







































































Hath2010 Week lo r is neitherclosed nor bounded
Anotherexampleofextremaonunboundedregion EV 1 cannot be applied directly

Make a box withouttop withvolume f C is large it X or y is small orlarge

Cost Strategy Find a rectange Rst
i 16

Base 2 Innitarea i Y C min ofClp on 212andoutsideR
jSide 0.51unitarea Y

Step 1 Find critical points
Q How to minimize cost PC fry 2x ft existseverywhere
Sol want to minimize 16

FC J
2y ya 0

IX y 2xyt yxt yy 12710.5 2x 0

2xyt f t b ai g x 8 8
X Oy y 64 84

on the domain D HYSER X Y 03 3 8 f 2 y 2
Onlyonecriticalpoint12,2 C12,27 24










































































Step2 ChooseA sit C 24 on212andoutsideR Step3 Analysis

Ky 2xyt they R is closedand bounded C is continuous

Onepossiblechoice R o I tooo o tooo BY EVT CIRhas minimum

Chas only one criticalpoint 12.2 Er
woo 11111111 2 2 E intIR C12,21 24

R B C 24 on OR

Clr hasminvalue 24 at 12.2
o i i A

0.1 tooo C 24 outside R

If XE 0.1 or geo I C hasminvalue 24 at 12.2 and

then C f By Go 24
Rmk Onemay replace 12 by S below

If X70.1 y71000 or lyzo I X tooo X Exercise
s

then C 210.1 1000 200 724 2
3 i

z
3










































































taylor Series Expansion Thomas 14.9 If µ all is small thenfor HIEI
RecallTaylorexpansionfor 1variablefunction 11th a 11 141K all Elk all is small

gits at E 0 up to order k and ga is defined

g It glostg'lost 1 glost t By
1 IT g lost t remainder flat tix a glostg'lost t g lost't

1 t g lost t remainderWewant a similar formula for a k

multivariablefunction fCx definednear a Put E 1

where x X xn a ca a an fK glo t glo t Lg lo t 1 gl4oj
t remainder

Let gits flat tix a

E Nextexpress gco in terms of f
o attar a

glo f fat tix as fca
a










































































g'It Pflat tix as adz at tix as TaylorExpansion at a upto order 2 is

P flat tix a X a fix flat 11 a Xi ai
i in

3 lat th ol ki ai t 1 tgy.la ki ai lxj aptremainder2

g10 FfCa X a eg If n z i.e f fix y a XoYo

IIftpla Xi ai f is G so f y fy then

f Xy fcxo.y.lt xlXo.yo lX XoHfylXoifo1lyyo
g t dag't

Iftxxkoifolk
toft2fxyko.yol.hr tonyyo

Ea.dz ZEfilattlxaDCxi ai tfy.no.yollyyo
1 remainder

T.ITfo fexilattlxaDlxj ajKxi aii 1 Similarly thegeneralterm is

g lo If 2 ftp.lallxj ajkxi ai n 2k
G b ioxii.axi.la Xii aid Kikaid










































































Thin TaylorTheorem

Let REIR beopen f r R beCk

Then for any x a E R

fl x f last 7 a Xi ai t Ii i tgq.la ki ai lxj aj t

I
n 2kt a Xi ai XiaAik t Ek Xiak i iWii Nik

with himEHX.at o
x all x all's

Defn Rmk

Pkk flat t a Xi ai t pix LK
i i Linearization off at a

l
n yk

k i ioxi
taxi H a Hi a

Pkand f haveequalpartial
is called the KthorderTaylorpolynomialof f at a derivatives upto order k at a










































































eg fixys e cosy Howaboutpslx.gl at 10,0

Find 2ndorderTaylorpolynomial at a_10,0 pskiyl pslx.pt gl3ko
Sol f e'cosy fy e'sing fxxx Easy 3rdorderterms

fxx Easy fy exsing fxxy fxy fy esing

fxy Esing fyy excogy
fxyy fyxy fyy e'cosy

fyyy e'sing
f 0,03 1 f 10,01 1 fxxylo.cl O
10,0 I f 10,01 0Y fxyylo.co 1fyyyl0.0 O
f 10,0 I fyyco.ci I

fxyloid fy10,01 0 G101 7 10.01
3 1 3fxxylo.co

x2yl3fxyyl0.0xy2lfyyylo0y3pzlXiyfCo0 fxl0,0 X fyloity P 3 y2
1 I.lt lo0x42fxylo0 xytfyyI0i01y4pslx.ys pdx.yltflx3 3xy
I 1 121 2 Ey 1 1

2
2 Ey't fX Ixy










































































Q H f fix y z is Cb then Rmk

Coefficient of Xyz23 in pony2 at 10,0o Hf a is a symmetric nih matrix bythe
mixedderivatives theorem

is xfxyyzzz.IO0.0 X
In Thomas Calculus Hessianof f is defined

Rmk A GeneralTaylor's formulafor fk.gl to bethe determinant of our Hessianmatrix
isgiven on P822ofThomas Calculus

With the Hessianmatrix the2ndorder

Matrixform for 2ndorderTaylorPolynomial Taylorpolynomial off at a canbewrittenas

Jeth Let REIR beopen f r R beG Pdx fi a IPflaxx a tfix atHtta Ix a
Thenthe Hessianmatrix of f at aESL is 1 1 1 1 1in nxt Ix n n xn nx t

fx.x.la fxxn a where x a EIR arewritten as columnvectors

Ht a x at Transposeof X a
fxnx.la fxnxnla x a Xn an










































































Rmk
fx.x.la fx a Xi Ai

IX aTHHa lX a Xia Xn an

fxnx.la fxnxnlat.tnan

fx.x.la X a t tfx.x.la Xian
Xi Ai Xu an

fxnx.lalXi ai t tfxnxnlaJlXnanI

fx.x.laIlXi a lx a 1t tfx.xnlalXi a Xian
1

1 fxnx.lalXi ai lXnan t tfxnxnlaJlXn anlXnAn
n

fxixjla lXi ai lXj Ajije

g O










































































eg Same fangs_Easy egglx.gl_fig Findpdx.gs at a o

Findpiny at a 10.0 Sol gel07 0
Usingmatrixform

og igx.gg 1 4 y iffySol f o.O 1

amorino Hort's S H II IsilHf10.01 1 9
Paltry fco.oi yfco.es xy ol7glli0 C10IHgll.o fYf

PzlXiyItzcxoy oIHftomfool
go.ostygco.osfyyttcx iyIHglwlfyY

1 ciolfyftflxy.tl 9 Ty otcioslijytzcxiysf.io LjY
1txtzx2 zy2 X l 121 15 1 K 1 y










































































Application to localMaximin For n 2 the2ndorderterm is

If f is ca a is a criticalpoint of f
iz x y.gg

fxxlxoiYolfxyHaYo
Then Tfca 0 For near a fyxlxo.yolfyyko.gs TyF
f x pain f is C Symmetric

f lastTfca x a TIK WHflatK a To understand natureof criticalpoints we
fca t'zlx atHflaIX a studyquadraticforms of 2 variables

Thistermdetermines whether
glx.gs x y ft Ba Jf x f a or fix Lfca

Ax't2BxytCyRmk For n I i e f is 1variable

x aTHfia Ix a I f talk at Doesgixy have a definitesign1alwayspositiveor
If flako then alwaysnegative for d g too
f a o localminat a 2ndderivative
f a co localmaxat a test

we can determine it by completingsquare










































































egt gang 2xy egzgcx.gs 17
2
hey18y Definitesign

Note glx.gs y5 IH yP Sola

Along xty o.ie y x gangs 171 2 2fxyt Ty 118 3,4 y
glx x 2 220 for x 10

17 x Fy t 10yAlong X y o ie y X

ofK X 2 2 o for O flky O go o fer x y f o.o

ghas no definitesign ie indefinite
Thecriticalpoint 10,0 is a localmin
alsoglobalmin of qcx.gsg o

o Rmk Expression like is calleddiagonalization

geo of quadraticform It is not unique For

Clearly10.0 is a criticalpointof guys example fury 5 YET t 20124ft
but neither local max nor min Such a T Tis another diagonalization Orthogonal change
criticalpoint is called a saddlepoint of coordinates










































































ligherdimensionexample Ontheplane y 122 0 i.e E I't
eg3 gang zI XytyZtZX q qfxy Y
Definitesignfor Kya 1010.0

fix yf lqcxtyf.co for Xyz 0.90
Sol
q 4cxty5 4Ky t 2MY Alongthe line y z o ie y X E 0

Let u Y V 24 Then qlx.y.zt glx.x.co

q W V t Zuz X O for X10

U42UZtE V E Thecriticalpoint o.o o is a saddlepoint
Ut 2T V za

y z Ef E
Forgeneraltheory need linearalgebra

flirty 1225 fix y za Digmalization of quadratic form eigenvalues

T T 1
positive negative










































































Deth Let A be a nxn symmetricmatrix es
Then It is said to be Ix y f f Xy X't4g o t c11321103

positivedefinite if XTAX O i to04 is positivedefinite
for all columnvectors XEIR 1103

negativedefinite if XTAX so offfor all columnvectors e1Rnl o Nfl 4 g X 4840 ht cRico

indefinite if I columnvectors gepngo
to04 is negativedefinite

suchthat XTAx o and yAyso x y ff 4 g x 14g

Rmk These arenotall the possiblecases 01ft411 1 so

There are symmetricmatrix which is not co 1 ff 4 191 4 0

positive definite negative definitenorindefinite

fto04 is indefinite



x g o f o t EIR

O 1
o 8191 0 notpositivedefinite

i If f is neither positiveIngativedefinite

nor indefinite

ayy Effy
X't4xy 15y
4xyt4y7ty
it 2yd't y O t C11321103

L is positivedefinite


