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" The Jacobi equation: TUrV=R(T,V)T. *

A vector field V, along a 3e/oalﬂfc Y with fangent vecTorTsaﬁs'ngng ths
661uaﬁon, is called a Jacobi field .
&E;(_t)k.‘ OI"H;-.Ohol’Mal ay\c( }oara“e[ alohﬂ d(tj o),

o [<jfE‘> r = {R(T,EDT E> <::re->}‘ linear second order cystem of
3,EnY e >")  ODE’s

There eyists a unque solution with Presmrifaea{ initial value and first derivative, |
D 3(0), TI= 0T | ¢ initial conditions

Since VT=0, we have (J,T)'=<3,T>»=LR(T,7)T, T>=0.
. Any Jacobl §ield T moy be written uniqme[g as JT=J, + (at+b)T,
where ¢J, TY=o0.

* dexp(tW) arises as the variation field of the [-parameter family of
qeodesics €Xp, ofs.
T T ic a Jacobi field, then T comes from a varigtion of geodesics .
T, fact, let () be a curve Suchthat C/CM=I(°>, and let T, Tte) be
extended to qua“e{ fields a[ohg els)  Then He variation field of
XPetsd (t('T-f:J'(o))) s a Jacobi field with the same an-fa[ Goha“‘!‘}.ans
as T. Therefore it equals T by uniqueness.
* Taﬁlor series $or [[Aax[o(tW)”z,
Set dexp(V=T and d expW)=T. Then Tlo)=w.
(3,3 le=0 =0,
(3—)37’ [t=r = 2<T,I’>lt,, =
(T, 75" emo = 24T T 5 ey + 2435 T iy = 2wi®=2 .
I sl = RET, I)T e, = 0.
(T FY"= (T, T, +2<TF" T2 [em =0
T = T (ROTL,T DN tee = V1 RI(T,0)T |y +R(T, 77Tl
2T o = RCT, T0T ey = R{T,20) Tlt=o.
(T, 7= g T 50 kmo + 64T T"5)me + 2T, T4
= 3¢ RLT,WT, w> = =g 4{R(wW, TIT, W),
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(4 exy(tWle: t3-3¢ R(w,TT, w>t¥ + O¢") ¢
| dexp (WM = £ ~F KR(w,TIT, >+ Ot?) =sint on £,
GO 95 = &y -3 Rirj2 XeXe +0CIx3) N JRTEN. O% normal coordinates,

'C;/ohjuqa"fa polints

%eoa(,zsl'c ~ [ength= distance ( minimizing) = pot minimizing.

‘} Both net mfhimfziaqa , but whats the Afferenal
' .- . a'hS‘.-

I—Wflm‘(‘e,laj many 3eoz{zslcs between Zanﬂ'poo\al pte
Definifion We say that 9 1S conjugate to p if 9is a sinqular value of exp: Tpm
— M. The order of a conjuate point s defined 1o be the dimension of the
null space of dexp: Tw(T,M) = TgM , exp(v)=1,.
ex) S": order n-l.
Pik veT,M and we To(T,M) and assume dexp(rwy=o. Thea WiV because
the length of any component of w in The v direction is preserved by dexp.
Prolgosf‘h'on 9 Is WWjusaTe +o P alonﬂ a geod,zsl'c Y F‘fano( gn\g{ i€ there
exjsts a nonzero Jacobi field T alanj Y s.t. J()=T()=0. Hence 9, is conugih
to p 1t and onlcj it p s cxonJuga‘fe e 9.
pE) R@)= (Visw)t | %= expefs  Then Z‘s(eXP’f’sm) dexp (£ 6.0d)=0.
The |-parameter \Camn of 5e/aalzslcs Y. has the Variation vector field
‘jLCY:sCJCS) which is « jo\aob( ‘fleu anlslnmﬁ at 9,= Y, (1),
&) Suppose T exists.  a(t,$):= expye, (T+sTNE. T s the associated

variation Sield. Then dexp jl(”)'lr'meTq.,)M =J(1)=0. .. pis conjugate to §.

F"Oposmow Let ¥:[a,b]—=M be & geodesic y'=T and assume that there (s
o Jacobi fleld T which vanishes at ¥(a) and Y(b). Then <J,T>= <J T7=0.
PF) TCT,T'>=(T,7"5> == T, REPDT =—-<R(T,THXJT>=0,

AT, 3> 0s constant. KT, T'D=TLT,TI> o LT,I>is linear. .. <LI>TT
¥ (T,T>= <T,3e)> +<T, To)>t
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M If v{a) and Y(b) are not conjugqate, then a Jacobi field T
0\10“3 Y is determined by its values at Y(a) and Y(b).
P\C> \/\/)33 Jacobi ﬁelds ODI.WCMI'nﬂ at Y(O\)/ vb) = W=-T is o Jacobi
field \/a(m'slning at ¥(a), Y(b) Since these points are not Donjuﬂafe)
W-J =0 .
Suppose M has comstant curvafure K. Then {
CR(%u)2,w>= —K({X,25<Y > ~ Y204, w). {E):parallel 5
LT" B = Ve TE Y= (RIT, DT, E2Y = KT TXT,ED- (T, ED)
L1 (T, Ty=0, LJEN'=-KLTED
K 50: 7=2 (Ai Sin(IK +) +b; cos((Kt)) E;(t) |
K=o: Z(ait+b)Eild).
Keo: T (asainh () +b: coch () Elt),
* If K0, geodesics have ne Conjv(gm“e peints, while (€ Ko cenfugate
points occur af f= T—E’ ) £=1,23 -
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Second Variation of Are Length |
qeodsic critical pt of arclength function. minimizing , not Ll ik
Yi[a,b] =M 5&00&5[‘(, Lk Q2 M, c” @=L[a,blx (-8 8) X (=] 5) A(ton)=YH
L{vie Q: (TNds : the avc length of the curve trsa(E,v,2),
hocme 1Vl Let T= d(Ze), v mde(3) , w= dulds)

2 b vV, T Thewm 2. _2 (b¢vrvT>
- . TV, - n L_ 1}/ = ) .
3 EU1) ga Kl g L00= 2w S“ ITil
_ (P VWY TO + <V, G T CUWT, T2
. 2 WA S XY —

I & SV T e

& hTi & '

Using I Tllo0y=1 and VrTleo,ep=0,

2 b
= i B ! —TW, T>TLW,
e SaWTV’VTW RW, DT, VY + TV, T> =TV, T >

= (Y, T o] 4 (4o, T > - RO, TOT, Vo =TT TEW, T




S

! The second variation formula. Valid for Piecaw{ge smooth variations.
In case the variation is through geodesics, TEV, T7 and TEW, T are constait,
Then i+ <V, T or {W, T> vanishes at beth enalpoi'nts‘,-rhe last term dropsout,
K Vor W vanishes at the endpoints, oy movre 3enzmﬂ% WW=0, we get

2 b
L o (7 <V vews + R,V T
2,0)

oWV a

In this cace the second variation depends onlg on the vectrictions of V, WeoY,

We call the above fnTeqm( the index Jform I(V, W), : symmetric bilinear form
onthe space of plecawise smooth vector fields V,Wa,ahj Yt LV To=LW,T)=0.
L is independent of the ovientation of Y.

I L js positive definfte on vector fields \/qhish}nﬂ ot ¥(a) ) KLY, then ¥V

IS a minfmmm Mmohﬂ a” neakhj curves W(“/‘vp\ -9-})9_ same. cndpo[nTS.

Proeosﬁ\'on Let T be defined on all ]oiec&W(.Se Smooth vector {relds a[onj Y whidh

vanish at the endpoints. Then the null space of L |s exactly the set of Jacob]

{ields aloncj\( which vanich at Y@ and Y(b). Spedf[caﬂy, V is a Jacob(

field i and on‘g if I(v,w) =0 for al w.

pf) Let § be a function Vanishing at the endpoints and Pos/ﬁve elsewhere.
W:i= $@E) (= V% V+RWT) 2 Vis a Jacobi field.

CoYo(‘m’ﬁ I has a pontrivial null space if and onllj if Y() is wnjuso\Tc +o ¥(b)

along Y. The dimension of the null Space is the order of the conjugate point
Y(b).

pE) To) e expy, (T+sTN+ : linear [somorphism between the null Space
of dexp and the cpace of Jacobi fields afomﬂY which vanish at the endpoints,




