At Tt = (DTS (R, To 4
Since LT, V:I—-o m @ amd YV -— VVT=|:T)VJ,
FCT, T2 (VTV T>dt. Since llebll=14
= ,L vy, Tyt =7 ARG AT <v V. T>) dt
< %(VTﬂb §" LV VLT YdE g’ : the Jet var(ation ‘ForMu{q1

-fr Ltcsllm

f aH eres Cg Inave—fhe came mJPp;nfg Hhen Via,®) =V(bo)=0.
LLCsjlg o —LS <V VTT>At A
If coc, is the shertest curve -Hm cla) to <L), then s L[Csjl$=0

for any o, Vi=Q@) VT | §yvo, Pad=G)=2 > VrT=17,C =0,
=7 9eodesic How about &

Tw.lj /DCAHﬂ

Shorfes+ curve

Propostﬂaw N, N @ fwo Submanifolds a'fM without \oaundar‘j
Let Y:[a,b] =M bea geodzsm St Y(@EN ¥(DeN and Y s 'l'ka.

shortest curve From Nto N, Then ¥(ay is Perrenahcu()ak o TN

and Y (b is Perrendfw(ak‘bo Tve> N
bf) I ¥y is not perpendicular to Treal choese xe TrayN st

<Y’(a~))x> >0, and let ¢ be a cuvve in N S‘(’arﬂna at NaX Y5y |
Y c.t.cltay= X . Construct a variation *:[2,b]) x(ee"M ¥(a> L 4
st Alabyxiot =Y, d(a,8)=clsd, oL (bs)=V(L), ’

Then 14 Y; = ‘*l[a b]x{sﬁ , lst Var.Ferm. shows that 4
%LEYsllgﬂ 1<Wo>),¢><0. ooy is nof minjmal, Smned’}’(l,)

M : Riemannian mam'{o(ai = TpM is e‘iul‘Preof with an Tnnervproofuc'f'.
VueToM, TulTpM) can be identified with TeM. 0 To(@M) inherirs an
ianer product dexp s Tv(TpM) = Tw?m“ cloes not preserve the |
nner product but preserves the length of €/@) where e=tv is the
vay Srom  OETYM thromgh v exp(Pi)= @), 4 exp(et)=%'6),

[ e'wll= Iyl .




@

Causs Lemma Tf PE) =tV is a ray through t+he origin i TyM and we
Teas(TeM) s pet’pend(wﬂar o € D, +en a\axr(W) /s petpend) ‘el r Fo ngp(‘o(,))
ef) Lot cls) bea curve jn TpMs.t. oo)=v, clor= w, dist(0,c() = Ivll=R
Define Mt,S)‘—‘WP((Js(f» , where 500,01 TpHM is the rowy From 0 to C(s)m];, .
The lengths of the geodesics t— X(t,5) are fn&peho(&rd‘af & ol
de 52 = (0 p=92, d*‘aa'(l 0) = dexp(w) The first variation formula =
b= ds L[wP@’s)]} s=0 =V, T}} J£<Ao<?£,yv’(t>>}(‘) :%Awﬂw)) dexp (Pl)

5P+ sphere of radius r centered at pin Tp M. 2 Y (V) s arq‘ﬁbﬂonﬁzhw&(s@
et 01,0, B be cwordinates on Sr(r), P ¥, 01, 360a i coordinates m-];M-{Of_
exp : rays fhrough the oviﬁin——a geodasics through p. D 16, 6un:coord on MN{p}
Metric sn MWL : G= &, dr®+ Za“ drd0; + 2. a:jd6: 49

ey.\o rays —» %wdESlCS prese.rvm5 |eng1"h = Ja,, =1 C’lcws; lemma = aii=0

@r ~ W if'ad(eh‘f 0{ r= (X“"’ +Xn> i 9(' ')(n hokma{ CODVd(IhA+g,5
Gauss lem ma =¥ (Gwoa(ﬁslcs;'? shortest wrves)
ocﬂ\“lj

‘QQI_QL(EM Let Be(0)STpM be a ball 5f radius ¢ on which WPP is an embea(al{nj,
Then for veBr(0), Y, (t): Lo, i]—= M is the unque curve Sa'h'ﬁ%ins
LLy] = d (p, e/x‘o‘,('u)) =|lvl]. In Par-r(wlar) {or any carve ¢, L] =
d (clo), c() ,thon ,upto veparametrization, ¢ is a smooth geodesic.
p-?) Lt es L6, 1T M be a C* curve \Cmn p to %Pr(u)_ Assuwme cCezpy(B,@).
Since ) =llerli=l | we have [lc<t>” 2 ety 257 =fg rle(®) .
. L) =So' el dt S (cja,) dt = _( r(c(t)) v (e)) (D‘ = rleC) = [lvll
Llel =\[vll & c(Jc) =AM T, MO0 & o a radied gesdesic up to

rera\mml'f'rie_aﬁon.

Wheh iS H’ )0055”9’6 “”o j‘DIh 'l‘Wv Qrbf—)—rakj Po(n‘l's b‘j a ge,oclcsfc whose /cns’f‘h
is equal to the distance between them @
When is WPP ﬂLeflMC‘ oh a“ D'F TPM-?



