@

can be immersed in R™" " and embedded j» R*™ 14 M js aoMf’ac'{;
orlentable then M embedls jn R 1

M A ]Camf‘lj {-ﬁx} of C% €unctions ¥, M >R s a2 C° parﬂﬁfon ot
unity if (a) For all ¥, fuz o0 and the support of fiis contained in
a coordinate nbhd U of a €™ structure {Ua«, Bt of M.

(L) The "an”g fUaf s )oca“g finite .
(c) 2;—1%( =l =

Theorem A C*® manfeld M has o C*= pavtition of u/nf’rg 7 and anlljif
M s Hauso(arﬁc and has a countable basis.

RIEMANVIAN METRICS)
ejf)mﬂan A Riemannign me:rr/c on a C Wmm-&u M s o C _sjmme'ff«;c
bilinear, poSH—We, definite form on the Yanqent space TpM for each point

0'9 i 8

‘Xl/" a ‘)(n ;i MDFO(]_naTe/S on M CIV] . T)qem <%"‘/_?TX‘3 >:j;J (X,//)(“)
is a €4 '\LWﬂCTiOH on U.
Equiwlenﬂ«j L f X, Ye XU) | then <X YD € c=l(u)
945 s called the local vepresentation of +tw Riemannian metric in the

coordinales X, Xa.
A Riemannign manifeld is a C° waniold with a given Riemannian

mefric.
De]c M, N: Riemannlan mam'{vus A d)'#&omarp"\tkm P: MM s c4//e0( an
isomedry .f‘ U, vy, = (A‘(’r (u) d?{,(u) ey 1 u,ve TpM Hfor all }aéM.
’pc‘o\{ lsometry
) R" Bog = 8ay <3X4 a,ﬁ> Sy Cuclidian space
w) 9 M Y )mmel’JIDH N: Riemannian manifold. Then @ induces
& Riemannian me'l’nc:\/b‘j (M U>y-¢d?,,(u) AG (W Depy , Y ,ve Tp(M).
Aﬁ, l”JecTWé% L, P (¢ posrrlve definite. . [sometric immercipn,
Mcn submanifold : jnduced metric




x Nagh embe.ia{)ha theorem: A Riemannian manifold M" an be isometrcally
embedded in R with m £ n(3ntif [f Mermpact, maeninm) (3nti1)/: £ honcompach |

Any fwo |-dimensiona) Riemannian manitfolds are /oca!/g Jsomettic

2y 4. G"s R The induced metric is called the canonical
metric of "

)hclu.ﬂ‘on_

2
¥ N, An 3A3—<®;(A,5_ 7. a= Z_ﬂ:jo(x,;a()(j }
Alj
th: 6:Axl+ + AXV\

v & |
K> 9= dx’ydy® = dri4rde” : r, 6 ¢ polar coordinates

SZ. A ﬂ=dk‘2+ sinzrdé‘z

H*: r e 9= driy sinh®rds®
* XY by+the sTereogmpMc ere_c’Hoh g= dy'+dy”
(1 55
%) ,R A= yeost, 3:}*5%(9 :

,9 2 . 7 _9ox7 2 ) L
B =y A g = e Oy 26755 S5y <keaay g
3/% '}7 ], 2 'ae 9@7‘ z, 3,,9&7— 4 = dr 4t d 6%
"5\\ 05.‘_1_ %\1’

¥ Let (M, 9) amd (N, h) be two Riemannian wmanifslds
gxh on MXN s defined by

(3"1")(\4’,1) (u,v) =9, (dn, (u)

T,: MXN > M,

. The in(,uc‘f metric

= 47(,('\)))”“ Lz(t{ﬂ'z(u))dn-;(v)>)
To: MXN—- N ha'f‘ura/e Projec‘ﬁons,

o) Th=6'%---x &' ) ele R* induced metric )C{ML 1_0“45 ,
£t) Gy~ Sz) dr® (o,%) ‘canonical metrics rectangular +orus

q=r"q, +dr”
ﬁz‘. SI 3 6_—- 6L+drz :> g (S|X|Rl)3> I-S fSOML‘“"{c_ '['o -qu_ O'jll}watek
C;—{(fx,%z)e R3 : X#ﬁ"‘:li with the petric nduced From [R3

2/)() ‘o: SZC\RS-*? Pz, wVer}mg magp: ’om,Q Al‘{{@OMDYPAI.Sm
. push-forward  metric o P*

) 7_‘ Z Torus : use covering wap.

¥ o:lab) » M cure ) = do( M} Ve Jocity of 0= : vecter fn"e{fdv
Ko)= [0 [aai)dt : the length of o

flat wetric o SZX(D;“)'?”IRg\ {2}

hoT a yrboqucf metric




a
¥ U VcM, CH,CS’)) (V)‘-V) coordinate systems :%/H'f\ X1, % Yo Y, :
{e\ . h§ orthonormal basis o"[ M, e U %:%mj%_ Then
5A+L— <oxn,zxk7 = Z Aijlpe <€, 6> = Za“) Ao,
Gi=(9) A-.(a.p_ Then G=AAT | dotag = 406(4,47) atA)”
vdwme of the paml(t(epipey( formed by %U"UWH = a\ﬁ*(ﬂ,)“mxn> detA

RecUnV. Define the volume of R by
vl (R) = jqcm {dat (5,) ). .- dXn |

95
32%% Vo'e(zx., 'LaX> M<3 ) a((f aj)
= dot (2% )@ (AA k._<j—j§ﬂ)
“- vel (R)= Emz)\i (3 dx, -~ d ¥, = Spery At Ch 5 Ay Ay,

Therefoye +he volume s well defined .

) s> S\ {north pole , south polef = (o,) % §% with metric 9=°(V1+55"%’A,

dr®and h are the Standard wetrics on (o) amd S raqpec'(’l‘/e/f(
vl (S35 = ST vl (Lr=th) 4t = {7 asn*t gt = 27*

M‘_ An a-f-ﬁfne, connection is a bilinear magp T : ¥ (M) xX(M)— (M)
denoted by (X,Y) v, WY which satisfies the {v/(owinﬂ properties:
)y Yy Y =F%Y (h) WY = XE)Y + £ VY Forany feC (M)x,yex
We cn“ WY ‘t‘he covariant dervative &Y Y Tnthe direction OFX
% (WY)(p) is determined by X(p) and ¥ vestricted to any curve through p
in direction X(p).

Fundamental Theorem ot Riemannian Germetry

Given o Riemannian Vhani‘f‘blol M ’ Hhere exists a ‘M";‘U/L@ Aﬁcfhe copnection V
on M with the -'FD”ow{nﬁ two properties :
(@) UxY —9y¢X = [X,Y] (b)) XY, 27=LVxY, 2 > +LY, W2 7, Y XY, 2€%()

Thic commection will be veferred +, as the Levi-Civita (or Riemanaian)
connection on M.
connection




