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Refevence Books

Trank Warner : Found ations of Difercntiable Manibolds and Lie Groups
Manfredo do Carme. Riemannjan Q@om@.—h’lj

Cheeger & Ebin: Cowmpavison Theovems [n Riemannan G&omefrﬂ

Galot, Hulin , Lafontaine : Riemannjan Cféame‘(’rg

R" — gmr{-aogs in R" — abstract space
Defin tion A\%;lzfﬁsd M of dimension n s « “!‘o;oo(agllca) space with The
'Fo\lowinﬁ Pro\aerﬂas-‘
MO M s Hav{saforl[‘F;
G M s 1060\”5 Euclidean of dimension n, i-e., each boirt of M
L\AS a M,Iglqbor}\ooo( wquch Lg Ifwmavmorpl’u.c +o an 0}961’1 [oa” °7C /Rn} .
Gid) M has a countable basc of open sets,

% differention on M 2 —> Need a differentiable structure

* UcR™, open, F:U—R. f ic differentiable of class C* (or Smoo‘Hf\B
on U if the partial der|vativec ,:i,( eXist and are continuous on U
for all & = (o1, -, o). 2 oWl 0(2(04,).--}0(,,>J l=39;

BTy

&M'?}’Rm J.S Ai{fer&h+iﬁ(gle o']e C{aSS C‘b )‘7C eactq )C,;:k," °f )15‘ Cpg,

4=l, 0,

* T & s a lrwmwmarpln;shn o}c & Connected spen set UacM cuto an open
subset of R 4 s called a coovdinate map, X;=YieQ are called
the coovdinate {unctions ; and (U,2) js called a coordinate Sztsfcm_
(U, %, %)

Definition A differentiable structure F on o 7Lopo(o_qim] manifold M Js
a collection of coordinate systems {(MA/ Q) : A €A} satistying

(0\> O(Lé)ﬂ uﬁ( = M

(b) C?a(o?@" is C*° for all & ped
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(&> The collection F is mawmal with respect o (b ; at 1« 7f
(U,8) is o coordinate system S.t. P and TP are €% for
all dC—A) Hhen (U, 9)e F.

P_";ﬁf‘ﬁl“l’l An Y\“Al‘meﬂsfona\( al;'ffer@nﬁa],(g ynah;"po,g& s A }O&Lfr (MJ?)
CongisTing of an n-dimensional '/’o,oole!‘ca.) manifold M ')'Oﬂé'ﬂ\ér with
a differentiable structure F.

o) B Rhi> ST (5D (S, b g
An oyen subset U £ M, F)
= A CUant, Fuluaau )+ (U, 80€ F )
GL (w, lR) gengral lincar group D-F all nxn nmsingular veal matrices
CR™. GG, RD = ded ™ Cronzers) * open
prodatct maniolds (M, %), (Ma, %)
FoA CUVe, Bonky) (W Rdedh, (Vo ¥ et = T7

Definition A continuous map §: M—>N s said to be differentiable (c7) |
\‘f (F 4’ T\ is C% -FDY 6&0(\ coovdinate han T on M and ‘ftml\/
(Clearl% +he omm\oosrhm v'F o d:—((er@nﬂab[e(c )ma\!o_s IS agam e,
Y om—=nN s a Aiffeomorphism if ¢ s I-|, enfe, C* amd ch"sc
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¥ Tang@n‘)‘ \/ecfors vectoy in R" & directional derivative
M f s ¢ on a abhd of peR” +hon “vechr V= (v, © Un) aSsigns
tv 4 the veal number V(£) which s the d| rectional derivative of T
" the divection U at P That /<,
vi€)= 'Ux%% )}0 + Un;i{“(y"
A d}qﬁfev&nﬁab)e (¢c*) —Fvwxm‘('on o (-£ 8> M is called a C¥ ourve
i M. Suppose that @ @ =p&M and let €701 beHe set of C
functions on M. The fangent vector to tha curve o af t=o is a
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{Wﬂc‘i‘lon 0"(0) C (M) —> [R ﬁn/en \011 @l(b).)f — t-o)fé C}O(M)
A_t@i"‘_'— vecter at p is the fangent vector at t=o o‘F Somd CcMrve
g (-£,8) 7 M wit, a*(D)‘ b. T)a)‘/\ : The Set a( all ‘tvmﬂe,n'l" vectors 4o

A(xc ){

Mat p. B0 X)L, )
Lol = (4 )lto = A (e, o X)),
-5 e (B <(meE) ) F els HOR)

U= Z v >®X l
T)\e‘)‘angerﬁ +o the curve 0 at p Aeloencls ml‘j on ‘f‘/‘.é’ o(.ért(/a‘hverﬁﬂ‘
ih o coordinate system.
T\OM {orms o vector Space on dimension n with a bﬂ-ﬂ:é a>(> ) (:)(”)p}.
The ‘Tcm@uﬁ spac of M atp TpM does not o(elggna( on +he caoro(inafe,
system. Morewver, dim TpM= dim M.
Def A Yangent vector v at peM is & linear derivation on CoN) | that
o wlaftbd) = avD+bv(3) and v (£9)=£(pdu(s) +9() v(F) 15

Definition (U, 9) | X, -, % ¢ coordhinate system on M.
Defing & Tangent vector f}%@}w €M by
BXJ V)= 9({07’ ) - . the directional derivative of 4 at p inthe
X, anrﬂlmafe_ divrectm s

(9;( \ >Cf) denotes l ol ox
L 2% ﬁ’*m
()

. o ePena(s not Mlﬂ on% batt 0\‘ Xy,

/

De\thH—!'ﬁn ' M—=N | C”  peM. The differential of l}/ atpic the
linear map AY. TMp— Toy N defined by Anf/@)cg)-u(ﬂ o) veTf(M)
Tn offur words, i (-6,8)— M| o(od=p, otoy=v IS,
Take p= ‘f’or Then 4&’“(”)‘ B(o)

One can t/ISothe o’%
¢¢
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* (M,'}(,,..-)'Xyo , (V, Y,y Y. )t coovrdinate ggyfemg about peM”

and tl’(]o)er', vegpecﬂver‘j Then

4 2 (Yio¥) 2 (y;o @) )] . Jacobian
‘J( 9)( ’ > % > 7(3 ?j [q»(r) % 2 %5 % of L(/
¥ Chain rule. ¥:M—=N, ﬁ”:/\/—?X, C* maps,

T hen
g{(tfabﬂ‘p = JC{’WP) DCM’P oy Sl.mylg 4(‘?“")"—-‘0(?64\{/

# Tangent bundle  T(1) =y Tr (M)
hatuval \orojecﬂon: T T(M)— M Tlv)=p if
(U, P)e with coordinate functions %,
Define % : w(U)— R ij

vE T{OM

)_..)th. V= ZQ,\ ?27’(’;\
for all ve TTCUY.
(D)= ke, Y, Ay, e Q) TR0 ) % (T(VY, VIR, V(X))

If (U,9) amd (V, V)& T dhen FoF7 05 C7

{’Eg?—\(w) D Wopen in R (M,?)é@k: o basis Lor & ’i‘DPcJ/ajj o (M)

S T(M) becomes a 2n-dimensipnal | 20d countabl

e (oc:ailj Euxc('d/&;h
Lot F be the maximal collection oonfaumng {(T"’(u) T (U,9)e .
Then F (¢ a differentiable structure .on T(M),

MM) with +his

dilferentiable stracture js called the tengent buundlo
eyy TS = s'xR'
T($?) % S*xR* T(T) = T xR®

Definition Let 4 M—=>N be c=

(a) \}’ lS an )Mmel’SOY\ 1f 5(4/ snonsmﬂmlqr ﬁy eﬂcﬁ, PGM

(D) Y s a (-] immersion, then the )hfmg,a (M) is called o subman
() ¥is an embedding £ ¢ 15 a 1| immersion which is alse o hovnes
mwphkm into 5 that is

WY s open as a map infe Y(M) with the
Ye(aJr;va Topa{oag.

(4 Y is a diffeomorphism if ¥ maps M =1 ovito N ad W7 is c™



