Theorem (Hopf = Rinow)  The following are equivalent :
@) M s a oomp]e'l’e metric Spack where +he distance from P tonL inMis |
defived as the minimum length of all curves from p to 4.
(b) For some pEM , 4P, I defined sn all D-HI;M
() Eov ol peM, ey, is defind on all ol TeM
Any of these conditions (mply !
b A"5 two peints p,9q of ™M can LeJo;uA by a 5eoaLaslc whese enﬂfk 4
(s the distance from pto 9.
(@) 5D ost aportant.  Micompact 3 (@) . (D#H @) "

[CURVATURE]
Gouss : curvature D'F A SMP@MQ. ihfrinsic
Riemann : curvature in a Riemannian manitold M. P
be M, o > -dimensiohal Su‘osPaCL ot TPM ‘
oxp (0 : the set of all geodosics That start at p and are tangent-teoon |
csurface in M. its own curvaTure as an[m_a_J by Gauss. \

Definttisn. The curvature R of a Riemannian manifeld M (s a trilinear | |
G p Lrom X(MYX XMIXHEM) +p X(M) 3'(Vem log “
R(X, YY)D = Wy VYVXZ - Vex, 01l , XX eaecm_
% For the natural coordinates of [R" Xi, =, Xn , lef = Zinzfx 4
Then TxUyZ = (XY21, 5 X¥84) and hence 1
R (X,Y)2 = GRZ- VUxZ — Vix,yn 2= 0. |

/. R measdres how much M deviates $rom being Euclidean. ‘

* [{ i), X are coovdinates of a Riemanaian manifold M, ﬁen[ax - ]—a
R(rox ).,,7(,)\) 2% = (V_’A_ V%-(J - ‘7@ Vfa )—2"_} hence the curvature M
measures the hon- wmmu'l'a\'!'lwi"j of -!—he covariant detivative . .

% exp Presevves +he vadial distance and +he or-)'hogom“ﬁf loetween ;M

le(t) and olexp(w), Hence the deviation of dep +rom loeihj an U




@

isometry )s measured by the extent To which fwll differs From ”ABXP(W)”
[ dexp @)ll* = lovll” = <R EW, TOT pw? £+ O,

¥ R js c*(m) —)inear. .. Tensor
ROFX,Y)Z = $RX, YL =R £Y)T = R(X, L.
¥ R(XY)Z+RZXY +R(Y,2)X =0 Bianchi identity
R(X,Y)2 = -RU XD . -
CR(X,Y)Z,W>= —LRKYIW, 72

CRUKYYZ Wy =<R(Z,W)X, Y

Tn coordinate 5\j5+em : 1
R (3% ;w = 3 Rije % "% B &% 5 %3 Gk
e vigEm = L R R TN DR
ZFqu % 4hrl+exrlak"9xrlxa

Set < K(’a)(n 1,43)9)(_“’/97(”‘) =2 Rjﬁgﬂm = R"J—k_m. Thw

Rijtam T Rjtim T Ragym =2, Ripm =—Ryitn Rijpm = —Rijma, Rﬂ-jﬁm:R;mﬁ‘
% Sectional Curvature
éhveyt any plahe o In TfM and +wo Vectors ’Udné{ w which Span T, we
define the sectional curvatyre K(&Y to be <R(‘f[ Tf,)\uu,j“z> , where
lvawll denetes the area of +the Pd"ﬂ”e"’ﬂ\fam SPahneoe by vand 2.
K(e) does not depend on the cholce of the Spahnins vectors.
1 {U,wg—»{w,u} {U,wi—a {)\U)wlg iv,w\x =4 {'U-j—)\w) wi
The curvature TensoyR (< C»m[ol&felﬂ determined ’ﬂ‘j lonowledge of K(r)
§°Y‘ a“ (1 s
Lemma Let R,R/ be Trilinear maps from (M) x X(M)XHK(M) to (M)
L (R (v, w)w 5> = <R(v,w)w, vy

Such that conditions &¢) are satistied.

for all v, w Hhen R=R/,
PE) LRCUtw, VYu+w)v) = R (utw, WU+, v> (R (1, vy, V=R (U vhes

LR (uv+x)w, 1)+X>:<R’(u,\/+x)w/ VA
LR (U )W, x> = CRI(UVI 2, x> = (R (P, wu, x5 ~dR (v, w)u, XD
=<{R(w, u)u, XH>— <R(w,u)'u x>

- Bianchi 3 CROUY, X0 ¢ Ry vy, 2




The simplest examples of Riemannian manifolds are those whese sectional
curvature is constant. The complete ones are called Space forms . Foy each
K all simply connected space forms with sectiond| curvature K are somefry |
Xi, -+, Xn: STandard coordinates of R” . 2 :‘ml
(TR“)q;a-)= S;LE . constant curvature K>o, not complete.
(Ml -F, 824 : K<o. U w> {v,w>
Define <R(u,Mw,x>=  ~Klcu,x> <vx>

Moreover, R has constant sectional curvature K,

R(uV)w = K(w,udu ={w, u>v),

: well - JL‘FMGJ},} e, (k%)

%, , Xn: novmal coordinates in a neighborhood of Y’iM- !
By = 3y —%R;ML KA + OUxP) |~ r’;g‘=%,§,,@$<; 35"‘:5’73-3'"»' ~% 353 |
Cytr=r, 2%, 35 (pd=c. ;

Deﬁin?ﬁon M"is said 4o have [seTropic curvature at p i+ K@@ is |
independent of the choze of T TM . M is Iiotreple if it is isotrope
of every point. hz3. |
Lemma = Rvwx) = F(Cu,wr <, %> = <u,xy<v,w>) | fe o) |
Theovew ( Schur)  An isotroplc  Riemannjan man(fold M" nz3 has ;

constant eurvafure, |




