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Review: Sets

—

Definition
A set is a collection of distinct objects.

For instance
A={ab,c,d,ef,...;x,y, z}.

Often used sets:

e N = natural numbers = {1,2,3,...}

e 7 =integers={...,—3,-2,-1,0,1,2,3,.. .}

e Q = rational numbers = {2 : m,ne Z and n # 0}

@ R = set of real numbers

e J = emptyset = { }

o [a,b]={xeR:a<x<b}
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Review: Functions

Definition

A function is a rule that assigns to each element of a set X a single
element of a set Y. A function f from X to Y is denoted by

f: X—-Y.
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Review: Functions

Definition

A function is a rule that assigns to each element of a set X a single
element of a set Y. A function f from X to Y is denoted by

f: X—-Y.

Graph of a function

Let f : X — Y be a function. The graph of the function f is defined
as

G(f) ={(x,y) :xe X,y = f(x)}.
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Graph of a function




Review: limits of sequences

@ A sequence is a list of numbers, that is ay, a5, as, . . .

@ A number L is the limit of the sequence (a,) if the numbers a,
become closer and closer to L. Denote it as

lima,=L or a,— L.
n—ao0
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Review: limits of sequences

@ A sequence is a list of numbers, that is ay, a5, as, . . .

@ A number L is the limit of the sequence (a,) if the numbers a,
become closer and closer to L. Denote it as

lima,=L or a,— L.
n—ao0

Note:

lim (=1)" does not exists!!
n—0o0
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Review: Examples

n+3
5n2+7"

Find lim,_
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Review: Examples

n+3
5n2+7"

Find lim,_

Hint: Write
n®+3 1+

52 +7 5+

~[Rew
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Review: Examples

n+3
5n2+7"

Find lim,_

Hint: Write
n®+3 1+

52 +7 5+

~[Rew

Prove that lim, ., (v/n+1—+/n) = 0.
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Review: Examples

o a 2
Find lim,_ o, 5"n2—f'7

Hint: Write
P+3 1+
52 +7 5+ 5

Prove that lim, ., (v/n+1—+/n) = 0.

Hint: Note 1

VAl e
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Review: limits of functions

Definition
Let f : R — R be a function. If the value f(x) gets closer and closer

to a number L as x gets closer and closer to ¢ from both sides, then
L is called the limit of function f(x) at ¢, and we write

lim f(x) = L.

X—C

Note:
x tends to ¢ = f(x) tends to L.
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Review: limits of functions

Definition
Let f : R — R be a function. If the value f(x) gets closer and closer

to a number L as x gets closer and closer to ¢ from both sides, then
L is called the limit of function f(x) at ¢, and we write

lim f(x) = L.

X—C

Note:
x tends to ¢ = f(x) tends to L.

Let f(x) = x + 1. Find lim,_, f(x) and lim,_3 f(x).
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Review: limits of functions

Let f(x) = £=L x # 1. Find lim,_; f(x).

1
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Review: limits of functions

Let f(x) = £=L x # 1. Find lim,_; f(x).

1

Answer: Write f as the following (piecewise defined function):

x+1 ifx#1
f(x) = ) ) )
undefined ifx=1

Thus f(x) tends to 2 as x tends to 1.
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Review: limits of functions

Let

1+ x if x>0
f(x) =<0 if x=0.
—1+x ifx<0

Then lim,_,o f(x) does not exists.
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Review: limits of functions

Let

1+ x if x>0
f(x) =<0 if x=0.
—1+x ifx<0

Then lim,_,o f(x) does not exists.

Answer:
lim f(x)=—-1 lim f(x) =1

x—0~ x—0t
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Review: limits of functions

@ The limit of f at c exists if and only if both the left hand side
limit and the right hand side limit of f at ¢ exists and equal,
that is,

lim f(x) = k < lim f(x) = lim f(x) = k.

X—C X—Cc™ x—ct
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We arrive to NEW contents from here!
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Algebraic properties of limits of functions

If both lim,_,. f(x) and lim,_,. g(x) exist, then

lim (f(x) + g(x)) = lim f(x) + lim g(x);

X—C X—C X—C
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Algebraic properties of limits of functions

If both lim,_,. f(x) and lim,_,. g(x) exist, then

lim (f(x) + g(x)) = lim f(x) + lim g(x);

X—C X—C X—C

lim (f(x) — g(x)) = lim f(x) — lim g(x);

X—C X—C X—C
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Algebraic properties of limits of functions

If both lim,_,. f(x) and lim,_,. g(x) exist, then

lim (f(x) + g(x)) = lim f(x) + lim g(x);

X—C X—C X—C

lim (f(x) — g(x)) = lim f(x) — lim g(x);

X—C X—C X—C

lim f(x)g(x) = lim f(x) lim g(x);

X—C X—C X—C
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Algebraic properties of limits of functions

If both lim,_,. f(x) and lim,_,. g(x) exist, then

lim (f(x) + g(x)) = lim f(x) + lim g(x);

X—C X—C X—C

lim (f(x) — g(x)) = lim f(x) — lim g(x);

X—C X—C X—C

lim f(x)g(x) = lim f(x) lim g(x);

X—C X—C X—C

f(x) limecf(x) P
e g(x)  lime.cg(x) T Ebd #0.
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Example |
Find lim,_ 3x% + 5x + 10. \
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Example |
Find lim,_ 3x% + 5x + 10. \

Answer:

lim 3x% + 5x + 10 = lim 3x% + lim 5x + lim 10
x—2 x—2 x—2 X—

=12+10+ 10 = 32.
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Example Il

3x2410
x3—10 °

Find lim,_,;
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Example Il

3x2410

Find lim,_,;

x3—10 °

Answer:

’ 3x2+10  lim,;(3x> + 10)
im =
x—1 x3 — 10 Iimx_,l (X3 — 10)

_ limy_1 3x% + lim,_,; 10

lim,_1 x3 — limy,_1 10
3410 13
S 1-10 9

Limits of functions



Example Il

o o 2_
Find lim,_, ’;—_11

Note: Since lim,_,1(x — 1) = 0, so we can not use the Theorem.
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Example Il

x2—1
x—1"

Find limy_,1

Note: Since lim,_,1(x — 1) = 0, so we can not use the Theorem.
Answer: For any x # 1 we have

x2 -1

= 1.
1 X +
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Example Il

o o 2_
Find lim,_,; ==t

x—1"

Note: Since lim,_,1(x — 1) = 0, so we can not use the Theorem.
Answer: For any x # 1 we have

x2 -1

x—1

=x+ 1.

Thus
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Relation between limits of sequences and functions

limy_ f(x) = L < for any sequence (a,) with a, # ¢ and
lim,_ a, = ¢ we have lim,_,, f(a,) = L.

lim f(x) = L <= a, — c implies f(a,) — L

X—C
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Sequential criterion of limits functions

The following methods are very useful for checking whether the limit
lim,_,. f(x) exists or not.
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Sequential criterion of limits functions

The following methods are very useful for checking whether the limit

lim,_,. f(x) exists or not.

(1) If 3(a,) with a, # ¢ for all n € N such that a, — ¢, but
lim,_, f(a,) does not exist, then lim,_,. f(x) does not exist.
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Sequential criterion of limits functions

The following methods are very useful for checking whether the limit

lim,_,. f(x) exists or not.

(1) If 3(a,) with a, # ¢ for all n € N such that a, — ¢, but
lim,_, f(a,) does not exist, then lim,_,. f(x) does not exist.

(2) If 3(an), (b,) with a,, b, # ¢ for all n € N such that

lim,o a, = lim,_ b, = ¢, but lim,_ f(a,) # lim,_ f(b,), then

limy_,c f(x) does not exist.
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Example |

Consider lim,_,o f(x) where f : R — R is defined by

) = {1 if xeQ

0 ifxeR\Q'
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Example |

Consider lim,_,o f(x) where f : R — R is defined by

fg)z{l ﬁxe@

0 ifxeR\Q'
Method I: Let a, = = e Qand b, = L2 ¢ R\Q. Then
lim a, = lim b, =0,
n—o0 n—o0
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Example |

Consider lim,_,o f(x) where f : R — R is defined by

) = {1 ?fer

0 ifxeR\Q'
Method I: Let a, = = e Qand b, = L2 ¢ R\Q. Then
lim a, = lim b, =0,
n—o0 n—o0
but

lim f(a,) = lim f (1) =1, lim f(b,) = lim f <Q) ~0.

n—o0 n—o0 n n—o0 n—o0 n
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Example | continued

Consider lim,_,o f(x) where f : R — R is defined by

) = {1 if xeQ

0 ifxeR\Q'
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Example | continued

Consider lim,_,o f(x) where f : R — R is defined by

) = {1 if xeQ

0 ifxeR\Q'

Method 2: We define a sequence in the following way. For k € N let
a = 1 and apk41 = % Thus we have lim,_,, a, = 0.
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Example | continued

Consider lim,_,o f(x) where f : R — R is defined by

) = {1 if xeQ

0 ifxeR\Q'

Method 2: We define a sequence in the following way. For k € N let
a = 1 and apk41 = % Thus we have lim,_, a, = 0. But
lim,_o f(a,) does not exists, because of

fla)=f (%) =1, f(ams1) ="F (%) _
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Example Il

Let f(x) = sin < for x # 0. Show that lim,_o f(x) does not exist.
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Example Il

Let f(x) = sin < for x # 0. Show that lim,_o f(x) does not exist.

Answer: Let a, = 5 and b, + . Then
lim a, = lim b, =0,
n—ao0 n—ao0
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Example Il

Let f(x) = sin < for x # 0. Show that lim,_o f(x) does not exist.

Answer: Let a, = 5 and b, = + . Then
lim a, = lim b, =0,
n—ao0 n—ao0

but

lim f(a,) = lim sin(2rn) =0, lim f(b,) = lim sin(2n7r+g) =1

n—ao0 n—ao0 n—ao0 n—ao0
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Example Il

Let f(x) = sin % for x # 0. Show that lim,_,o f(x) does not exist.
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Example Il

Let f(x) = sin % for x # 0. Show that lim,_,o f(x) does not exist.

sin(1/z)
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