®

) Y R'> R*,  Y(t)= (2eost, sinzt) % |
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% The distinction between Tmmersions and embeddings is a 3/0194( o€,
b immersion > each peéM has a nbhd Usit . 4’/” re An e,mfoee{c{mj
¥ ¢: R R ahﬁ[eomorphnsm > 4“" 'SOW)WH)ISm_ (&om/erse? > IFT)

Invetse Fumetion Theorem -
Uc R" open, $:U->R" ¢* I +he Jacobian wmatrix ll 2K } is

nonsingular ot Vo€ U, then There exists an open set V with ros Vel
s.t. 'H\/ maps V -l onts the open Set ‘f(V) and ()C{V> s £7

Cora/larg SM(oPose that dimM=n and +hat Y1, Yu are C* functions

2 7 .

in a nbhd% of peM VR
“ﬁéi‘l“—“‘"‘rlv_m‘ 1—%M {Wndtons Efn L ‘Form a cvordinate
Sﬂ&‘fem n a nbhd o‘]/" L there exist l/ed'Dr.S Vi, Un € TpM st (U (4,) }ﬁ
Pf) Define ¥: U= R7, W"") (4,tm) =, Yum)) . Then 4‘* ISM)SDMDVPAJSM 'S nonsingar,

Coro“a\r\j Let ¥ :M—>N be C% and assume that JLP?};Maﬁ(P,N 'S
injective . Let % .-, xo Form a coordinate system on a nbhd of ¥(p),
Then a subset of the functions ‘“Q"Lf"f Forms a coordinate Sgs‘f‘em
°Nn a MH'M( 0'6 P. In par'ﬁ'cw/ar, "F s 1= on a nlol«m{ o‘f P-

any bvo of 7(/5’;_./
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% only. Y - fe IR,
| x At the northyy Po‘ep 4
)R, R v(2)=0,YVye T, M. - X9 coordipates on M
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Corollary  Let § -M=N be C°, and assume that dd: TM =Ty, N is

Surjective . Let % ... % form a coovdinate system on Seme nb hd

oL PP). Then %ol |, -, Apot foem part of a coovdinate sysfem en
Ssome hbl’)ﬁ{ ot P %() 71—;”33_., ]Ra Prp_jec-ﬂ.vn

Theorem Acsume. That Y= !\)J (s C“’, that 9is a Polfnf OGN, that
O=¥"(4) is novempty, and that A¥: TpM—= Ty is Surfective for
al pe O. Then O has a uqumz man]ﬁu structure st. CO,A) s a
cubmanifold o M, where 4 Tsthe inclusion map. Moreover, a: O— M
ic actually an em[oca{cﬁng, amd the dimension of O is c=d.
(5‘22‘1’61'1”9!’901() ’X| o, Xd : coordinate SjS'f’em centered o4 JeN .
2,0, 2 } wdra(maTe sgsfam m a nbhd o-F pe Q. dy: surjecﬂ.ve forall
\on%{m—X ‘{/ =, 0”’ {"3!) Y4, 2dn

sYystem on o nbhd U of p. = Bn U ly,=y.= =Y, :o} t Hhe slice of
+his coovrdinate system which is a %fnam\fau with & coordinate system

zc?} ! coordinate

Zhot, v Bo of dimension c—~d.
X)) N ={ 2=0§, Nz= {2 =x-4"} , M= NinN=. Mis not a Subman/f
Y: Ne— R p(Ay2)=2= S P: M= N |

2 2( Y0 2
dv ( 9X5!p> = 3> P’%)?Zﬂllo ’?ﬂ& lq:(p) : (U)')(J,")' ’XA>"“M, C\/) 91)"',%()::-14/\/

Jacobian of Y= (2x,-24) for the coordinate system XY on No.
Ay s et surjective at (o o)e Y (H(o,0). -
é/’c) Flp)= ZV oh I'RAA df 2 surjective txcept at Haorigin. . 57(r) < submfd
ex) auw,m > o(n,R), Y¥:Gln,R)—=a&llnR) , Y(A) = AA*®.
Imy = {Sl\jmm&‘fr;c matrices § = Sn) . 06,R)= ¢ (I),
dY: T, ag(n,R) = Ty GLOAR) D Sty = R
"t’\(n)‘—‘- thz Ay, (3)="1 ()= A++B :curve with o~’(o)=B_

; dwa.)— A p(AreB)|pey = L B[ (A+£B)(A+EB)" — pAt ]
[ BA*+ ABY ++gBt] = BA®+AB®,

:t—bt
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veeSh) = C=%c+ict IfB=c _A Hem BA®=iC

4“}@)‘ BA*+ABT=Ltc+ict = - dya s Sur_}ecﬁl/e on S(n) V/’ré"}/ @
i th,[}l) lS A Submamﬁu o‘é o{)M&ﬂSlon —n(n I)

¥ ector Fields
Def A c” vector field X on an open set U inM s a C* [ifting of U into
T4, that is, oCmap X: UsT(M) si&. X = identity map on U.

X(p) e TpM Fece(UY=> £ X vector freld .
%(u)"{cww;d’ok f\eus on M} a vector Space over R

Progosi+('om X : vector field on M . The ‘Fv)lowfnj Are ezluh/alen't:
(a> X (s C*

(b)Y If (U, p AT ,’XA) IS a oooro(mq‘l’e 511)51&#. on M and XIM—ZC(A ?X,u
then a,e C2(U).

(c) If féCNCM),'hﬁém X&) € c=(u).
]:ﬁ_m_mf X)\}/ © ¢ vector )Cfelo(s on M. Then Hhere exicts a Mm}7ue_
Cvector field Z st . for all fe (M), 2f= (XY -YX)f
Z:=[X,Y] = the Lie _b__r_g_dﬁé'}_: oF Xand Y.

Frotosﬁ’bn (a) 1f f ge c®(M), Hhen LIX 97]= fa LX) + HX9) T~ 4(reX

) (X,y)=-LT,x] (> [ [¥,¥1,2Y+LLy,21,x1+0L2,x1,y]=0
(>: Tacobi identity (e),(d): Lie algebra
Curve. ¢ — c'.(-(;) . Vector ‘)Cfe(a( =¥ Cudrive ?

Def Xe k(M) A smooth curve € in M is an infeqra| curve of ¥
it FO=Xlw) , Y
o) V(xXHYE)

Doec X have an fnTegmf curve ¢ Ls it WN‘G[WL.?
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T :(a,b)=>M Is an )'nTe,ﬁrql curve of X & do‘(—d—{ )*X(cr(t)))te(a,b)_
o€ (ab), o(od=p, %, ,Xq: coordinates aboutp in

Xlu= s fidg,, Fecw)  delgl)= ZMI cce

= 2 £ o) 2 e
S0 IS an [n‘{‘agml curve of X on o' (U) if and 0nlcj £
Aoj\t = $:(a@), -, T®) Lo =xeT, dsl e d, teocUy
: A sytem of $irst order ODE’s. Existence & Uniqueness .

Pfi Define ov\'rans*pormaﬂon Xt bg Xz ((0): Q?(t)} for each te R,

Theorem Xt (s & o(iﬁwmorphism with Tnverse X-t | Xso Xt= Xset,
2 3
o) 5fa><“7"°‘5) X% =43y, vrt o wr

PYapoSH’t'on pe Md )(e%(f"l) X(p#0. Then there eyists a coordinate

—eeeee

system CU,?) with Oooro(mod’e functions X1, Xd on a nbhd of p
ct. Xlu=axglu.

X,Yé %(M) DD% %GYQ, '@XIS‘\" worg((na‘f’e_; 7(,). 7(0( st ;’%()‘:X)—B%(;_:Y?
Theovem X, & %(M). [X,(]=0 <P XeoXs=Yoo X¢ .
[X)Y]'—‘—o — coord. System %, X4 St ?Xn‘X;"??_(z:Y.

—

(X:,X3)=0 & 3 coordinafes .-, xy st. Xa % ’/ |

) %{,K%j Lii.

e |
|3
" [X,YJV'S: _ %(;w; f‘(@(‘t)) '{M / @(t):\r.@ X~GYJ¢EX\{¥,({’> ‘ -
)< |
Y L)(/Y] measures haiw Ji'f'}celfen"‘ XJYS s )(:Y‘O'?Vl‘/s"k‘k_\
pee) .
f
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-X—\/\/)‘Hl'theﬂ e/m)oeo{o(mg Heovrem. Any C™ manifold of dimension n




