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3.4-2

As in textbook, we show that (c%) is an increasing sequence for 0 < ¢ < 1.
Indeed, ¢ < ¢ 4> "+l < ¢ ¢3¢ < 1.

Clearly this sequence is bounded above by 1. So using Monotone Conver-
gence Theorem, we can assume z = limcw. We note that (c27) is a subse-
quence of (c%) and hence z = limc2n. Beside, by the operation of limit, we
have = lim¢2s = (limcew )2 = /Z. Hence we get 22 =2 = z=1or z = 0.
But x = 0 is impossible since ¢n > ¢ > 0 for all n and hence the limit z > ¢ at
least. so we get

limen = 1
3.4-4(b)
Take n = 4k, then we have sin‘”fT7T = sinkm = 0. But if we choose n =
8k+2, then sin M = sin § = 1. Hence (sin %) has two subsequences which

converges to different values, 0 and 1. Hence it is divergence by Divergence
Criterial.

3.4-6

(a). First, we have
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So by Example 3.3.6, we know that (1 + %) " is bounded above by 3 strictly
and hence (1 + %)n < n is valid for n > 3. So for n > 3, we know that the
sequence (z,,) is indeed decreasing and hence the limit exists. So we can assume
r =limz,.

(b). Indeed, we have
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Soweget x =122 = x=0o0rxz =1 Butxz =0 cannot happen since

ZTn > 1 all the time. So we get lim nw = 1.

3.4-9

Since some subsequence of (z,) converges to 0, the only possible limit of (z,,)
is 0. On the contrary, suppose that (x,) is divergent. Then (x,) dose not
converges to 0. By Theorem 3.4.4(iii), there exists ¢g > 0 and a subsequence
(zn,) of (z,) such that |z,, —0| > € for all k € N. By assumption, we can find
a further subsequence (which by abuse of notation, we still denote by (z,, ) of
(2n,)) converging to 0. So, we have found a subsequence (z,, ) of (x,) which
is converging to 0 and |z,,| > € for all k¥ € N at the same time. This is a
contradiction.

3.4-11

Let z = lim(—1)"z,,. Then any subsequence of it will also converge to x, that
is, we have
T = 1im(—1)2”x2n = lim zo,,

and
. on+1 .
r=1lim(=1)"" 29,11 = —lim 2o,

Since z,, > 0, we have limzg,, > 0,lim 2,41 > 0. Hence z > 0,2 <0 = z =
0 = lim(—1)"=z, = 0. By exercise 3.1-8, and z,, > 0,

lim(-1)"z, =0 <= lim|z,| =0 < limz, =0

That means (x,) converges.



