
Group action
• Ggp . X set . An action of G on X is a map

Gxx→ X'
,
(g.x its gx

St.
"
Ix -x tf x E X

⑦ (9th)x= 9, CSX) Vx EX and g.GzEG
.

We may aimformally denote it by a OX
Prop . An action of G on X is equivalent to a gp hom

p : G→ Sx ,
where Sx is the gp of permutation on X.

Pf. Given a gp action m : Gtx→ X,

we define pegs :X→ X by × to g.x

check Pegg is bijective cure the fact that g has inverse)
Then MD C-Sx

Now by of def of G - action,
pig , HI = peg, ) ( pigs) Cx) )

,

tf x E X
So pig, = peg ,go pigs .

This p is a gp horn.

On the other hand, given p : G -7 Sx , define
m : G xx → X by Ig, x) to pcgooxs.

Thai" I-x = post - x = idx cx) ex . HeEX .

⑦ ⑨ Ss .X= Pcg, Gu) CX) = peg,) (PCS) x) = g , CSX)
.

I



Example .ch The trivial action , g- X -- X V 9€ G
.
x EX .

I Sn A 91 , - - in3 as permutations
③ In A regular n-gon as symmetries
44 Glen CF) R Fn

.

⑤ GA G left action Cg, x ) tgx

CG GIG right action Cg, 1-7×9" ( check why g-Y.
177 GIG conjugation action Cg, to 9×51

.

Th ( Cayley) Every group is isomorphic to a group of permutations .
In particular . every finite gp is isomorphic to a subgp of Su

for some n .

Rmh
.
Slogan : groups are symmetries .

Pf. Consider the left action GI G ,
(g.x its Sx.

This gives a gp home : G→ Sa
whee peg) Esa is defined by peg) x -- GX.

Check that p is injective .
( Hence G is a subgp of Sa )

If pcgt ida , then 0cg) -1=2
.
But post . I = 81--9 .

So 9=1 .

I

Def . A G - ation on X is faithful if e : G-o Sx is injective
transitive if Fx. .KEX , Ig St. 9kHz



Ey . Sn Z 91 . . - , n ] faithful and trans .

Glues A F
"

is faithful but not transitive.
left and right Gartin on G are faithful and trans.
Conj artin is faithful if ZCG,-12.3

transit've if 6=923
Def. let s EG , define X. 9=1 XEX Is x=x3

This is the subset of X fixed by g.
Xh : =gehaX9 = f x EX I S - x --x Vs EG3 is the set of fixed

pt of the G -action .

Eg .

Sua si . - - in? fixed pt set = 01 .
For GIG conjugation , GG = 2C G )

.

Def . Gx = 19 EG I gx=x3 -G is called the stabilizer

(or isotropy subgp) of x EX .

Check
.
Gx is a sub gp.

Eg .
For conjugation action of G ,

Gx-- Zam is the centralizer of * EG
.

Def . G - x-- f g.x Is EG ] EX is the orbit of x
Rnb .

G arts on X transitively riff # orbits =L



Prop. I G.xl = [ G : Gx ]

tf . Define a map f .. Gkn, → a - x

9 Gx to g - X.

Check
:
well- defined
surg

. inj A

Cor
. If 1×1 is finite and a. x.

.

- ; G- xn are all the distinct

orbits in X with IG - Xi l ⇒ 2
,

then

1×1 = 1×4 t E ca : Gia. I
.

( class equation)

Conjugation action : Gx G→ G
, Cg , ↳ 9×5

'
.

i : G → Aut IG)
• The orbit of x EG is called a conjugacy class of X
• The stabilizer of x is called the centralizer of X .

. Earth icg) is called an inner automorphism of G .

Imlil = Inn CG).
• Inn CG ) o Aut ( G)
"

out CG) ie AutCGI Hun CG) outer automorphism gp of G



Eg .

Tn Sn
,
two permutations are conj riff they havethe same

cycle type .
In S4

ayy!
'm ) 4-966 I ⇐ "fade fc2.zi-gsdelcz.gl/cHl;D

Total = Gift 3+6-11=24 = 4 !

As an application of the class equation ,
we home

Cor
. Let a be a finite gp . Then

161=12Cast t I EG : Zacxiit

Prop . Let G be a finite p- gp Cie
.

the order of a is a power of p),
then 2cal is nontrivial .

Pf . Iat = 12cal t ECG : Za Hill
.

Suppose that I al =p
'

. Then Zaki) are proper subgp of G .
hence 12a Hill =p" with ri c r .

In particular , p I [ G : 2am ] Hi .

Thus IZ CGI 1=161 - E EG : Zaki, ] is divisible by p .

So 266 ) is nontrivial I



Cor. If IGtp, then G is abelian

Pf . Since 2CGI is nontrivial
,
&CGI=p or p

'

.

If KCG) f- p , then a 12 CG) ⇐Zp is cyclic .
Then contradiction by Ex 15, Q 37. A

Cor. If lat=P, then G is abelian or
G is non abelian with ZCGF- Zp, 612cal EZpxZp

Pf . D 12cal=p? the G is abelian

¥2 CGI =p
'

,

then G is cyclic , and G is abelian (contradicting
③ 12cal=p, then I 6/2 call =p? So G12CG) is abelian

tix 6/2 CG) cyclic , then by Ex 15 , Q 37. G abelian

Cii ) GING ) E Zpx2p I

Rmk
.
Mon abelian gps of order 8 are iso t Dx

or the quaternion gp HI , Ii,Tj , eh ?
Def . A p- gp is a finite gp of order p

" for some n

Bop. let G be a p - gp and X be a finite G - set . Then
1×1=1×4 mod p

Pf . By class equation. 1×1=1×4 t I EG: Gol , where Gi are



proper subgp of G .
So EG : Gil =-D nodp .

Therefore 1×1=-1×4 wdp a

Cauchy's Thin .
let G be a finite gp with pl 161 .

Then Ig EG at.

191=p.

Pf . let 4=919. . - r ; Spl I 2. C- G . 9 , Sr. - Sp--23 .

Then X = GP" cos gp is determined by 9 , . - -

i gp-D

se p 11×1
.

let H = co > E Sp , where o= ( iz - - p)

H arts on X by o - l S
, .
" ;9p7= ( 92 . " -

. Sp, 9. )

Then by Pup .

⇐ txt Ix " I nod p .

Note that XH = fig , - -

s 91 / g D= 23

Then I get at , g
"
-

- 2 So 181 =p a

Def .

let HCG
.
Set Nacht -- FS EG I 8115 ' = HI normalizer of H .

Rnk
.

. Naim = G iff HOG.

• Nath) is the largest subgp of G- in which His normal .



Lem
. If H is a p- subgp of a finite gp G.

Then

[ Na IH ) : HT = E G : HI nod p

Pf. Let X- G 1H and H outs on X on the left .
check XH = Nacht IH
so IG : HI =. 1×1 = Ix " I = Cara cm : HI nod p .

Cor. If H is a p-subgp of a finite gp G.

and p l EG : HI ,
then Na IH ) Ftl

.

Pf. CNach) : HI = ca : HI Ee wdp . So [Nach : HI 41 I

1st Sylow Th .
Let G be a gp of order p

"

m with n > 2 and Cp, mi=L

Then G contains a subgp of order P
"

HiMoreover
,
di G contains a subgp of order pi for each ki En
② Each Hi is normal in Hitt

.

Pf. By Cauchy th . G contains a subgp H , of order p .

Suppose that Hi is defined .
(for some i cu ) . Then by above her .

pl e Nal Hi ) : HiT
.

So by Cauchy Th, Na ChillHi contains
a subgp of order p .. This NalHit contains a swbgp Hiei
St . Hi E Hiei and I Hit (Hi I=p .

Since Hiei E Nakul
,
Hi is normal in Hitt . I



Cor. Any p - gp is solvable

Pf . Dy ist Sylow Th , we have a subnormal series with quotient gps
Iso to Zap . So G is solvable I

Def . let G be a finite gp of order p
"
m with cp, mi=L .

A subgp
of G is called a Sylow p- subgp if it is of order p

"
.

1st Sylow Th ⇒ Sylow p- subgp always exists.
2nd Sylow Th . If H is a p- subgp of G ,

and P is a Sylow p- subgp.
Then I s EG s t . H s s p g' .

In particular. any two Sylow p-subgp of G are conjugate .

Pf. Let X= Glp .

and H acts on X on the left .
Then IXH I = 1×1 = CG: PTto mod p .

So X
" to.

Note that a PE Glp is fixed by H iff H cap at .

So 7- a EG
,
s t . He a Pat .

I

3rd Sylar Th
.

Let np be the number of Sylow p- su bgp of G.

Then up I 1Gt and up I 2 mod p .

Pf . By 2nd Sylow Th , n p
= EG : Na em ] So hp l l Gl .

Now let X= f Sylow p- subgp of 63 with P acts by conjugation



Then XP = fp3
.

So 1×1=1×4--1 and p a

Application in number theory.
Wilson 's Th . Cp-is ! I - I mod p

Pf . let G= Sp .
Then the Sylow p- su bgps are of order p ,

and hence are subgp gen by p- cycles .

# p - cycles = Cp- is !

{ p- gobs 3K¥> Ssubgp of order p3
as each subgp contains ( p- t ) of p- cycles .

So n p
= Cp- 23 !

By 3rd Sylow Th , CP-23 ! I I mod p .

So Cp- is ! = Cp-11=-1 mod p I


