Bott fosimplic{al construction of BG
(Botts Hanvand lecture , 1490 Full) 2018 Fall

§ Flrs{ SJEiege‘-WLi‘}ne\/ class.
ﬁ”’\aorem‘ ‘“R')ine \buhc\\eS/M}/isom, = H%M,Zz)

lsr?fz line bdl. ~ double coven

~ index 2 su)ogp. oJC ’TB(M)
M —> 23

w € Hom([,%,'m Z) = H'(M.2,)
th'Pf. nivensa) (most twisted) double coven
n»o, S'—Z5 RP" (0025 RP")
H(RP") = 2, [x1/%x™
Given R—]L — M,
fmd §: M — RP" st. L=§"001)

S“Lepllo. Fn’no( &fni)ce o\{m. \/ < P(M)L>
st. ¥V peM, evpr V—>Lp
( (.Q. 6]01061”7 genena‘%ecl)

2 o M —> Gr(no1, N) = RP”
§L(P) = Kenlevp) .
Soame ]Cor )m‘g\qen nank bal, use Gr(*f,)\/).

Tlﬂeovem. {Y‘\< T\/B/M}/is.om’—”— IM,B]
B = i__”"% Gy (7, N) = Gy (¥.99)

N=>co
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H [RTPOO, 2,) = Zal %] X s 1ch Sjct'efel'(ft)kijtn? class .

fd?f Continued .
{ line bdl /M l_] /iswn.

— oo W.(@WQ)ZZQ
[M, RP?]{TiRP=2
K(Za.1)
— Hl(M)Z7~>

P ——

Eilen\oQAq- Maclane space K('?T)Yl)
Def?: 1 T (K{m,mn)) = =
Men ( i ) = o
Propenty:  H'(M,7) = LM, K(r,n)]

[ons%‘fuc‘k K (7T; Yl) VI ucosimPlfcia] " Cons%r. S.f H‘ Vv

§ (osimpkcia) Consjcrucjcion, motivation

Recoll  Hoy (M. A= H(CM, A, §)

Abelian anou? {{Simqulan COCL\a\'V\S}

C"(M,A)=2C: ¥V ¢ +—— 5@ e A

An—rM
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> SO Ap X st S =0
w/ (89 ) (Koo, xn) o= Z( 1) (Ko, %)
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={ (a..a . a)e R, : Sa= i

:{ PnoLaL'\\i'}y measunes on {”}}

cat. O:F OYG\eﬂed —fini)ce set
covaniant

A (( Ord >> > << T‘OP» ]C(,mc‘l:or".
['ﬂ] — A[Y\] = An

NS s N
) AN __A

{01} — {701, 2}

{0.1}— {o.x 2}

{01} — {o0.1, 2}
L
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( eé)mpllual space - (( OYCD H((Top» covavignt -\fumc{‘or)
C

OS]YY\PllCla] sSpace (( OYCI ) —%((Top) conjcmvanian)a fun&or
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contravaniant

— (Top) =5 (Set) G
AT /
(Ord))
sPrn)=: S = Map(2n, M)
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M M M M
L= ST = S.= Se



v /~\ Abe\{an Oroup (coelf) ~m—>

( Hom(B, A)= A-mod. freely gehefla)f&) b}' B).

((Top ) 5 (Set) B (Armed)
AT S
(Ord) CM. A)

C(MA) = CMAIN) > ag | Ear
— COCA) BCXA B AAES -

$ alten no:ltmg < {
< S 5

= Hsing (X, A) = H(C(X.A), 8D,

g [osimpl{cia] Cons%rucjtion
qnsjceaci og ai\/em 'topo. space M ELOVER
=SB ((ord) — (Top)) byl, e
M M réeallza
w S (IM)=:Sy = Map(&n M)
e St STE ST &SP

AN&Y \/ f (( ovd )— ((Top)) (Cosimpl{cia) se):)

ve. X — >/l E >/1 é >/3 ”””
s Realizabin [Y] = 1L Yox Ay /o~

< d € Hom(n-1),[n]) ~=>Y(d) : Yo — - >
>/Y\—l A= (y("z)({j)’ X) ~ (%' OZ('x))é >/n "An
83_ Y, _.__@ v o= [\
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h
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§ COY\S{'Y‘chcfoh of K(7r.1)

* ¥ et >/ L Cosimplfcia sets, 4 mop bet™ Jc)qem:
K K:QH identi JC)/ maps

VEYE Y E

QSSLEIN Y (Ex)
Alzl AJ/ Al T‘ea] ization (
Qe— N <— /vvl—_’l% * Ex)
(b )
iz;\' (a.,b) (a,Cc;: (@b, c)
(e b)

When YV =7 45 a groupw(iuohenjt
T YEYE Y S

\L l Quotient \l/ (ygl/y (a.b.c.d)
2

VY (bdtebldd)

ba « (b.O) &
b f—} (a,b) (ab,c);— (a,b.o
(a.be)
“ (aa,g)"/

When T discnete 9roup,lE7T] ~ %X , so
|Br] = K(or. 1)

Note: Curv. of M <0 = M= KOr1) W T=m(M)

In podicdlon, H'(M,2) = H(7,2Z)



¥ Abelian group A , H‘(W,A) = H(BT\’,A)

(Tl'weorem. BT, A) = A
H:L(W,A) = Hom (11, A)

LW, A) = {central ex{&o{: il by A}.

Yeason:
B L T == TV xTV /= TU*Tr«TT ...
Q,b,ab — (a.b)
(b,e), (ab,c),(a,b),@bd &= (a,b, ¢)

Apply A~ A(-)L Alr) —geA(vrm) Sy Al
W
HO: %f"%AHsg:§(~)-j’<-):or—>l—l°:/\
H' s Am> f:mr — A
(8§) (a.b) = f(a) - faby + £(b)
= H' = Hom (7., A)
H: Abrm s L — A
°=(g§)(a,b,C):§(51C>’§(05'C)+JC(0/"C>’JC(OUE>
Using man’plicaJc\‘ve convention, Te.
fab, o) fa. by = fa. bo f(b.c)
~—> ] — A—E —TT—>1
where E=T*A with group structure:
Ca, x>~ (b.y)=(ab, xyfl@ by
O&Ssocia{ivijcy — SJC =0 (Ex).

NO%C 0) lE — ( in s 5(11'(/ JTr)-i) =) (¢ $§=6)
(=(a. %) (1, fah=(at, x-foo'f@n) =@.0 )

iy (o, 4) = (d, o FlaLay) &

(W) 1 — A—E —77 —>1
X — a

Cen'}:ral CX'\’—QV\S\'O Nn.

4,



E% T = 2,
Byw = KOr. 1) = RP”
H (RP*, 2 = zx1 = H'=Z, =H
IhAQQd, )'l'(zz 5 Za) = HOW\(Zz ,Zz> = Z,
]*42(2/2,22) =2 ;1.2 SN CeV\)CYa\ ex’t\g 0‘)( Za b}' La , hamely

0> 2 —>2,0 Z,— Z,—o and 0= 2Z,— Z4—Z,—0 .

RQCG” K(or.1) = | Bl More 96»«6/\@“7 Y¥q=>1
K(On,q) =] Z%‘) , Where

'21:«Cka»———><saﬁ)<pgmamm\%{
[n) — Zaltnd, ) ={ g-cycles}

RCYY\OU'IL’ G\i\/e\r\ ahy

COV&.YIdV\'l: (

(Top ) (X’ >
~~ W lle']:
and co-simplicial space Y * ((ord)) Cotaax > (Top ),

Sx‘mplfcia\ Space % (( ord D

we con %|ue them JcogeH'\er
WY = X« yiml /o
= A, this 1 Qusjt the vealization,

X
AN =Y
Remank : ¥ Lie group G

/\/G\ s Qa S)W\PLC\&] 'mo.vu\—F \A Ou/\Gl
lJ\/G BC—‘, , C aSS\fylmﬁ sPace JCOY' C buna“es.



g% og Cosimplic.ia\ Space écc}\ 'Hneory.

X fmawifo)o\ w/ open Covering U n—> CosimPp. space

X% <>< RIS u‘wqfup' = 1 Ugpy -

Not pant of X
(0d) 25 (Top) 2L (D6 A)

;//\/\—»—> cpx. o)f DGA

Covaviant) Simplicial dga  S=5 (1))
. *# < # < ¥\
je. 9 Qfdud) Hﬁ? g}d(udp)ﬁﬁ ' (User)
double Comp\ex (d,8) ~ D=S=*d

]Z]d'R(X ; R)u = HJ’D (OJDove cwnplex)
Fia(X s R) o= Limy B R )y
éec% - oleR]/\am Co%omv[ogy.

RQMO«HL‘ éecL\ Col«xoh’wlogy.
U aood cover => Nevrve (U) Cosimplicial se}:

= R (Mave ()  simplicial gnoup
:g:> Comp\ex H:> CV‘QCL\ Col’\omoloﬁy.
Qeman]<'- COLOYY\ology w/ non-Abelian Coeﬁ G .
o ~ o @o
M6 [+Feseca )5 ]
8 (0=, Glo) €G

Cl ( M. G ) 3 @;‘ﬂg €q
S f/ (can also use %(O)‘&U)—' ).

9
C" M, Q) 8(6’(@1:1)): . (o) ¢, (0251(631((52)
malkes no

v 2 éCo: gq(éoﬂ' But NoT gRouUp homo = C%Co sense .
BU{ C’ /\/C1 (N qouge JC\'aV\§§.> ((’,(&(01)’-:(@“51@(01) (ﬁ(@
H'(M.G) 2 7' (M. G)/ (M, G) Cadion as above)



§ Cl'\anacjtems)n‘c classes. "
PYlV\C\ a\ G - P Plbk:u*"G w/ Dap’ u*p""e\ ?:u cl:jons.

l J
Gl EW’\O\ M 2 Ua, U={Ug Jcoov;l\ «{M
Connec’ced

G~ ((OYA»&((TOP)) ©pho— =G E GxG

) masiom /T /]\ /rq 460 Tca 2p.9p0) -

o~ ((OYd))'—>((TOp)) Jluo\i:llw,, E_[_L Ud(xr -
i

aw\y | A

Qwr(NVe) ——>Quwr (Mu)

m—s F: Hg (Ng) —— H (M)
"H\is 9ives cl:\ar\acjren(sjcic c\afses oJ( P/M

%g. G = @X )
Td ‘
QWa): ¢ — Q) —25 Q(C-T) -
¢
DY=0 & de = oam\/d@ =—@e1+1e¢

ulti
wlw\e M T @XL (_Ex
_ 1 dZ

Sa7 - Ani Z \/ ((‘.e_ ‘d%\wu— d'zz ¥ dw )

Claim: H(Q'(VTY)= CLed vy c=L¢]

Pre EPt= Hs (Ha(Qva)) == HI(QWG))
E: |[—/ —

v, HT  Heie) \
C w HEE) - 'l:ensorag

o, € 55 HEY-SHEE HESH S .. w“JHS) =T \e]
@1+ 1®
= Hs(TAD=STel=Cle] ¢ S




V lie group G G*Gmw G
— M H(G) — H(G) 8 H(a)
w—s (H(G), v, ) Hopf alg

EG: G &= 66 E 66ea -
\ b l J
BG - p &= G = G~G
E.=HsHe(' (V@) = Hy(QWa)

dT

H(&) |HE®H(G)

g

S: H(G) — H(G) ® H(G) ts tnduced \97

“).l"z 'Trq(a,b): b

G &> G« QG Mo, b=ab

— o (a.b)Y=Q&

B ¥ * me=18Y¢

°o = T Va + e =pel
Me 1

Wate M@=18A+C + Bel  CcH oH”
G&Gy@—ﬂ—}G) /,Loze:']_:j B:Le

% +—> (9.6

'gimi\omly) A=®

= ¢ HG) < H7(G) @ B (G
(Same Jcov all Hopf a\q.).

Dej (g Pni\m’nJﬁve é)Sie:oﬁ)/u*(P:i@(P*Y’@i



V Lie 9noup G
H(@) = PH(G)={ primitives |
pﬂop'- E,=H:Hi(QWVQ) =S PH(G)
d, =0
Cor.: H(QNG) = SSOPH(G).

Theorem (Hopf) H(G) = /¥ PH(G)

Tﬂore qevxeﬁany,

(\I‘L\Q(‘)‘{'Qm (3’\0)3:{) \/ H—space ( qvor&&x‘?‘:\;>
H (X R)= A (K ) 8 S U Us) vy deg ¥ odd

olﬁu evew
€q. H () S*) = A% @ S(uy)
H(Q ) = S(w)

jA\ea og ’Pnoog og Hopf qu\ (= S NOT tOPo 3P>
IS’ M $*§— s gnoup x € H(8Y
31 = MA=ABTTI0X (X :genarder of lowest deq)
= M= Kol +2xex +106X
wizo = X®X o (—%)
| (For 8%+ X@X+ (-DXOX=0 o contradickion ),




§ O\QQ%am p@nspecjci\/e.
G Compac{ cor\nec)ccd Lie group.

Use \eﬁ Jcmv\s\aJciov\ GL/\/—Q(G)

Qoy =(Q@)™ (= fg) D d
Lie ola. COLOMOlOSy .
H(g), R) = Ha(C2(D)

- o == O (G)
S (v G compact) ("e Lo KGLﬁw Aﬂ)

- (4 Connec{ed — Los re

=S Hie)) = Hi6)
Use both left and night translation,
H(G) = H(Q&R)* )
= W (O (™)
Clgn(Q-q)AdG\
5{ of claim: On (Ye)™8, d =0
L GTBG, U=
— :(Q.(y))/wa »
¥ = (D) = Z"]/\am* = (-1)

)
[O{,Zy]:o = d=-4 = d=o0




G\ Compac{ Coymec)ced L{e group

Recall E, = HyPg(Q(NVG) = HL(Q(WVGE)
P# 4
Thn,  HR(OQUNG) = {( e e
COY’. El — Eoo , 1.e.
H'(BG) = (S'of")
V Pﬂlw\\{:lve [(P]é }”MH( )

ar| | &
f Q&) |Q6-a) = page.

AdG

R

S

[] primitve &> §LY¥1 =0
= s¢=d¢ 3¢

¢ o
Claim o ¢ @ con be completed
o Jtoa COC c]e ‘lV\Q(/\/C)
° wl’llcl"\ QX{:QY\A,S no fUﬂH/]@fl
than dtagonal

3
Co. @EH(SU@) ~ §¢= de,_,

— [@1¢']=p, € HM(RSUQ)



% /\/OY\COYHPQC)L Lie gnoup.
G honcompacjc.Thcm H(G) # H(g)

S\
€<3 G = sL(2.R) |- Eeansitive
( a b ) .oz = GET b
¢ d CZ + 4

Stab (1) = S0O(2)
= SL(2.R)/S0(2) = IH  contractible

e. SO@ che, SL@.R)

= H(sL@.R) = H(S0@) =N
/H/ <! d99X:1

H({@R)=H (cu(@) (. same Comp\exff\'cajcmr)
— H ' <S U(Q» (7 SL) cpt.Lie 3;))
= N(Y) w/ deay=5,

In %ewmal, G 2> K mow. cpt. su\:gnoup
(Lnigue up to Conjugajcz‘Oh)

G /K Cor\%racJCiHe , TN Panjcfcu]an ,
= H(G) = H(K)

:De§ : Comjcinuous COl’\OYY\0,0?)y
NG -G/6E GGCG/IEECEGCE -

Q°(VG) © R— UG) S QGG Es -
Hee(G) = Hs (C(NVG))



Tlf\é’ofem (VanEst)
Jss Ea=H(G) ® Hu(G) = H (o))

Theorem. Hes(G) = [R 1-)(’ G Compad:

R *=o,1

Theorem. Hf{s (R) = {O Sthonsice

)"\(':’[5 (Pn) — /\ [’Xl, -, 'Xn} w/ deg')(czl

R X=0,2
Theorem. His (SLE2.R) = {o thonoice

. - H'(:2@R)
HsL2m) | [R O n R . |e o ﬂ%
R o°R_ 7R o o
H;{s (S LQ'R))
. —

{ree

H'(BG) Con )ge compujceal Vi *NEGK\G.

Wont Jto Yep]ace \oy ((Sma\‘le/\” model a\qekﬂantany,
(gree ac+for\ > 'ivx:)ecjcfve ?noolu[e)

OCWVG) = DEES (Mot true for ()
Nows  agsume G discyete (2 (V°(NG)=0)
H(BG) = Hi( QWVE) = HI(Q(EG))

Claim: QO(EG> 1S iwjt’&ive nesolution oJC R



RQC‘QH. I , P : G’W\OA = P
Del: P proyective q}‘ v Ak;‘lé 6
DeS: 1 iwjecjc(\/e ig = Pa‘: 1
(dval nations) v /3\*/;/—* g*é— 5

(c:3 G discrejce group
o) o C‘(fOYIS on C
Q (G) — Q (G\>§m:{§vu/n ‘.m%e S“PT;H:}
QO<G>§M 15 ‘Pﬂojech\/e Qs we l;\-ﬁ'_ S’J“UV\CL(DV\S
Ou\)oi'lfrar(ly —_ffrs-l oand then extends.
= (G) = (Q%G)) s injeckive

— QO(EG) 1S injecjt(ve neso]ujriom o§ [R<O\5 G-MOCD.

Fundamenjta) Jtl'\eorem ™ Homological A\gebna.

0o—> M ‘—31. ’iV\j. )’IQ‘SOPA O:F G-moal

= H( (1Y) indep. of 1nj. nesol? chosen
ql)

Hem (G 5 M)

Pﬂop= Finite group G /\/M , clf\ar():) =0 (or le\aﬂ): >]Gl)
, InvM = MG <=0
— HEM <Gl ) M> - { O otherwise

?JQ Y’es.orj = 3 l’lomo‘kopy openo&o*r Con‘hracJLS 1 %o M

But not necessary (G-equivan .

aven
|@\]<00~1\——qj; G-eguivan. one => H’°= o0
'l—Gl S‘Gl \/

-

Con Compujte H'WVG) USING any W, necol” oJC R



Tt works jfor compact G (@avenaging )
Pnop. COW\PQCBC Lie gvoup G/\j\/

. \/G *» = O
Hae (G, V) = { . otherwise.,

o — R — 0°G) 2 0G4S
J’\<zso\‘£l , ho{ in3eclrwe (}—\;gé‘\)io )
When G = ]’Rn , it s movany injecjc(\/e. So

Hee(RD = H (U (RY™)
— Q.(Rh)lw ( d=9 on const. fovms)
= N (YR ) Hence,

Pﬂop, }—)c{s(R) - H(Th>

¥ G 2 K max. cpt. subgp.,

o —ﬁﬂ_z_ — C2(G/K) s “njective’ nesolution
he.

Co G/K A2 pt)
(jlweorem. Has (G) = H'(Q(G/K) )
- Q.<G/|<>G 'if G semi-simple

ES SL(2.R)/SOQ) = )H

R o — 2 ( inv. vol Jorm)
L(QTR)
O'(H)” o, =1
R1 , .=o

Se. H& (SLEQR) = () <n—|>g“““- R<co>
w\/\alt 1S H’\e COYYesp. sepr. @G G_"R 7



Choose any P & IH , Oleft‘me

(o6 R ",
(PP(%"%:SAC‘) P 99.p
Claim: 5% = 0.
$5%:(9.9:.9;)
= ©(G:.99-%(99..%) *+ ©(9.. 9.9 - P(G., G2
Shkes (dw) 22

;z‘;

- [ @] € Hé:;z( N » is indep Sf pel.
. Ig we move P e |H {:o Do € QIH = S
Avea € W27 < R

3P 9N9eP .:—> _I)J\T(’PP@ 1S Z-\/@L\uea[ COC}/Cle.

“For qemno\l D Egﬂ<e\/]<)6: (deo=0),
then
@, - TG — R

CPF(QU-w@n): SAL\J w/ A:<P"3~P‘@~%Pw-~>C6/l<
oﬁve: a cecycie n HE(QO(/\/G».




G=GLMn, lR)
@ = «'dx € Q'a,. q)
O‘ @ t @ @ Sjtrucjture eci‘f . (&Jacobi id)

9 1} 9\2

G=SL@.R), @=(¢ e.), 8toa=o

V/
K = SO(:D:S,, 9 = (0:2-02)/2 ,3enmajte H'(S")

Str eqt. => de+d.p=o0
) (9:9\2;921 ; d\:Gu;@u:@n_

Claim: dO is basic jform wyt KmG

1.Q.S]:K—*ﬁ do=-T"w  3Iwe(G/k)

TY

Gl/l( (1'_,2. () = Curv. af S-conn. Kevr O )

Le)c >< - (-\ 1) (]eﬂ {nv.) VecJ:ov- J[fe\cl,aene/lajces Si-acjc;on.
ZXQZ'IJ Zxol:O:Zx(e v

= IxdO = x(Pad)= 0O }:> d6 basic,
3&0‘9: o Vv

—_

C]Ou’m‘- W = Onea ]Corm.
e, Y 3eoa|esic Jm'omgle T<H &

ST oy :/’): ( 2 exjcemor angles AN )/QWT
dG/z'rr
et |

ST(/‘) & L &fﬁg
(ngch G o1

cl'\oose suitoble li ﬁ = /)



Tndegrate from p elH ~= (0 =-dn, 32pe00H)
More Pﬂec\‘se]y, )f(‘x)(v)é ﬁ‘m—L 5 = (,,4"5“)

<F9<o<e> P X

So d (0 - n N) = O
Claim: SO = 7o) = dJCP

A o (12
9..I’11r*‘),,-—v’T Q(NG).

| $p

Nomely, (0. 8-, 41 € H(UNG)=-H(EA
ﬂepﬂeser\{s chs{ Chean class ¢ for SL2.IR)- bd|




