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RicCu,v) ic (n-1) +imes the averaqe value  of the sectional curvatyre
Yaken over all +he 2- \o'ahes GOV\'I'aInlnj v
The ccalar curvature js nln-1) +imes The average value of the
sectional curvatyre at a 4iven peint.
Rij = Rie (3%, -7J> ;RMJ 7 Reije3
S= 2 Ry j"J
5,1 = 8 - 3 Risejt Ag %+ O (1x1%)
= [ - % Rie %5 %+ OUL) [ by, Apig=JAk ) A - A
thb},u} represents +he amount b\j which the volume of a narow
conical plece in U‘olirecﬁon deviates from +hat in R".
v&(Br(pcM)—[l— T Y+ ocm] \/a((EV(O) cR")
e Vol (Be(p €S2 = 4 siatdt= T2 (l- Paiogn) 526
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Gauss-Bonnet Theorem [ K4A =21 X(S).
T cannot have ;Mslﬂue Gaussjan curvature .

. T has no metric with positive scalar curvature . ( Gromou LaWSon>
. Hon conjecture : S %% cannot admit a metric with F@_;H-we_ Sectional curv

3. Every compact _ manifold admits a metric with negative Constait

scalar curvature . (Auf:in)
f. Bvery compact M? has a metric of neaative Ricei curvatyre . (Gau—Yau)
5. If compact M has positive Rieci curvature , then its first betti
number 8, s zero. ( Bochner) Rank Hy/m):= B, .

(. A complete noncompact M® with positive Ricei curvature is o(/ﬁ[a,morphzq
+o [R®.

Tensore on Riemannian wmanifolds
tensor: patural generalization of a vector field. ) metric, curvature
Analogously +o vector fields, tensors can be differentiated covatiantly
Definjtjon A tensor T of ovder v on a Riemannian manifold M js «
CC (M) - multilinear mapping T: M) - C2(M) .

v factors




o T, I f X reY, Yr) TG X, ) HIT 5 Y, ).

M) - multilinear = V\/e neeo( W, %YGTPM to eVa[uafe.T('dn ).
% Xe ®X(M).  Define w(Y)=<X,¥> Forall YeX(M),

Then 0 is a tensor of order 1,  w is called a |-form on M, |

Xi, 7, Xn: local coovdinates on M = dXi, -, dXn form a basis for |

tHhe set E'(M) of |-forms on M dKi(Y)= Y(xi) e C(M).

Suppese Xe %(M) defines a [—Form w by w(¥)=<X,Y>, Y YeX(M).

w=Zwiddi , X= ;X : '—w(ax)> <Z)§ax )2>6> Z)(ﬁ

Denote w= Xb X fsomprph)sm

The inverse 150mor[o(n|sm o> X =w® s given in local coordinates Bgy

(w#)d—z?fﬂ‘
Definition | et T loe 2 tensor of ovder v. The covariant derivative VT
o T is a tensor of order v+ given by |
vT (Y, e, 2= 20T, 5 %) =Ty, - Ye ) = = =TOR 5 Y Uy Vo),
For each 2%(M) the covariant derivative VzT of T relativeteZ is
a tensor of order 1 ﬂiven \olj V,ZT(Y,J- = Ye)= VT(K'---) Yr,Z)-
For peM, lef o£:(-¢,€)= M be & curve with «(o)=p, «'Ct)= 7).
Let 1er, -, exl be a basis of TiM and let i) be the Pam”e, +ransport
of €i along o =d@), for «=1,";n. Then |
(VT Ces, , v Bar ) = Z(mw) T, €)= T(Vges,, -, e;r)—'--—T(@,I-A;%e;)
oH: T(e,\.) ", Ar>
% M=K Y Y 2 Vg (XY, %)= DX Vg X, Y=LK, %y Y =0
On constant a/fr\/a-rure rznifsld M R(UV,W,x)= K (<0, 25€0,00 = LU, w3 ¢ v, x>)
~VR=0
A Riemannian manifold M is called |ocally symmetric i for each peM

there exists r s.t reflection through the origin (in novmal coordinates) is
an isometry on Br (p), M is locA”q Symmetric f and an‘»_‘ it vR=o.
¥ fFecC®(M) = MR i df s a I-form on M. what is the vector freld X
covresponding to df ¢ j.e., A (Y)=dXY> =<vFY> . af: grdient of £
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Given a  |-form w= Zw,:dX; wfna-l-)s ite dual vector ][ne{cl X= 5

w(Y) = <’( > o C\)(?]\h>— 3% 9)( -a)(,ﬁ> Wy = £ X*9; o

2w gt = X g9¢ = Sx5fs XL X =S g3 = 5 w975y
X‘L ZC() 334 N

e 235 un o s nT 9

Hessian V= vdf : tensor of order 2.
(X Y) = (9pd€) (X)) = YUAFO0) = df (Vo X) = Yxf - (Fx)f
VXY — 0 (Y, K) = YRE XY = (G0 + (O£ =L X ~(%x% 4
=0, .V is a symmetric Tengor.
A=1r(v3) = Z 9§ (es, e;), ies) :orthonorma basis
Given X e %(M), ‘Hz)e_ divergence of X is defined to be a function divrX éC°‘2;\1)
oS The trace of the linear map ¥ — Vx| - diwX= Zd"«'(‘%ﬂ, X),
dw X = Z(Ve; X, e,;)} {@4‘}: o vthonormal LO\SES_
Use normal coordinates %+, Xa in a nbhd of p . <’:7,:)’;_><J~7=J’,:J' Vo 31-=
. af= S eied (Vo) f =52, 2%,

of- S, M= AR (";5 ), 55,7 T T - af=divf

)

Qelm‘}onsl«[r between cuyvature and the ex‘onnenﬂa( map

v, w : orthonoymal in ToM. T r £ (¢) %ﬁ}. ﬁ
)= (q)+§w)t : ‘familj 2 ofmgs 3 Dt — FT M
fn TPM TPM

ex‘opo fs 5%&'3-& Jiwouﬂk P v and w induce Para”el vector
with Tnital 'i"ang&n‘f' vectsr v+Sw ‘(:(elols Vard a7 ob T M.
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The effect of o(exrr on vectors of TpM ¢ Compute the Taylor expansion O‘F“"(UP(M“
dexp(+W) arises as the variation field of the |-parameter family of geodescs Xpefy.
Fields of ‘H\'\s—fgpe ave called Tacobi frelds.
4= eXpe ofy 1 La,blxC£e) > M. For fiyed s L, S) s age,odﬁsic,
Le¥ T—d"((.'at) V = du( as) Di#uehﬁa\ eq‘ma‘l'fon f V{d({;o}?
v‘?‘fc%‘s = -— 9t [at s = S8 STV T dd [%/925:(20
Do U=y T, vTVTV-— VTV\/T P VTV\/T— VVVTT ( VTT:D'>
= R(T,V)T (- CT,VI=0)




