ORDINARY DIFFERENTIAL EQUATIONS: MIDTERM
EXAMINATION

I. (a) Solve the O.D.E. ¢/(t) = % with initial condition
y(1) =0. (7 pt)

(b) Solve the O.D.E. (3y + 22y?) + (z + 22%y)% = 0 with
initial condition y(1) = 1. (Hint: An integrating factor
of the O.D.E. is of the form h(zy), for some continuous
function h). (8 pts)

(c) Solve the O.D.E. 4y/(t) — 44/ (t) + y(t) = 8. (7 pts)

IT. Use the method of reduction of order to find the general
solution to the following O.D.E.

(sint)y” — (sint + cost)y + (cost)y =0, 0<t<m,
provided that one solution y = ¢1(t)y = €' is given. (8
pts)

Find the general solution to the O.D.E.

(1% — 2t + 2)y D (t) — t2y@(t) + 2ty (t) — 2y(t) = 0
given two of the solutions y = ¢1(t) = e’ and y = ¢a(t) = t.
(12 pts)

[H) (a) Let {p1(f), va(t),...,¢n(t)} be a linear independent set of
n-times continuously differentiable functions on an open
interval I C R. Show that there exists a set of continuous
functions {p,_1(¢t),...,p1(t),po(t)} on I such that

P () + Pact (DR (E) + -+ i) (1) + po()pi(t) = 0
on I, for every j =1,...,n.
(10 pts)

(b) Find a second order linear O.D.E that has {e',sint} as a
fundamental set. (7 pts)

0 -3 1 2
2 1 -1 2
V. Let A= | 75 | |
2 -3 1 4

(a) Find a Jordan decomposition of A. (8 pts)
(b) Find the general solution to the O.D.E. 2/(t) = Axz(t). (8

pts)
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(a) Check that W(t) = ( itt4 _ttQ

of the homogeneous O.D.E. 2/(t) = P(t)x(t) for t > 0. (5
pts)

(b) Find the general solution of the O.D.E. 2/(t) = P(t)x+f(t),

£ > 0, where f(t) — ( 484 ).(10 pts)

is a fundamental matrix

VI. Let 1 =y, xo2 = v/, 3 = 3", then the third order equation
(1) yO ()" + q(t)y +r(t)y =0
corresponds to the system
T = 19,
(2) Ty = T,
ry = —r(t)rr — q(t)z2 — p(t)zs.
Show that if {y1,y2,y3} and {¢1, ¢o, 3} are fundamental sets
of equation (1) and (2), respectively, then

W (Y1, y2,y3)(t) = W (b1, 62, 93)(t),

where ¢ is a non-zero constant and W and W denote the Wron-
Y1 Y2 Ys
skian functions given by Wy, ya,y3) = det | yi vh vs
vl oy, oy
and W(¢17 ¢2) ¢3) = det (gbla ¢27 ¢3) (]‘0 ptS)



