ex) T2 and §%xs' can have no positive Ricci curvature.
Rauch Comparison Theorem

Let M" M/ be Riemannian ymanifolds and let ¥, % i[04~ MHMe be

normal 5%0\.@5]cs) and set Y'=T, o'=T.. Assume Ku, 7 Km. Acsume Furthe,

that for ne telo, L] is Y,(t) comjugate To Y,(o) qlong Y, Let V, Vo be

Jacobi $ields along Y, Yo <.t. V(0), V.(e) are perpendicular to Y, ¥, and

Vsl = ool TV =< T, Wie))  Viel= v/l

Then for all telo, L], | veol z ) Vo).

Ravch Comparison Theovem (S{mp!ek Ve rsion)

Assume Kmsa.

() If T is a Tacobi field qlonq o unit ~Speed geodesic Ylpo,03 and T s

perpendicular to Y, then [T1*+allTh 20 along ¥.

2 I ¥ s a solution on [6,¢] of ¢"sat=0, P(o)=[|FlCo), Ylor= [T oD,
and Y0 on (0,0), Hen <’”%Ly?° and (|77 ¥ on (0,0).
(¢=1 3, Ja is the Jacobi 'ﬁeln( a(m’\ﬁ ¥ in M with KM=_—4.>

) 130= SHE 1Tl =150 1 Vel RIT,DHT,IO -l T 775
7 —a 3l + ISP o T2 71— <3, 97 3>°) 2 ~alwl.
o (L= W Il Fem i 4 -llly, Floy=o.
Then F/=Izl"¥Y-1Tly" 2 —afzly +lzllay =o.

Theorem ( Cartan — Hadamard ) Let M be complete and Ky <o, Then for

any peM, exfpi ToM—M s a covering map. Hence +he universal covering |
Space of M s d{HeomovPhsb +o R" and the homotopy groups Tr. (M) vanish For §
A1,

Lemma
Lemma

If ¢ M= N is a local igpme‘l‘n] and M is wm'o[e'(‘e,, then
R s a oo\/ering mep.

vf of thm) Rauch = M has no conjugate peinTs. = a(exn, (s Mohsfn@u/ar.
Z €xp, can ;ﬂu“ back +the metric =7 ™M onTPM which makes it a |ocaf

isometry. The lines through the origin of TyM are geodesics because they




éd

are mapped by exp, into geodesics on M. i By Hopf-Rinow theovem T,M
iscomplete. - Lemma S eXp, js a covering map. - Ti(M)= 71 (M) For
A7 2 f Meovers M. Hence Ti(M)=T:(R")=o.
Corollary Let M" be complete, simply connected and have nonpositive
curvature. Then M s diffeomorphic to R".
) STx 8T cannot have a wmetric with nenpositive curvature
ex) Bonnet—Myers: Ric(a, x) 2 (n-nH = (M) S i sharp . M=g",
2=Y**Y" : H=0, honcompact.
Let M" be complete with Ric(%,X)2 75 , Yunit x. If d(M)=1F,
Hen M7 is isometrc +p S"(r) (s.y Cheng)

Theovem (We?ns‘l’ein) Let ¥ be an 550meTrcj of a compact oriented
Riemannian manifod M" Suppose that M has positive sectional curvature
and that F preserves the ovientation of M if n (s even, and reverces

4 if nisedd. Then T has a Fixed point  i.e., there exists pe M with
LP=P.

2 Suppose +hat f(@)-f—‘[ for all 92eM . Let peM s.t dp,fLp>) attains

o minimum. There €xists a novmal m;m‘mii,‘hﬂ 3%0{25]C Yilofl-= M
with Y(0)=P, Y()=F5(P). Is yv$(¥) sharp or Smooth at ¥(2)?

£7(p) .
PM or /’)/j’: ) M’)
) L

A(p' £p0) € A0, F) A, fp)) =d (P £p) +dep, by =4 (p, ).
Because d(p,$(p) is winimum, d(p,$GO)=dLy,$p)+d(§pd £(p").

L YVUS(D is a geodesic .

Let p(s) be a geodesic with Bled=p s.t. @émr'(o)_ Then F(B) Is o
gecdesic from $(p) , that is, F2B(0d=Fp) st. (ep)ldL Y1) because

(—§°Y>/(°)= Xlll). Is there a Para”e| vector ffeu By
efiolong Y(E) s t. €()=f() and er(g) = (Fop)(0)? ’ L. f?;fw
Let A= Poo({l\o t ToM = TpM, wheve P is the paralle) ’f'm“S}anowmm
C\’Dnj Y



)

$(p)= YL to p. Then ,Qf Is an fSome'hfy, Such \mra{(é—’ {ield e, ()

exists i Ale o)) = eilo).

Lemmo_ Let A be an o\/‘rhojomal linear transfermation of R
suppose that det A=(=1)" Then A leaves invariant Some nenzero
vector o‘F TR”—'.
bf) nieven 3 det(A-AI): polynomial of odd deqree. = A has a

veal eigenvalue, k| ConjugaJre, eigehvalues afib 3 Thejr preduct is

pesitive. det(A)=] = One aijem/alue equals 1.
n:odd = deA(A)=—1 = 3 at least two red eigenvalues, one of

which je PosHlve =1.
(fe V(=¥ (0) 3 F(¥)=Y(). Let A be-the restriction

owc A to the orﬂ\oqonal wmp/emerﬁ of Y/CO) R a”CO)J'. Then A s
orthogonal on R"™ . det A = det A = dat(pouf,) = (1", = P preser-
Lemma = A leaves a vector U |nvariant, Let

ves orlentation.
Then €,(t) L ¥ (t).

e\(t)beo\ uni+ pam”el field alonj Y st €l Y=1.
Podf, (e.(0)) = €1(o) > dfy(ea) =c,(0). B jeodzs{c, slo)=p, plod=
e (0) > FoB0): 3@00\—251(,) 'fﬁ@) ‘HP)-YU.) bt°ﬁ)(0) e(e)

Let h be a varjation of Y given by - h(s,t)=expy (se), se(£e)
telo gl hisod=p() = his, 1> expyy, (se (1) =(Fop)(). V(E) =
z?Lwnm(se»&»!s =), . YuV=o. Therefore

>s=<°) = <9V, ¥ > +S <, \/ V.V > ~RW, DT, V>
\/(s,o),%mpp(se,(a)) = 8's), V(s )= %%}@(P) (se))= (o 6)’(5)

LYW ee)=0, WV(e, py=0. S LY (e) <o: comtradiction.

f/)L) &I S'\_/)Sh: anTl'PvoJ ma,';_

gg_»:o_ugr_g.(S\jnge) Let M"” be a compact man ifold with Yositive section al j

curvature. (o) IE M" is orientable and n is even, Hhen M is simply

B ™ nis oou} then M" is orientable .

connected.
o~ s "
M has the covering mefric.

pE) T M= M universal cover. Ovient M

!




