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Assignment 7

Deadline: March 13, 2019

Hand in: Supplementary Problems no 1, 2, 4, 9.

Supplementary Problems

Many problems are taken from Text. I have rearranged them.

1. Study the uniform convergence for the following sequences of functions on the indicated
intervals. Find the pointwise limits first.
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2. Study the uniform convergence of the following sequences of functions on the indicated
intervals by any method.
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3. Study the pointwise and uniform convergence of {no‘xﬁ e*”"’”} on [0,00) for «, 8 > 0.

4. Find the pointwise limit of {(cos7z)?"}, » € (—00,00), and show that it is uniformly
convergent on [a, b] as long as [a,b] N Z is empty.

5. Find the pointwise limit of {Arctan nz} and show that this sequence of functions is
uniformly convergent on [a,00) for every positive a but not uniformly convergent on
(0,00). The function Arctan is the inverse function of the tangent function on (—oo, c0)
to (=m/2,7/2). A sketch of their graphs will help.

6. Let f, = f and g, = g. Prove that af,, + B9, = af + Bg for a, 5 € R.

7. Let the two sequences of functions { f,, } and { g, } uniformly converge to f and g respectively
in b.
(a) Show that their product { f,gn} converges to fg uniformly on E under the assumption
that || fn|| < M ,||gn|| < N for all n > 1 for some M, N.
(b) Let fn(z) =2+ 1/n = f(z) = z on (—00,00). Show that {f2} does not converge

uniformly to f2. It shows that the assumption in (a) cannot be dropped.

8. Let f, = f on [a,b] and || fn||cc < M. For every continuous function ® on [—M, M], show
that ® o f,, = ® o f on [a,b].
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9. Show that the following sequences are not uniformly convergent:

(a) {(cosmz)?"} on [a,b] where [a,b] NZ # ¢.
(b) {(z—2)/"} on [2,5]

(c) {tan (11?:2671)} on (0,1).

10. (Optional) Let f, € C[a,b] converge pointwisely to f on [a,b]. Suppose that f, = f on
(a,b). Show that f € Cla,b] and f, == f on [a,b].

11. Let {zx} be an enumeration of all rational numbers in [0,1]. Define h,(x) to be 1 at
r =1,...,T, and to be zero otherwise. Using this sequence to show that pointwise limit
of integrable functions may not be integrable. (I have done this in class. Want you to do

it again.)



