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M comPac‘I' 2 Kzd>o |
on M = M: compact, 4 : Fi— M a covering —rmnsﬁarmaﬁoh) To 4o =TT

= {. is an isometry and preserves the orientation
a fixed point. =7 f : Tdentity .
Fransformatisns 2= T (M) .

(b) M:

in such a way that T preserves the ovientation.

n:ieven Thm = & has

= m(N)=o * the qroup of OOVerth

orientable double cover of M, with covering metric. Let f be a
covering +ronsformation of P_’T‘ Fid, 4 s an [sometry which reverses

the orientation of M. niodd, Thm 2 4 has a fixed point. = £=id.¥%

%) PZXP cannot have a me,’hrzc with PDS(‘TI\Vﬁ Qac_ﬂ\ohal eurvature
S'xP* cannot either,

. Ks <KS Rauch = [Tz v , T Jacobi freld 2.

4=131, T : Jacobi field onS*, Tle)=0=tc)
17V (0)= l{’(o) Cy: circle of vadius v j, =

I =2 < |
d=length 6X{>an5)on yatio of exp en é,
TPZD Er Te= Ae%\o(\rw> Sod= ky‘/rwl \JVY .

Vert L(c)=§, «ds = gé Bl - f, LN [\Pde L(Cr)
N Dy dssk of \mo(lus roinS D,.cS*% p.cTs
AP = (T Llendr 2 (] LGB r = 4B .
(DIHerenTLal FOYE

5 3
U,v: Vectors in K.

Cuxv)ew =

I/(-U') UxV = metric tensor

det(u,v,w) = velume of }mrauelayi‘ow(

determinant: multifinea r, aHerhaang

, differential form.
2 differential form.
metric: bilinear, symmetric
Definition. An alternating C*(M)-multilinear map ¢ MM)_’W’?
of order £ on C®manifold M will be called an B
exterior differential form of deayee fe (oF someTimes simply +f-Form)
[ co is called a"terv\aﬂng i

w(xn(l),' B X-,[a,_))z(Sﬂh K)‘”(Xl)'“, X{Q) (Xn, . '/X_hé %(M)) R
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for all permutations T in the permutation group Sq on fo letfers. Sgn T
is the sign of the permutation T (+1 jf T is even, —| if 7 js odd).
2w Is CPM)=multilinear i
w (X, Xia, $X43Y, Xiwr, =, Xa) = Tl Xaa X, Kasr, -, X
+ 9o (Xi,- -, Xia, Y, XKavt, -0, X))
whenever £,9e CUM) and Xi -, Xad, X0 Xaw, =, X € EM).
3. wis called €= if wX -, X)e (M) wheneveyr X./'-‘jxké (M),
4. E¥(M) denotes the set of al[ smooth exterior differential form of-
o\egvea fon M. Given weE®(M) and e EXM), +he exterior
EY‘DAMCT (ov ‘1’92(—5& progluc_’i') of co and ¢, denoted wA X, is defined
by waq (Xi, -, Xapg) = H,hum“ (sgn m) ‘U(Xnm,"} Xrgs) § Kegasny, -, Xetaess).
Here a ypermutation 1€ Sgep is called a fé_ L shutfle ™ rad< - <Tlh) and
T(RH) < L TR . Tn fact, wag = (D e aw e ERH (M)
If 7,5 Me E'(M) and o= Alan ANy, then
WX, Xe)= det (ng(%y)).
5. fec®MY F dfe EiM) | JAFf(X) =XF, XeX(M).
Xe (M) = The dual |—form w of X is defined by w(Y)={X)¥),
&K loCa( coordinates on UcM™ = For any |-form we Eiem)
W= Za,\d?(a?n Remembey Xe (MY & X =3 bigg:, on U.
e oMy = df=3 25 dxi on U. -
(. $ec?(M)=> dfe E'(M) . The |<form df |s called the exterior devivative

of the o-form $eE°M). This exterior differentiation operafor d has
an extension o EﬁU’l), f.70.

Theorem There exists a unique R -linear wmap 4: Eﬂ(M)—*E ‘(M) s.t,
() Tf fe E*(M)= C*(M) , Then df s +he 0((1"“)C€V‘en‘l’)a| of .
(2) I§ weE"(M) and € ES(M), then J((A)/\?)ziu)/\CP-I-(—‘l)rw/\olff’_

(3) Az— 0. r/r@’\\

v$) (A) H A exists and 3, F, ,'Fv, then (1) =(3) ”"Plff +hat for w=qdfa--sdk ‘
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we wust have dw=dgadfia... a1df.. Suppose M js covered by coordinate
Lunctions X, -+, Xn. Then d must be given by

h
aq,:,...';}_

oewl(Zm,_._ayaxﬁ-,,\...,\ d?(;r):zda;"__ﬁ.y,\dx*,,\.../\,(xgr, where Aa,;,._.,;y: JZ;‘ a%; p(xj

and 184, <4, < ap<h, Therechc) i+ defined atall, d is unt‘z(uz Th this case,

The d defined by (%) is [R-linear and +er74‘}5 Satisfies . For fe (M),
Ad(df) = ZA(B) adxi = Z ;

53 ”*_XE%?} dXjndXi=0. .. (3) helds,
W = aal?(,:,/\---/\ﬂ“ar and (P:_—LAXJ',A--'A ij_s_ Then |
AL (adusy nooend¥e, ) (bAXjn-cn dtsg)] :A(aw(Ax;"\m/\dx‘*)"(a(xj./\---M(xé.sj
=AYb +aldb)Ia(d¥z, A - Adx/‘r)A(O(XJ',A'--/\JXJ'Q
=(dandbyn-adtir) A (bdxjia-adxy) + () (adxya - AdriYaldbadxy A Adx)3(3),
(B) Sumooce_ that d with properties (1)=(3) is defined am_d that UM js a
: . @) uniquely defines du. o
coovdinafe neighborhoed with coordinates X, ", %a Y Show that the restriction
of dw to U is equal fo dy applied tow restricted to U: (dw)y = dyou .
() T d satisfying (1)-(3) exists, it is unique. Cover M by coordinate
Hefﬂhloov‘% LU, 8t and define (deu = du Wy, . Let U=Uanle and shos

(Aukwud) u= duw = (Auﬁ wu@) u.

I4 ¥: M= is o smooth map AY s the diffevential of 4 at peM which is
a Vinear map d¥:T,M — TyoN defined by dfwd(g)= v@y) veTpM, 36y
If wis & form on N, HBen we can Pu” w back to a form on M by setting
‘\’*(Wﬂ\o';‘)(*(wlwm), More yrec?Se[g, L[’*CW)(X,J---,Xﬁ)(P):‘0%,,)(0{‘/0(1(?)),--?LP(Xh(P)»
Lor weE* (W) and for vector fields X, Xeon M,

Theovem  §* commufes with o3 that is, d(P*w)) = ¥(dw) ~ we EXCM)
pf) Fe N =EIMI > VA(f)=fob € CUMY. 4% (df gy Y () =4F (d40)) = HIE)
=v(fe¥) =d($o¥), (W, ve M.~ $F(Af) = d(fo¥) = (4X() .
Let wéEi(M)j peM. Cheese a coovdinate system (Y, %, Yn) about Pp
and a mt‘j\'\loorl/\wa‘ ‘é’ﬁ p s.t. wly = P A “lg d?(;l/\-u/\d?(,{h, Lt $ollows Hhat
W OIVE Z Qi o A(Xs, o P Ad (X2 o) | Hence p¥(wde E*M) .




