The simplest examples of Riemannian manifolds are those whese Sectional | ﬂ
curvature Is constant. The ao:mp’ef'e ohes are called i?ggﬂmi. For eac\\; 4
K all simply connected space forms with sectiond| curvature K are someti, |

Xiy oy An S‘Mho{arcl coordinates of R” , Jig = m

(R" a: >_ L : constant curvature K>o  not Complete .

(Mcll< %,3%): KO oy w> <v,wp

Define < R(u,Mw,x>=  —K <u,,x> v x| well ~defined j.c, ).

Moreover, R has censtant sectional curvature K,

R(uv)w = K({w,vpu =L, u>v).
R, Xt nevmal coordinates jn a nciojh(parhboo! e Y’é M.
3y = 8"‘5 _—?'?RMLJ‘L NoXe + OURP) ¥ rs?:i%%‘ﬂ gim ‘o7< s v%?mjﬂ'i)jma
rie=e, gx%sbco °.

Definition M"is said to have [soTropic curvature at p i+ K@) is
independent of the choce of T <T,M . M is Isotvepic if i+ is isotrope
ot every Poin‘f. ny3.

Lemma = Ru,v,w,x) = F(Cu,wr <% —<u,xy<v,w>)  fec=m)
Theovew ( Schur)  An isotropic  Riemannjan manifold M", n23 has
constant eurvature,

Ricei curvatuve and Scalar curvature
Pef The Ricci curvature s a symmetric bilinear form on TpM for each
peM defined Teo be the trace of +he linear Transformation z2— RExX)Y. ‘
Hence Ric(x,Y)= Z(R(eA xX)Y, ei> where {€:} 75 an o Ftho horpal l
baSls O'F Tp |
symmetric Rld?@‘j) Z<Re:, )y exy = 2<R(Y,e0)es, x> = Riclyx) | ‘
The Scalar curvature (s the Trace of the Riei curvature. ‘
S= % (Rles, e5)e),ex> |
Ric :S\jmme'fr(c = Ricd curvafure (s Oomlolefa]tj determined by +he. quantrty |
R{c(u.v) —fov- all vectors o{: wunit [@nﬂﬁn_ :




@

Riclu,v) ic (n-1) +imes the averaqe value  of the sectional curvatyre,
+alae/h over all +he l—p'anes GOY\‘I'aininj v
The scalar curvature [s wnln=1) +imes the average value of the
sectiona curyatyre at a 4iven polnf -

Rﬁj = R\C('a;(d > ;RMJ %L Rk 313

S= 2Ry ﬂ"J

5 = 555 =5 Riwje %g %y + 0 1x17)

[‘“ ¢ Rie x; %, + 0= ) Mestidean , Apg= J—_—ﬂz;—”b(' Ao
Rchv,v) represents the amount by which the volume of a narrow
conical plece in U‘olirecﬁon Adeviates from +hat in R".
V(Br(ppeM =[1- S r+ ocm] VAL (B@ <R
e Vol (Br(p) b L#TSD Wtdt= Ty (l—- 105\(*—--“) , S=6

Gauss-Bonnet Theorem [ KdA =21X(S).
© T% cannot have positive Gaussian curvature.

I. T" has no metric with positive scalar curvature . CQ’I’DMOU—Lan‘on>
2, Howf conjecture 5% % cannot admit a metric with Imsiﬂ]@ Sectional curv

3. Every compact . mantlold admits a metric with nega‘h‘t/e ConsTail

scalar curvature.  (Aubin)
f Bvery compact M* has a metrie of negative Ricel curvatyre, (Gau-Yau)
5. If compact M has positive Ricci curvature , then jts firsT betti
humber 8, s zere. ( Bochner) Rant HolM) := By

. A complete noncompact M2 with pesitive Ricei curvature is diffesmorphic
To R,




