By definition, Y* 75 an algebra homomorphism ; Yhat is, Y*(wnp)= PFeray¥g

MYFw) = A Ztiigo ¥V d(Kiro¥) A-n Aty 0 WD) = Z(A(Bgyg, oA Al DA - A Xy o))
-‘—"P* ( Zo(a;‘...,;a/\ AXi A A d)(;,“) = 'P%( d“’)-

Inteqution on Man(—Fulaij

Vi a Vector space | (€1, el e, fuf - bases of V.

The bases are said to have the same orientation if det(d) >0 where
£ = Z °<j B o Al This is an equi(/a]ence relation on theset of
all bq5eg of \// and there are exactly two equ{(/a(ence classes.
Definition An orlented vector space (s a vector space pfus an equivalence
class of allowable bases: The bases of a chosen equivalencc class will be |
called oriented ov ,oosiﬁvallj oriented bases .

To extend the concept of orientation +o a manifold M one must Fry to
ovient each of +he tangent spaces TpM in such a way that orientation of
nearlﬂj Tangermt cpaces agree .

Definition We shal] call M ovientable HC there is a collection §= (v, $db
of coordinate systems on M s.£. b ‘(Vq,)eé V' and o(et(gx’“ ) >00n UV
whenever (U, %, xn) and (V,Y), -, 4,) belong to 2.
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Recall 33’3- =2 ?:;3 . dy= 2 ?—g& dx; .

Theorem M is orientable f and Dﬂlg it there 15 a nowhere-vanléhihj p—formn
on M.
Definition A C*partition of ity on M s a collection of c* functions 15:3
defined on M with +he following preperties:

(y fizoom M, supp($)= 47 (R-40}).

€D {SMPF(‘FA)} form a [oca”(j finite covering of M, and

(3) Zfilp) =1 for every pe M.

A collection {Au% of subsets of M is [oca”ﬂ finfte 1f whenever }OEM
+here exists a heiﬂkbarhOOJ W of p such that We n Ad ¥ ¢ for only 'ﬁ'm'f-e]g
many d . A partition of unity 1fi: €11} is subordinate +o the cover
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{Ug: xe Ay 74 for each £ there exists an o« such that supp(fi) < Usx.

Theovem (Exictence of Partition of unH'ﬂ) Let M be a differentiable
manifold and {U«: x€AY an OPeh cover of M . ThenHfere exists a countable
partition of unity $$0:4=1,23 Y subsrdinate to the cover {U«} with
su{op(f«) compact for each <.

PE) (4i): partition of wunity subovdinate +o the covey of M given by the
coovdinate neighborhoods jn +he collection & with 14 subordinate te (Vi X
) %3 .| Then Bom 2 dX,AIA---/\CQ)c: is & 3(obal n—form on M where
£i dxia Adxs is defined to be +he 0 n-form outside of Vi, That cv
vanishes newhere follows frop, +he fact that for each p, olp) is a finite
sum with poesitive coefficients (- (dy,a--ndy)cp) = dct(—j%) (X nAd xDP))

&) Let wbe a nowhere vanishing n-form on M. Chpose any wverfnﬁ

Y U, Pl by coordinate neighborhoods with local coordinates x%,-, % st
wlu, = )\“()() dx‘,‘,\ /\db(:. We can choose ’X, aws N o )\0(70 If ua(f‘up

+ & then lH‘(nMg— Ndx*a. /\d'xn A Aet(a)(/g)dxt/\ /\a(Xn 7\”(7(:/‘ /\an
o X de,t( )=kB and hence def( >D and M js orfentable.

¥ Integration in R" - +he Riemann }m"egml
Change of variable $ovmula E f(xMx—f ‘F(ﬂ(X))ﬁO()dX 9(c)=a, Jd)=}
§: diffeomorphism of DCfR" onte P(DD. J(®): determinant of the Jacobiam
motrix of ¢ : J¢=de t( ) Then LP(A)-F f f?ljﬂ + (90“"‘13‘{00“""“"“0“55
w: n-form en D<R"  Ffec® (D) ¢t w—wcdr,/\u-/\Arn, De fine {A“’=§Af,
ACD. Changc of variable formala => (g, =£(, 00D, "* HF 9 i oriertation
\ore_sewmg) it 9 is orientation re(/ersmg
P e¥(w)= $og 97 (Ar.)/\ APECdr) = 59 (3% dri) a-o A(ZSF A
= 5% Ak (25) drin-- adry
% Integration in M, wi n-form on M, assume SUppI < (U, F),
¢ ¥ (W)= fdr a..-adre. Define JMLU:S(?(L{)-{- : well~defined. This e becaus
5 supp(w) € (V,9) ) Hhen  §7%(w) = (t-97)* $70w0) and
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- N 3 1k )
Jcecm ¥ (w) :Sce(u) ($o ™) ¢ ™™ (wy = gwo@-‘(?(u)) 7 (w) = Sw) Y *w)

= I ¢ ¥(w)= gdr, oA dva then jca(u) = Sqa(v) 3. - well-defined . ’
What 1§ supp(w) ¢ coordinate neighborhood ¢ Choose & WV@"IM){W,‘M
of SMP\O(MS and Par'hﬁoh of unt‘(‘g{ A}Suborclum:rt‘e to {L{a

Tk = Zf:iw0. Define g w = z{ £ well- o(eflneo( ?

Lk {35} be anoﬂner Par-ﬂﬂoh of ahrt'g subordinate fo a Dover{\/ ‘{?A’
Saw=Z§, faw=F{ 8,50 = T, 4(2H:9) = g

Since

Definition A € manifold with boundary is a Hausdorff space M witha
countable basis of epen sets and a a(f{‘ferenfz'aéle structure T in +he
'S:ollow(ng Sense : 7‘ = { uo( ‘P.,L\; COV)SiSTS o“F 'Famfllj p'F Dpeh Sefs Uq a‘{cM

each with a omeomorphism % onto an open subset of H ={(x, -, Xn)
cR": X" 20} such that
(1) the Ua cover M ;

=) F (Ue, %) and (Up, %) are elements of 5, then Fpo fnr and

K0 ‘f\; are ohff%ynoqok(sms P ( Uz n Ug) and %(U«(\U(A) open
subsets of H";

(-t'oloolojfzca( as « suloSf'aca of R )

(3) Fis maximal with respect o +the loroper-ﬂ'es (1) and (R).
o B, 83, C9

Theorem ILf Mnis a C® manifold with loauna(amj,‘)'ﬁeh +the differentiable
structure of M determines a C7-differentiable structure of dimensisn

n—j on the subspace 2M of M. The inclusion <:2M=M s an embfdafinj l

pf) (Ua,Pde F = W Uan oM, Pulucasm )} ¢ differentiable structure$oran

Theorem Let M be qn oriented manifold with boundary. Then 2M s
orientable and the orientation of M determines an orientation of 2M
Theorem (Stokes” Theorem) Let M" be an orjented compact manifold. and
let w be a swmooth (n- |—+OYY'\ dg compact .SL{PPOY't Then f dw _'.fBM

bf) Suppose SMPP(w)C(U 9) ‘f(b{)c cube . i

$%(wy = 5 DAy dvace Ade A adry,




?**(d y=dg¥(w) = Zar Ay Aoy it
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: 5M"l“)= % go '_fo w dr, dv, =§o""
_)\J(Y" v ¥51,0, Y0, Y‘)]c‘)",-. C!I”J"' n
- Mﬁermse |

=0 I‘F SM‘DF(W)(\ 2M = 49 a nd 5 g )\,,(r‘,) ; Y_"_‘J 0>5{r."'0(r_
"‘*(W am> = () _')\ (h ey Vo, o) dr, A -adr,, .
E §9Mw _(D""\g .f /\ (rl -",Y",,..“D)dl’,-"drn_,
SP’\AW = (‘l)”jaMw = *('Dlvlw Q‘F"-er C,’\ﬂhgﬁ, af Dk[en'l'a-h‘oy‘ In SHCh a Wa'j ..‘-hq.t,
Dy, Un-l is an oriented pasis sf Te2M :T:? Vi, ) Vaa IS an oriented

lomsis 0'5: TPM ; where_ n s an outer Vector +o 2M at p

gl[/\ (Y' s YJ_, | Yj"“) Y'n)

* Ih‘reqmﬂon on a Riemannian manifald
Metric <, > gives a canonical [somovphism (MY = E'(M), Xexim) >

YeE'M), X(1)=¢XY>. weE'Mm)> weaecm B, rr=wln,

Gram-Schmidt

| 0 cal coaro(mg‘j“es on M = a'x, ) .axné%(/"l) _—_—rf——::@
y X éE(M) S“;oyase

'X-I)‘ v, ¥al
i X e%(["])g Xl
/\Xn agrees oh over‘aps

Orthonormal vector fields X1

Monen ¥ determines the Orlen‘t'a‘l‘lom of M. Kine
~

of coovdinate domains. 2 X AA Xh s & 3(0‘061”5 a(e:ﬁy,d now here —vani

w (s called +he volume form of +he oriented

shing Yl-‘f‘o\rm W on M.
Riemannl'an manifold M . Its m-l'egra} over M is the volume of M
95y = B By =CEAPX,, Zaf X o= Tia / (w =5 4%,
) SAEX)

(3.‘3) AtA A= ("(‘k) ‘U('a')q, ',*a)(,,) = w(Zo( X4,
° o= J_'o(x./\---/\o(xn,

= det (48) = [Lk(a55) dx, 4. A (R, 2K
Gi= wr(%




