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Solution to Problem Set 8
3.5-2(a)

For any € > 0, we can choose H > % Then for any n,m > H, we have
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Hence, ("T'H) is a Cauchy sequence.

3.5-3(c)

Choose a special € = 1, we will show that for any integer, H > 0, there is
m,n > H such that |Inm — Inm| > € = 1. Indeed, for any integer H > 0, we
choose n = H, and m = 3H, then we have

[Inm —1Inn|=|In(3H) —InH|=In3>1=c¢

Hence, (Inn) is not a Cauchy sequence.

3.5-7
1

We also choose a special € > 0, namely € = 5. Then by definition, we can find
an integer H > 0, such that for any n,m > H, we have |z, — z,,| < € = %
Since x,,, ., are all integers, we must have x, = x,,, which means z,,, = a fixed

integer for all n > H. Hence, (z,,) is ultimately constant.



3.5-10

To show the convergence, it suffices to verify that (x,,) is a contractive sequence
and apply Theorem 3.5.8. From the iteration formula x, = %(In_g + Zp-1),

(Tn+1 + Tn) — Tpta

|Tnt2 — Tni1| = ’

1
5 |xn+1 - xn' )
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(mn+1 - xn)
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which verifies the condition of contraction.
To evaluate the limit, by the iteration formula again and for n > 2,

1 1

Tn = @n1 = =5 (@01 — Taa) = (—5)2(%4 —Tpy_g) == (—5)”_2(562 — 7).
Combining with the identity
Ty =T1 + Z(Il —Ti1),
i=2
we obtain
Ty, = T1 + Z(xl - -Ti—l)
i=2
n
=z + ;(—5) “(zy — 1)
1- (!
=z1+( 20— ) (w2 — @)
ey
2 1
=21+ (1= (—5)"71)(@ — 1)
Thus
. . 2 1.,_ 2 +2
limz, = lim[z; + = (1 — (—2) Yz — x1)] =21+ (22 — 1) = LT
3 2 3 3
4.1-8

For any € > 0, we can choose § < min{e\/c, c}, then for any 0 < |z — ¢| < §, we
have x > 0 first, then

VE - Vel

<€

_‘ T —c <i
| VErvel < Ve
Then

lim vz = /¢

Tr—cC



4.1-9(d)

For any € > 0, we choose § = min{1, £}, and if [z — 1| < §, we have

?—z+1 1 (x—1)(2zx—-1) 0|2z — 1 < 50
B — <ce
z+1 2 2(x+1) 2z +1 — 2 —
Hence,
I 2?2 —x+1 1
:cl—>ml z+1 )
4.1-12(d)

Denote g(z) := sin &,z € R\{0}, a,, = ﬁ,n € Nand b, = \/ﬁ,n eN.
Note that an,b, # 0,¥n € N and that (a,,) and (b,) are convergent sequences
with common limit 0. Suppose that lim,_,o g(x) = L exist, which implies that
L = lim(g(a,)) = lim(g(b,)) by Theorem 4.1.8(b) and Theorem 4.1.5. But
g(ap) = sin2nm = 0 and g(b,) = sin(2n + 2)m = 1 for any n € N. Thus
lim g(a,) = 0 while lim g(b,,) = 1, a contradiction.

4.1-13

For any € > 0, since
lim f(z) =L

z—0

we can find § > 0, such that if x satisfying 0 < |z| < §, then we have | f(z)—L| <
€. Now for any z satisfying 0 < |z| < %, we know that 0 < |ax| < §. Hence, by
the definition of g(z), we have

lg(z) — L] = | f(ax) — L[ <€

Hence, we get the existence of §' = ¢ such that if 0 < || < &', then we have

lg(z) — L <e
Then we get
lim =L
z—0



