of London.



P =
J = MONSIEUR JOURDAIN  (October 14, 1670)

P : What isn't verse is prose, and what's not

J:

& U@ TUge“ T

o

. Decidedly.
: Oh really? So when | say: “Nicole bring me

. Most clearly.

PHILOSOPHY MASTER  Moliere's Le Bourgeois gentilhomme

prose is verse.
And this, the way | speak. What name would
be applied to the --

: The way you speak? Moliére
[Jean-Baptiste Poquelin]

. Yes. (1622-1673)

. Prose.

: It’s prose?

my slippers and fetch my nightcap,” Is that
prose?

Well, what do you know about that ! These
forty years now, I've been speaking in prose
without knowing it ! How grateful am | to you
for teaching me that ! ...




Sudoku, as a puzzle of pure logical
deduction, provides a good means
to study the underlying mental
processes In naive individuals,
that Is, those who have had no
training in logic.

How much ability in pure deductive
reasoning do naive individuals
really possess?

N.Y. Louis Lee, G.P. Goodwin, P.N. Johnson-Laird, The psychological
puzzle of Soduku, Thinking & Reasoning, 14(4) (2008), 342-364.



¢ Logically naive individuals have the
competence to make deductions
about abstract matters, and they
enjoy exercising this ability.

“ The teaching of mathematics can be
more effective when it focuses on
abstract matters rather than on
concrete everyday examples

N.Y. Louis Lee, G.P. Goodwin, P.N. Johnson-Laird, The psychological
puzzle of Soduku, Thinking & Reasoning, 14(4) (2008), 342-364.



As Plaget recognised, our
ability to make deductions
about abstract matters remote
from our mundane life Is a
fundamental human
characteristic, and one that Is
essential to intellectual
progress.

N.Y. Louis Lee, G.P. Goodwin, P.N. Johnson-Laird, The psychological
puzzle of Soduku, Thinking & Reasoning, 14(4) (2008), 342-364.



Good points about mathematical games

and puzzles
¢ Nurturing of
observation
concentration .
patience Genuine
curiosity “learning
flexible thinking in pleasure
s Training of [AREE])”
logical thinking
space visualization

systematic analysis
meticulous working
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| When a child is born, it needs no
great teacher ;

nevertheless it learns to talk as it
lives with those who talk. ]

Zhuangzi (Chuang Tzu)
Boobk 26 : Affected from Outside
(4" century B.C.E.)



We don’t stop playing because we
grow old; we grow old because

we stop playing.

(Variably attributed to Benjamin Franklin, Oliver Wendell
Holmes (Sr. or Jr.), Herbert Spencer, George Bernard Shaw)

“Groos [Karl Groos] well says that children are
young because they play, and not vice versa; and
he might have added, men grow old because they
stop playing, and not conversely, for play Is, at
bottom, growth, and at the top of the intellectual
scale It Is the eternal type of research from sheer

love of truth.”

G. Stanley Hall, Adolescence: Its Psychology and its Relations to Physiology,
Anthropology, Sociology, Sex, Crime, Religion and Education (1904)



‘ ... the student who
chooses the teaching
profession does
not bid farewell to the
world of childhood: on
the contrary he is trying to
remain within it.”

LIgES |

Claude Lévi-Strauss
‘_‘) (1908 - 2009)




rnaeMaifiiE | Games and Puzzles

GAMES & PUZZ1LES
e \olker Ecke and Christine von

Renesse, with Julian F. Fleron
and Philip K. Hotchkiss,

2015 ; current version 2018 .

Section 3.2 : Radon/Kaczmarz Puzzles



15

15

15

15

15 15 15 15

You are given the
three row sums,
three column sums
and the two
diagonal sums,

fill in the nine cells
in the 3 x 3 grid
with suitable
positive integers
chosen from 1 to 9.



2 | 7|6
9 | 5|1
4 13 |8
15 15 15

15

15

15

15

15

You are given the
three row sums,
three column sums
and the two
diagonal sums,

fill in the nine cells
in the 3 x 3 grid
with suitable
positive integers
chosen from 1 to 9.



5| 5|5
5| 5|5
5|5 |5
15 15 15

15

15

15

15

15

You are given the
three row sums,
three column sums
and the two
diagonal sums,

fill in the nine cells
in the 3 x 3 grid
with suitable
positive integers
chosen from 1 to 9.



4 16 |5
6|54
5146
15 15 15

15

15

15

15

15

You are given the
three row sums,
three column sums
and the two
diagonal sums,

fill in the nine cells
in the 3 x 3 grid
with suitable
positive integers
chosen from 1 to 9.



3157
9 | 5|1
3157
15 15 15

15

15

15

15

15

You are given the
three row sums,
three column sums
and the two
diagonal sums,

fill in the nine cells
in the 3 x 3 grid
with suitable
positive integers
chosen from 1 to 9.



/7| 2|6
4 15| 6
4 1 8 | 3
15 15 15

15

15

15

15

15

You are given the
three row sums,
three column sums
and the two
diagonal sums,

fill in the nine cells
in the 3 x 3 grid
with suitable
positive integers
chosen from 1 to 9.



276
951
438

5355
5355
5355

465
654
546

375
753
537

285
852
528

195
951
519

357
951
357

456
753
456

366
852
447

There are
altogether 41
solutions to
the puzzle,
falling into
essentially

O types with
the remaining
ones obtained
via rotation or
reflection.



393
95355
717

48 3
456
726

573
357
735

663
258
744

753
159
7353

There are 9 unknowns
and 12 equations. Why
can’t the given conditions
pin down the solution?

Even if In
addition we
are given
the five NW-
SE diagonal
sums the
answer IS
still not
unique.



393
95355
717

663
258
744

483
456
726

7353
159
7353

573
357
735

If In addition
we are given
all the ten
diagonal
sums, then
the answer
will be
unigue.



In general we are
looking at a system of
15 3§ linear equations with

9 unknowns, the rank
15 of the coefficient
matrix being equal to

7. Of the 9 unknowns
there are 7 pivotal

15

unknowns and 2 free
15 unknowns.
Question: What sort

15 15 15 15 °f conditions will

guarantee a unique
solution if one exists?



CT Scan (Computerized
Tomography)

6

== muhadharaty.com

Basically we try to figure out
the entries of a large grid
knowing the row sums, column
sums, diagonal sums, etc.



Kaczmarz’s algorithm
for solving a system of
linear equations, 1937. '\06’

A
wamg (Inverse) Transform,

, 1917. |
oo 7/7;;; D P,

Stefan Kaczmarz Johann Radon
(1895-1940) (1887-1950)

Medicine for de

Godfrey Newbold ~ diagnostic technique of X-ray
Hounsfield
(1919-2004)

Cormack

CT (computed tomography), 1979. (1924-1998)
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http://ggbtu.be/m1082291 [



http://ggbtu.be/m1082291
Octagram_Projectile/Projectile/m1082291-Projectile.html

It was said that in 2001

SM ET Judith Ramaley,then Assistant
Director for Education and Human
o Resources at NSF, thought that
Science :

SMET does not sound as good
as STEM, so she changed

MGThemGTiCS the acronym to STEMI

Engineering

Technology STEM
Science
Technology
Engineering

Mathematics



STEM STEAM

Science Science
Technology Technology
Engineering Engineering
Mathematics Arts
Mathematics




STEM

Science
Technology
Engineering
Mathematics

STREAM

Science
Technology
Reading
Engineering
Arts
Mathematics



STEM i STREAM

Science information science
Technology Science
Engineering Technology
Mathematics Reading
Engineering
Arts
Mathematics




STEM

Science
Technology
Engineering
Mathematics

STREAIM

Science
Technology
Reading
Engineering
Artificial
intelligence
Mathematics



With a humanistic and

caring mind breed a THAMES
feeling of humbleness -r ec hﬂ Ol ogy

and tolerance by i
learning from the long Humanl Ties
history of the human Artificial
race. Science is not Arts intelligence

almighty to command Mathematics
everything. Instead, En g|n eerin g

we should learn how

to live in harmony with SCI ence
Mother Nature and
with others.



"kFE - STEM F2—EBE%F - i
BEINAEE—EIRAREEmR -
STEM E—HE&masid - 2EETEAME
FVER - DIEEMEH 2 S /068 A7
EE BT EFERE/IRNE R
INE4E -
STEM B —EIRRIFEM u,.,\H‘t ’
T%ﬁz;u,ﬁﬁﬁﬂ s fEH - 3A3E
% . Eﬁ,—m IR IE ISR AN - L
m el -

B 0, B R,
EZ#E, (STEMEFESE) (2018), E10.



Archimedes
(287-212 B.C.E.)

(1707-1783)

Isaac Newton
(1642-1727)

Carl Friedrich Gauss
(1777-1855)



(1574; 1589)

(c. 300 B.C.E.)
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translated by Matteo Ricci
and XU Guang-qi (1607)
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Matteo Ricci
(1552—1610)

Chinese translation
of Elements
by Matteo Ricci
[A35E] and
XU Guang-qi
[F3¢RY] in 1607

XU Guang-qi
(1562-1633)
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What endows
mathematics with its
power and utility?
— Logic?

— Computation?

— Use of symbols?

Why would many people feel uneasy
about the use of symbols?



1) Choose any two-digit number you like.
2) Take the sum of the two digits.
3) Subtract the sum from the chosen number.

4) Find the icon In the list corresponding to the answer
you obtain in step (3). Then click the crystal ball.

The crystal ball can read your mind
by revealing the correct icon:

Example:
53 — (5 + 3) = 53 — 8 =— 45



heart.xls

The Flask Mind Reader 2 755 3" 5% 9%
98 784) 58CG 38V 1855
97V 77 570Q 378 171
9600 76 ¥ 56 3695 167
9595 752 55V 351 150
94 ¢ 74C 5495 34F- 144
938) 73% 53 33% 135
Q2% 7255 52% 324 12©
91G 7122 51% 31 11©
900G 704 503 30:% 1000
89V, 69 49G 291 995
88w 68V, 488 28V, 8
87 G 672 47R 2755 70

Choose any two digit number, add together both digits 86 661 461 264) BE_?
and then subtract the total from your original number.* 851 65F 4505 250 5%

84T~ 641 448 24V 40
When you have the final number look it up on the chart 83 62 B3%c 43 % 2322 3k
and find the relevant symbol. Concentrate on the symbol 821 622 420 22% 24
and when you have it clearly in your mind click on the 8195 611 41 218 1GC
crystal ball and it will show you the symbol you are Bﬂb’ 60 40722 202 0G
thinking of...

* For example if you chose 23: 2+3 = 5. 23 minus 5 will give you your answer. created by Andy Naughton




1) Choose any two-digit number you like.
2) Take the sum of the two digits.
3) Subtract the sum from the chosen number.

4) Find the icon In the list corresponding to the answer
you obtain in step (3). Then click the crystal ball.

The crystal ball can read your mind
by revealing the correct icon:

Example:
53 — (5 + 3) = 53 — 8 =— 45

N — 10A + B &~
N —(A+B)—10A+ B — A — B —9A


heart.xls
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100000

010101010
J0000
Q0000
00000
00000

+ 200000

53 — (5

O0000 ¢

) 4

¥




100000
810101010
00000
010101020
S10101020
400000
810101020
010101010
100000

O

O <

53 — (5 + 3)



SYMBOL SYMBOL
ANXIETY POWER
(RE& ) (REen 4)

Rhetoric Syncoptic Symbolic
Algebra > Algebra > Algebra

(Fppitd) (RRtEK) (Rt
(G.H.F. Nesselmann, 1842)



Jiuzhang Suanshu [1 % ¥ # Nine Chapters on the
Mathematical Art]
ca. 100 B.C.E. — 100 C.E.

Commentary on Jiiuzhang Suanshu

by LIU Hui [§]4k
Chapter 9: Gougu [@J&]
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Diophantus, Arithmetica (c. 250 C.E.)
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1591 Francois Viete
published In Artem Analyticem
Isagoge [Introduction to the
Analytic Art]

® logistica numerosa
® logistica speciosa

Quod est, Nullum non problema
solveve. [There is no problem 1
~

that cannot be solved. ] | &) A_

«x%l‘ﬂﬁ R % ﬁ”/j";'{?éo '

Francois Vlete
(1540-1603)



LivRE PRE MIER. 303
angle, infquesa O, en forte qu’'N O foitefgalea NL,
latoute OMeft g laligne cherchée. Et elle s'exprime
en cete fort

V3a-+Viaa-4 bb.

Quefiiayyy 0 -- ay —+ bb, & Yy {oit la quantiteé
qu’il faut trouuer , ie fais le mefme triwgle retangle
NL M, &defabaze M N i'ofte NPefgale N L, &le
refte P M eft y la racine cherchée. De fagon Qheday
y0-%ta+1 taa—+0b Ettout de mefme fii'2>

4 2 2 2
uois ¥ 20 -- ax =+ b. P M feroit x. & iaurois

%0 V. la 1 Laa= bb: &ainfi des autres.
Enfinfii‘ay

\ R 20 ag--bb:
ie fais NL efgale 2 £ o, & LM
efgale 2 b céme deuat, puis,au lieu
N deioindre les poins M N, ie tire
M QR paralleleal N. & du cen-
tre N par L ayant defcrit vn cer-
cle qui la conppe aux poins Q &
i m R, laligne cherchée g eft M Qs
oubic M R, carencecaselle s’ex-
prime en deux fagons,afauoiry 0 sa =7 Laa--b4,
&z 0 3a--17 jaa--bb
Etfile cercle, quiayant fon centre au point N, pafle
par le point L, ne couppe ny ne touche la lignedroite
MQR, iln’yaaucune racine en’Equation, de fagon
qu’on peut aflurer que la conftru@ion du problefme

propof¢eft impoffible.

Q.

Au

La géométrie (1637)

= )‘ S )

Réné Descartes
(1596-1650)




1707 Isaac Newton published
Arithmetica Universalis
[Universal Arithmetic]
—work done in 1665-1666

. 1 !
- . ] I i
$ AN A|I|| : :
g - Y .

Isaac Newton (1643-1727)



(X—a)(X=b)=X?=(a+h)X+ab
(X-a)(X-b)(X-c)

:X?’—(a+b+tc)X2+(ab+bc+ca)X—abc
etc

(X=2a;) (X =a,) (X -2a,)

— Does every equation of degree n
have n roots?
YES !

This result is known as the Fundamental
Theorem of Algebra, which was referred to in
the works of a number of mathematicians, from
A. Girard (1629) to L. Euler (1742), J. L. R.
D’Alembert (1748) and C. F. Gauss (1799).



Euclid’s E/lements, Book Il,
Proposition 5 (c. 300 B.C.E.

The rectangle contained by AD, DB
together with the square on CD is
ual to the square on AC.




Algebra is generous, she often
gives more than is asked of her
[L’algébre est genéreuse, elle
donne souvent plus qu’on lul
demande].

Jean le Rond d’Alembert
(1717-1783)

[quoted by Edward Kasner in : The present problems
of geometry, Bull. Amer. Math. Soc. XI (1905), p.285]
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Dear NY,

Thank you
very much for the good
wish for happiness.
However, | do not think
there are 2004
characters there (why?)

MK
January 17, 2004.

Without counting how do I
know there cannot be 2004

characters there?



Rule: Each piece can be moved along a
straight line to an unoccupied position.

Aim: To interchange the postions of the
coloured pieces.

/



https://ggbm.at/7182500
Octagram-Puzzle.html
Octagram_Projectile/Octagram Game/Octagram-Puzzle.html

Isomorphic Games



(a) How many football matches need
to be played in a knock-out
competition with 10 teams to
produce the champion (where
no draw is allowed) ?

What is the answer in the general
case with N teams ?
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(b) How many times do you need to
break up a rectangular pack of
chocolate bar with m rows and
n columns to get all /. separate

pieces?
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Are the two problems
in (a) and (b)
essentially the same?
Explain your answer.
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Shuffle a pack of cards, with half of them
face-up and half of them face-down.

Divide the pack in half with the same number
of cards face-up and face-down in each half.

4 face-up 4 face-up
2 face-down 2 face-down

A magic card trick

invented by Bob Hummer

[See: Chapter 1, Martin Gardner, Mathematics,
Magic and Mystery (1956)]



In general ..

N face-up

N face-down

N - a face-up
a face-down

N - a face-down

a face-up

a face-up
N - a face-down

a face-up

N - a face down



S M If m(S) — m(T)7

N
S the set of 26 face-up cards;

7" — the set of 26 cards in one pile (A).
Then (S\7') = the set of face-up cards

in the other pile (M — A);

(7°\S) = the set of face-down cards
in the pile A.

By reversing one of the two piles,
the number of face-up cards
in each will be the same.

the set of all 52 cards;



@ then 72 (S\7") — 1 (T\.S).

ABC D is a trapezium with AL parallel to IDOC’.

AC and B/ intersect at O.
Then DN A/ and DN BOC have the same area.

Let S = AACD:

T = ABCD.
Since NACD and A BCD have the same area,

it follows that AN AO D and A BOC have the

SAaIrre area.



S
T A £ B
G e —H

ABC D is a rectangle, and X is a point on the
diagonal B D).
F X F is a parallel to A/DD; G X H is parallel to AZF.

Then the rectangles AF X G and X HCOF have
equal area.

X X i
D= ¢ D F
Let S — CDGX EDB let 77 — ABH X F DD

Since C DG X EB and ABH X FD have the same area,
it follows that AF X G and X HCOCOF have the same area.
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(The horlzontal rectangle formed by part of the base and the
vertical rectangle formed by part of the perpendicular are

equal In area. Men of the past changed the names of their
methods from problem to problem ...)

Compare with Proposition ##&: (f+f+H X2 (E7))
43 of Book I of YANG Hui, Continuation of Ancient Mathematical

T Methods for Elucidating the Strange [Properties of
Buclid's Elements. Numbers] (Chapter I1) (1275)
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Method of Double-
Difference
of LIU Hui [ #]
in Haidao Suanjing
[% § ¥ & Sea Island
Mathematlcal Manual]
- (3*¢ century)
as illustrated in
Gujin Tushu Jicheng
[+ 4 B3 # 5 Complete
Collection of Pictures
and Writings of
SN v—" Ancient and
S |

=) s AN Modern Times]
=1 fgf ff“\\ ‘
e \__f:: ﬂ,&\ g x\\\\.w.\ )

(1726)




Given a, d, b; and b, how can we express 2 and I in terms of
. d, b, and b 7

=

C.oad = (h — CL)bQ — (h — a)bl
= (hh — a)(bs — by)

e

i —

] =
o la =6(h — a) =

b, d
b — b,

http://ggbtu.be/m2812113 '

Explanation by YANG Hui on the
Method of Double-Difference of LIU Hui
(1275)

blad
bo — by

[ —



http://ggbtu.be/m2812113
material-2812113-Liu-Hui-Haidao-Suanjing.ggb
m2812113-Liu-Hui-Haidao-Suanjing--.html

Aryabhatal [# B8 1 5
(.476-550)

Aryabhatiya (738} 5 &% )

Book II, Stanza 16

The distance between the ends of the two shadows
multiplied by the length of the first shadow and
divided by the difference in length of the two
shadows gives the koti. The kot multiplied by the
length of the gnomon and divided by the length of

>
T3
3
@
B
3
—
3

the (first) shadow gives the length of the bhuja .

£
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& praxi geometrica (1556)
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John Sellers,

Practical Navigation
(1672)

The invention of the cross-staff

A Jacob's staff, from John Sellers' |
Practical Navigation (1672)

(or Jacob’s staff) has been credited to
Levi ben Gerson (1288-1344).




4 | Y AbG Rayhan

' Muhammad
Ibn Ahmad
Al-BTrani
[usually known
As Al-Biruni]
(973-1048)

‘Statue of Al-Biruni in Laleh Park.
Tehran, Iran.




Measuring (inacces) height
with an astrolabe

Given a, d, b; and by, how can we express h and [l in terms of
a, d, by and by 7




Al-Biruni (973-1048)

R
h+ R

Hence, R —

— cosSs O ,

Measurement of the size of the earth
First measure the height h of a mountain. From the top
of the mountain measure the angle of depression e
of the horizon. Then compute the radius of the earth R
by using trigonometry.



Size of A3 and A4 paper

|

b

|

a
2

N| o

L

T

a=? b=7?

Factor of enlargement and
reduction in a photocopier

b




<—b—>

a

axa—bxb
2

a<a=2x<xbx<xb

a—~/2>=<b

Magnifying factor = (V2) x 100 % = 141 %
Shrinking factor = (1/72) x 100 % =~ 71 %




A man weighing 50Kg can normally lift up 30Kg .
How much can a man weighing 100Kg normally lift

up?

T T to the cube of height.

2 A n Weight capable of lifting
I\ up (F) is proportional to the

{ LN / cross-sectional area of the

L Al muscle, hence proportional
' < to the square of height (H).

Wl _ Hf I:1 . Hl2

W, H: F, HZ
I:1

\V.\VAS 3
T herefore 12 — S
W, .
|:13 I:1 3
Ifwvw, = 2W., > then = 4> — = X/4 =1.5874...
* 2 3 =
2 2

Since F, is 30Kg > F iscomputedtobe 47.62...Kg .




An ant normally measures 0.005m. It can carry a burden
that is 5 times its own weight. If a giant ant were as big
as a man (say of height 1.75m), how much times of its

own weight would it be able to carry?

/AN >
1.75
H H, = H., =350H
2 1 0.005 2 2

W, =350=<x350<x350=<xW, > F, =350=<x350x< F, -

. —
It is known that 2 =5,
AVAVSS

I:l 350 < 350 < F,
therefore =
A\VAVAY 350 < 350 < 350 x<xW/,
350 W, 70

The giant ant can only carry 1/70 of its own
weight. It can hardly stand on its own feet!



Allocation problems
occur frequently in everyday
life, for example, sharing the
expense of a meal, allocating
work among a group of people,

sharing a prize or goodies,
apportioning seats of legislators
for different districts, ... .
Is it easy? Is it difficult?
Does knowledge in division
alone suffice?



The Lion's Share

The Lion went once a-hunting along with the Fox, the Jackal, and
the Wolf. They hunted and they hunted till at last they surprised a
Stag, and soon took its life. Then came the question how the spoil
should be divided. “Quarter me this Stag,” roared the Lion; so the
other animals skinned it and cut it into four parts. Then the Lion
took his stand in front of the carcass and pronounced judgment:
“The first quarter is for me in my capacity as King of Beasts; the
second is mine as arbiter; another share comes to me for my part in
the chase; and as for the fourth quarter, well, as for that, | should
like to see which of you will dare to lay a paw upon it.”

“Humph,” grumbled the Fox as he walked away with his tail
between his legs; but he spoke in a low growl.

"You may share the labours of the great,

but you will not share the spoil."

FEsop’s Fables BFPREE
(c. 600 B.C.)




Principles of Allocation




AMARTYA SEN

THE IDEA OF JUSTICE

l
‘
'

The Idea of Justice

Amartya Sen (2009)

Amartya Kumar Sen (1 933- )
Nobel Memorial Prize in Economic Sciences, 1998



A, B, C shared a taxi to go home. A’s fare was $20, B’s fare was $60
and C’s fare was $80. A and B got off before C, and C paid $80 when
he reached home. Putting aside friendly generosity how should the
expense be shared?

Plan 1 :
Shared the expense equally.

npald $26.70 2

naid $26.70 ,
paid $26.70 .

20 40
20 40



A, B, C shared a taxi to go home. A’s fare was $20, B’s fare was $60
and C’s fare was $80. A and B got off before C, and C paid $80 when
he reached home. Putting aside friendly generosity how should the
expense be shared?

Plan 2 :

By sharing a taxi they saved $160 - $80 = $80, so this sum
should be divided equally and be deducted from what
each should have paid if taking a taxi alone.

paid - $6.60 (i.e. gained $6.60!") ,
paid  $33.40,

paid $53.40.

20 40
20 40



A, B, C shared a taxi to go home. A’s fare was $20, B’s fare was $60
and C’s fare was $80. A and B got off before C, and C paid $80 when
he reached home. Putting aside friendly generosity how should the
expense be shared?

Plan 3 :
Shared by proportion 20:60:80.

naid $80 x 1/8 = $10,

naid $80 x 3/8 =$30 ,
naid $80 x 4/8 =3$40 .

20 40
20 40



A, B, C shared a taxi to go home. A’s fare was $20, B’s fare was $60
and C’s fare was $80. A and B got off before C, and C paid $80 when

he reached home. Putting aside friendly generosity how should the
expense be shared?

Plan 4 :

A paid $20x1/3=%$6.70,
B paid $20x1/3 +3$40x1/2

=%$26.70,
C paid $20x1/3+ $40x1/2 + $20
=3$46.70 .

20 40
20 40



A, B, C shared a taxi to go home. A’s fare was $20, B’s fare was $60
and C’s fare was $80. A and B got off before C, and C paid $80 when

he reached home. Putting aside friendly generosity how should the
expense be shared?

Plan 4 :

A paid $20x1/3=%6.70,
B paid $20x1/3 +$40x1/2

=$26.70 ,
C paid $20x1/3+ $40x1/2 + $20
=$46.70 .
How to balance and assess the

pros and cons
of different plans?




A, B, C shared a taxi to go home. A’s fare was $20, B’s fare was $60
and C’s fare was $80. A and B got off before C, and C paid $80 when

he reached home. Putting aside friendly generosity how should the
expense be shared?

Plan 4 :

A paid $20x1/3=%6.70,
B paid $20x1/3 +$40x1/2

=%$26.70,
C paid $20x1/3+ $40x1/2 + $20

=3$46.70 .

Is there any other alternative plan?
On what basis is the sharing
of expense carried out?




profit of $100 m.
profit of $500 m

A+B+D profit of $500 m
A+B+C +D profit of $2000 m

No A, there is no factory.

No B, the factory cannot operate.

How should the
profit of $2000m be shared fairly?



A |ownthe factory. If there is no factory, there is no job and
no profit. Hence | should take $1000m, B takes $500m, and C ,
D each takes $250m.

B: That is not fair! The factory cannot operate without me. |
should get at least as much as A. Split the $1500m between us
(A and me), each getting $750m. C and D each gets $250m.

C: That is not fair! | earn for A and B an extra $400m. I should
take $400m, and so should D. A and B can split the remaining
sum, so each gets $600m.

D: No, we earn for them an extra $1900m. Each of us (C and
me) should take $950m. Let A and B split the remaining sum,
so each gets $50m.

B: Come on, you do not have your job if there is no factory.
You cannot operate without me either. We should at least share
that extra $1900m equally among ourselves, each getting
$475m. Then A and | each gets an extra $50m, making $525m.
C: Why don’t we simply divide $2000m equally among
ourselves, each getting $500m?

A That is not fair, because | own the factory!
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Question :

Try to partition N consecutive
numbers

10 20 30 e 0 N
info two subsets with the sum
of the numbers in one subset

equal to that of the numbers in
the other subset.

For precisely which N is this
possible?



Can we partition
1, 2 this way?

Can we partition
1, 2, 3 this way?

Can we partition
1, 2, 3, 4 this way?

Can we partition
1, 2, 3, 4, 5 this way?



Question :
6=1+2+ 3is the sum of
some consecutive positive
integers, and so is
7=3+4
Try to find all N that can be
written as a sum of (at least
two) consecutive positive
integers.



4 5 6 7 8

36

9 14 20 27 35
7 12 18 25 33
9 15 22 30

11 18 26

13 21

15

3
6
5

NOOAhAWN=

Each row is the sum of two, three, four, five,

...... consecutive positive integers starting

with the number at the head of the column.
Do you notice what numbers

are missing?



Question :

N persons went to meddle with N closed
lockers in a row. The first person opens all
lockers. The second person closed every
second locker starting with the 2" one.
The third person changed the state (opened
or closed) of every third locker starting
with the 3" one, and so on until the N
person changed the state of the N'™ locker.

At the end which
lockers were left

Sl TP

8= open?



