‘Yq*(dw) dgq1*(w) = Z ar AY'A o Ao

12X
Sadw=3 (0, 'fw dr, o di =LA (s G, 1, )
AU i) B
=o ;-F SMP\O(w>f\3M ‘b a nd sl K )\"(r‘)“./ Vi, D)ﬂ{l‘,'-'ﬂ(f"“_,.
al*(w‘.ﬁM)_ (_Dn ')\ (h o ol 5 Yn—l) O) O(rl/\"'/\o!rn—; .

§3Mw —( |>” ‘g .f A (T, Yy Y',,..,)°>0’|’, "'drn—(

Spdw= () [ @ = [, @ after change of ofientation In such a way that
'D‘).-') YUn-| iS an DrliehTegl bﬂSiS D-e TPQM :{—'—e—‘f‘ 'U-l) ) Un-l;'”,s ahn Dl"iehf‘fa{
basis of TpM, where n is an outer vector to 2M at p.

* 1h‘regra1'fon on a Riemannian manifld

Metric < L2 3(Ves a canonical fsgmovPA('gm (M) = E’(M)

X e X(M)
YeE't),

X(Y) =X Y>, weE'(m)=> we%(M) <o, v>= wlY), %= wa °°

Gram- Schmza(t
’)(,l). ..) ')(_n.' lDCA, COOVA“"]GTE_S ohn M $ aIXJ ) ?Xhé%(/‘/]) ::ﬁ

Or%onorwm.ﬁ Vector ‘ffela(s e—,/-") ené%(M)ﬁeﬁwh- /e,,—@.é E(M)

W - AWn determines the ocientation of M. Ly A
of coovdinate domains,

. Suppose
AWn agrees on oVer|ap5
L WACAW s a 3(0‘:9&”(:, Aeﬁnd now here —vanli
shins n-Form w on M. @ is called the yplume form of +he oriented
Rie,mannfan manifold M . Its m‘l‘egra) over M is the volume of /"I
§ay = B, By =CTAENL, T x> = T4E (=3 ainy)
(3:)= AtA | A=(«%). cu(m
= dot (<) = {dek e (85) dx, .. /\Axh(zx.
e Lok (9. h

- . M~

linear opem‘{'or # EP(M)‘” E r(M) oh an orlented Riemannian manifold

*U):Wl/\---/\wn) X (Wip - paWn )=
¥ = (__.D pln-p)

-,%,,)—w(z"‘ Xg, - ;Z"‘»XtJ
:x)_ coew=Jqdaiacadx,

R -)F(w./\-.-/\wr): (‘JP-H/\"'/\“J;,
Define the in‘fegra\ sver M of o continuous —;Cuncﬂon 'f with compact
SulopaYt loﬂ = S ¥ = fMan

vi=d4f =d¢®,  diw V= yde V| VeX(M),
fec™m)




Stokes' theorem = the divergence theorem

If Vis a smooth vector field with compact support on a Riemannian

manifeld M, 14 D is a domain with smoeth Lob{hdai‘lj in M, and Tif

n is the unit outer normal vector $ield on 2D, then gd":‘f\/:fap<v,“>.
er, 5l 8nmt =0 ovthonormal vector ]‘Ie/d: along 2D.

V= 55: aiCi—ann, V= h: Qwi +anl = # V= Zaixw; tanxy onwp AV
= (—-l)"-‘ B B e Aoy s WIA" A Wney AV @ orlentation of M @N

WA A Wao i oFledtation of 2M  Stokes’ = SpdbaV = e = (”Dh&ab*v

= (—Dw_‘ Saj) Op WA NWn-1 = S?D LV,n>,

[De Rham Cohomeology]

Definition A p-form & on M s called closed it da=o. Lt iscalled
exact £ ghere is a Cp-])—{orm B such that x=dp. 4
4%=0 =2 Every exact form |s closed. Neot every closed {orm jc exact

Peincard Lemma @ Any closed p-form on an open ball jn R" js exact.
ex) -)c:'tow\"' % omm [R*=\ 1o} . not well defined .
|-form do= —Ydxiydy _ d (£an—'L) Ioca“ﬂ. 6 is not a fumction:

X +y= .
~-Yd x+XdYy \ _
40 js closed because < +ys /¢
. de= fe.do  but fode#+ { do Seye, do=2m /SLT
Tf & Js an exacf | Ao, “then S ""J X for any Ci Co with same
»ehal‘oomfs ch L %= 5cz-c, b= j?’(cl"l-)i*

. Exact forms cannet detect +he -hpologuj o f R™\ 1o},
De‘elmﬂom The quotient space o +he peal vector space of cloced p—forms
modulo the SHL’SPGCQ of exact p-forms is called +he P'H‘ de Rham
o__o_ln_q@_v_!ggg_ _qroup of M. Hip()= lclosed p-forms} / { exact y—&kms'l. :
ex) S'. 8: polar coordinate fumction . not well defined (defined onllj 4
up to ]yﬁrecjm( multiples of a1). However d& js a 310%”3 we ll-clefined
nowhere \)anislnihg |~form on §'. d6: volume Form.




Net exact g:‘lﬁ Fo. Al I~forms on S are closed .

K:l-form on S'% 3 cs.t. x-cdo is exact. 7 A= f(eMe cr=3_'%f5,°‘,
gtey:= 5, ($toy-cdde. > g(b+znn)=g(6) | dq= (Fler-c)db=w~cds.
Hier (S =R, Hig (S =0, ¥ pso,|.
There are no exact o-forme. A closed o~form on a connected manifold
is a comstant function. -+ Haep( connected manifold) = R.
oy T ﬂﬂ dx, dy: closed |-Forms Hig (T = RXR .
3 dxady : closed 2-form . Hir(t® 2 R,
x* {7 M=N ,C% map. 5 P(W) = EF(M)  commutes with d.

. '5'* maps closed Hforms to closed {orms and exact "Forms +oe)<ac‘fﬁhv§
; {-* induces a hemomorphism Hip(N) = HL (M), Yo
3 N=P, c=  Then (3-£)"= §¥oq¥ AIM M G id.
o A diffeomorphism §:M-nN induces jsomorphisms on de Rham cohomology.
ex) - S*and T7* are not d{{:'fe,omar,ohic, Ha,(zk(Sz)ga) HiR(SL)QIR‘
S*: Simply connected. = Every closed |—form en S* s exact,
ex) V= f&_+3j+hﬂq s a conservative vector field if _( V. A?:fc V-4dF.
£ = S Ved? = dk= {ia(xﬂoly»rka(z & vh= ‘f‘u_-rjg—t-hlk

o) d= %(x,n)o\x ¥ 30w dy , du (3%~ aa)”(ﬂ’\”‘ S
'591:‘3 A is exact if «=dh | ?h =7 i
?2*h )
c(O_Se,ol bewuse 2X9%Y ~ ZyaX .
ey) &=(2x+Yycosxy)dx + (cosxy) dYy om R* < is exact.

Definition & : EFM)— EYT(Mm) 5= R MY P
Define +he Laplace— Reltrami operator O Ef(MY — EF(M) lmj
D=45d+df.
. [/] [ \t} . — _ i
A E°(RYy— E°(RY A U)«.faxn
Q&ﬂﬂlﬁ-"-ﬂ HP={W6EP(M)-’ Acu:o’]_ harmon jc F-‘Fowns.
Theorem (Hodge) Each de Rham cohomolegy class on a compact oriented

Riemannjan manifold M contains a Mnl‘qme harmonlc y‘epre:en‘('a‘ﬂl/e.

( eX) € = Vidvandis —redinyadly 4v3 dh adre clscen) vo lume form -t Sz,

(\ﬁz‘H"zz’}' Y32>3i




I_bf/_&@"_”l (POincqre’ Aua{i‘t‘g) H:L_IE(M) = (HJPeR(M>)*-
Theorem { deRham) AL R (MY He (M3 RY
Define o bilinear function HZE(M) x Hr(MY = R by
(18}, L9 — [, 9a Y,
2: p-eyele in Hp(MsRY. Define Hlp (Md= Hp (M3R)Y by
P i {23y = §, .

Definition o, pe€ EPM) . <x,87:= O(A(j(s =<, a7
ol i= 42.;---<;P Liyeoriyy Wiy A 1 Wiy (5:3.%‘._%? @J’r"a‘r A AL
A, B7 = icip Hivip Biyereip
Bochner's Formula
—Lalel = —cax, w> + | i |*+ Ric («*, ).
Theorem (Bochner)
M": compact Riemannian ymanifold
D If Ricro, b (M) o and HM(M)\
) I€ Riezo, -W\eh lnarrnamc [-form on M is paralle] and bi(M)<n.
i) I R1c7/o and bi(M)=n, then M =Slat torus T".

a: harmente 1-form. . . .
b€ Bochner formulq = [#17: superharmeonic = ne jnterfor maximuwm,

= M’?-: const. > o: para/e}. o, Ricyo » =0, Riczo =2
A HA'.LR(M> < dim TpM =n.




