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! The second variation formula. Valid for Piecawfse smooth variations.
In case the variation is through geodusics, T<V, T7 and TEW,TY are constait,
Then i VT or {W, T> vanishes at beth em(pol'ntsﬁhe last term dropsout,
K Vov W vanishes af the endpoints, o more ge,nemﬂgl WW=0o  we get

2% - (b .
o s ga VY UeWs + ROW, TV, TD.

Inthis cace the second variation depends only on the vestrictions of V) WeoY,

We call the above inteqral the index form I(V, W), : symmetric bLilinear $orm
onthe space of plecawise smooth vectfor fields V,Wq/mj Y.t {VTr=Lw,T)=0
L is independent of the ovientation of Y.

If L js positive definfte on vector fields \/qy,;_g(q,'nﬂ ot ¥(@), ¥(b), then ¥V

IS a m[n{mmm amohj a” ywarhj curves Wl"fﬁ 1-/')& Same cndpainfs.

ProlgosHion Let T be defined on all Piecaw{se smovth vector $ields q|anj Y which

vanish at the endpoints. Then the null space of L is exactly the set of Jacel]

{ields aloncBY which vanish at Y2) and Y(b). Specifically, V is a Jacobi

field if and onfg if I(v,w) =0 for all w.

pf) Let § be a function vanishing at the endpoints and positive elsewhere.
W:i= $) (= V9% V+R(MWT) & Vis a Jacobi freld.

Cova(farg I has a pontrivial null space if and onlg if Y() Is conjugate To ¥,

along Y. The dimension of the null space is the order of the conjugate point
Y(b).

rE) Tt H%‘Eexrw,)(’ﬂ sTlNt  linear isomorphism between the null space
of dexp andthe cpace of Jacobi fields a'oan which vanish at the endpoints

v/=p /_ -
2) )j < ) L'=o L=o
L_ >0 . L”<o LI/':O

Lndex Lemma Let ¥ be a gepdecic in M firwan PLEs g, ok SiMele gle. belpoinEs
conjugate o p on V. Lef W be a piecewise smooth vector Tield en Y and V
the unique Jacobl field st. Vip)=w(p)=o and V(3)=WI(3). Then Ttv,v)sL(ww)
and equality holds only if V=W.




&

vé) {Vil: basis of ToM. Extend each Vi +o a Jacobi field «/omj T st. Vi(p)=o.
s Mvnque, " ho ooh)'uaa’l‘e Foinfs an Y. V: are h'nearlg n'nalepe,nden‘f C)@e,meL p.

Since Vilp)=o, Vi=tA; $or £ of Y&): Lo, (]2 M and A;: seme yector £ield anY. 3

Vi (\0)' Aifo. o RAL s lnmzarfg (nclelocndenf o390 st W= 29 (0)A;,

Since W,=0, 3 (" 45 s.t. W= S$:Vi. Then V= 20D V;

N v, V)=V, V)l 0L =V, Trup v +LRLT, VBT, V> =V Oy, vy = 2005 1)<V(|)
V )

D T U,V are Jacebi &eMs then V',V 2 =i Vo= const. (=0 V(f)~o)
(<vﬁ, - > — s, V. >) VS Va4V V> =V v ~CUA, v;">
=<y V> = & v"> (RTVIT, V7 - ~V;, R(T,V;)T>=0.

Now Tew = £ Vet Tl i=A+B.
T(w, W= (<A, A +<A,B>+<B, A+ <B,BY TCRIT, WHT, W),
[<B,B>= ZS'H <V;',V’>= H-f((v;’,\/3-7’—<v,;")\/3->)_

B RN TOLAAORAO R I A ZA 2 S v £V V> + R, W)T, w),

By 1) the first term is I(V, V). By 2) the secondterm js §<A,B> HRird Jerwa =11 <B,A2
Hence Tlw,w) = v V) + (&a 45 [<AA> 20 and "= only if w=V.

* Y(o) s the First wnjuﬂd{'e Poin"' of ¥(o) a’onﬂ Y For W vqnfshin% at ¥(e)

and Y(t) 9 with t<te, L'=T(W,W)Z I, v)=0, - Geodesics minimize

locally 4 up o +he $First covg ugah», )oomf among curies with the same end )oolm‘s

Covollary, Let Y:[o,e0> M be o qeodssic, and let Ylt.) be conjugate To Y(o).

Y(Lo &1

Then Yl[o t] Is not minimal For £>ts.
¥t

PE) Y(t.): §irst point oonjuﬁa‘i'e t» Ylo). JT: nonhzero Jacobi f{eu a,oh

Jlo)=TM)=0. Extend J to T on all of ¥ by T(£)= ofor t2t,.
[t,-8, tT51.}

m &: small s.t. ?f" f/DhjugaTe tool'n'fs on ¥

" e Define Vby V=T o [0,t.~51 , V= TJacobi Sield W
on [tob, t,1d7] s.t. Wt,-8)=T(t.~d), W (ot 8)=0,

2 on Lt,-8 tpm‘.

V=0 on [.to+g)'t]_ T is not o :)_“COL’\ '9(.3\4 slhee 1t js not C
Hence ICV, V) CICT,T) on Lt,-d to+d]. Since T=V outside this intervel




&

LV, VOKI(T, D =0, .V induees a variation which keeps the end points

fixed and decreases the lenath of Y.
3@&5(¢Mt.

L M e >

% We define the diameter d(M) of M +o be the supremum of dip,q) for p.qem.
Theorem (Mgcrs and Bonnet)

Let M" be a complete Riemannian manifold .  If

€)) (Mgers) for all unit vectors %, Ric(x,x)2(n-0 H) oF

(2> (Bonnet) Ky 7z H,

then every geodesic of |ength ;’\%‘ has conjugate points. Hence the djamster
of M satisfies d(M) € T
Pf) Eix a hormal gcoo\es{c Y: Lo f1->M. LE}L: o rthonormal basis of pqm”e_l

$ields AIong Y st Exe =1 V\/;:S(—H'Z% ilt) along ¥ Then

Twi wiy=— (5 Wi | Fevai + RGwz, Ty T dt

= (R ( s (B <R TIT ESD) dt.

Thus if, for any +, <R(E;, TOT,E:>ZH and L 3\% then T(Wi,Wi)<o. (Bonnad)
OpLf RIT,TY 7 (n-0 H and {27k, then one HwW:, wi) So. (heyers)

n~|

> T(Wi,w;) = Lﬁ Sinz%((nﬂ)% - Rie (T, 'T))dt.

But i Y had no conjugate points, Index Lemma would fmp,\j that Hhere Is a
Tacobi feld Ts.t. (T, T)<o and T would vanish at ¥(0) and ¥ (L) : contradicin
Y has conjugate points, and ¥ Is not minimal. (More directly | Wi gives a
length decreasing variation.)

M M: Oom,ole‘f‘g_ IF Ric(x,x) 2 (n-0H70 for all unit vectors X and Some

Hyo, then M is oom‘oac:t' and hag 'ffn{—fe 'Fwno(amen‘m[ g roup.
vf) M: universal cover of M Since T:M—M is a local o“ﬁ'“”"”("“fsm;

it nduces a Riemannian Structure on I‘Ij\) and the curvature tensor R af pef
is isomorphic +» Rat T(F)eM. - Myers theorem > (M) <. S M is
compact. . T(p) has $inite carol(nal;‘m and 19 K\(M%*_’h(ﬁ)twge-{— space.




