
 

HyperbolicsolidGeometry

TheHalf spaceModelf
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be the upper half space

let 1M be the full Mobius group
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complex Utri complex i quaternion i

The pair TU 1M models 3douilhyperbolic

geometry
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Cowparision
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plane geometry solid geometry
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Plauesand Lines

Hyperbolic straight lines

half circle a Euclidean straight lui e
in 70

perpendicular to the plane at aifouity Ctx planed

x

Hyperbolio plane

Euclidean hemisphere a half plane

perpendicular to the plane at infinity

t

i l

horizon



The intersection of a hyperbolic plane with tee

plane at infinity is called the horizon of the

plane

Parallelism

hyperbolic planes intersect

intersection hyperbolic line

hyperbolic planes donot intersect

is parallel horizons are tangent

di hgpapa
otherwise

Cydesandspheres

Cyde Euclidean circle a straight line

in TV that is not perpendicular to

the plane at infinity



hyperbolic circles horo cycles and

hypercycles as in 2 doin

Similarly sphere horosphere hyperspheres

Euclidean spheres and planes that

are not perpendicular to the plane
at infinity

Arc laegth r glad test Madieyes j
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Brief timtoEU.ptty
Elliptic geometry spherical geometry

ie thenatural geometryofthesphere

12 The set

1
E Ife

Mob e'EEF If
is called the ellipticgroupe

The pair E models ellipticgeometry

The defining properties of T is



p g are endpoints ofa diameter

then 2 Sp Zz S f are complex
number

Tz Tzz are also complex sphere

5 TZ e S TZ z are points on
2

Then If T E then TE 5472
are also endpoints ofsome diameter

ie p g endpoints of a
diameter

f TSp s TSg are ends pints of

some diameter

Eef In the model E S ofelliptic geometry

a greatcircle is a circled in the

complex plane such that if Zed

ther E C
Ci e S Iz E d diametrical oppositepoint



5 t E C

Etc is the intersection of the unit
sphere with a plane passing thro the

origin

An ellepticstraighthie is an arc of
PINE

iiiEinar
passing through the

Nathpole and Southpole
Is

So postulate 1offEuclideangeometry fails
in elliptic geometry



good news is there is no parallel lines

in elliptic geometry since any two great

f II i III itstoo
great

To make it a 1

non Euclidean geometry we need to do quotient

Single Elliptic
Geomety

identify2diametricallyoppositepaits

at one single painthis an abstract space

Mathematically if Z Zd diametrical

opposite points on

the sphere

then Cyd Ez LZ Zd's Z E G



set of diameters of 82

One can check that

Qld Si fans a geometry called

suigleellipticgeome.ms
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