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Q1
) I Midterm Q 5) Let 5 :[ 0.13×10,13 → IR be defined as

I

,
X :  rational and OSYLI

FIX ,  y ) = { O
,

X :  rational and

KEYLlO
,

X :irrationaland OSYLI
I

,
X :

irrationaland
Is

y L I

(a) Show  that Silo -5N .  ysdxdy does not exist
.

(b) Show that Silo -5K .  ysdydxexists  and find its  value
.

Sol ) (a) It suffices  to  show  that Hye  to
,

I ]
,

fo'T HY )dx does  not exist
.

Case I : o Eyck .  then
sexy , = {

I
.

x :  rational

O
,

X :  irrational

n

a "
. For  any partition D= I Ik }

,⇐ ,
,

V

Ifk
 Eh,

I  Xi . .
I C- Ik  s 't .

Xk :  rational and 5k :  irrational
.

-

'

. flxk
, y ) = Is -515k

,
 y ) =

o

.

'

. Ypf
,  o If

,

flxk
.
 y ) OXK  

=

It
0 = fpif,o¥

,

-514k
, y ) OXK

Case 2 : ICY El
.

Same notations  as  above
,

but  flxk
. y ) = O 's TNT

,  y )= I

Ypf
,  o If

,

flxk
.
 Y ) Oka  

= OF I = fpifoE
,

-514k
, y ) Okk

i
. In both cases

,

toflxnpdx does  not exist
.

-



(b) Step I :

Show
 that

HXEEO
,

I ]
,

So's

Kiddy
exists and find its value

.

Case I : x :  rational
.  then

fix .  = { to.

,

O EY ⇐

keys I

a "
. TH .  y ) is  continuous  in  y except y =L

,
and hence  is  integrable .

and

to
flx ,  y ) dy = Sot -5k

,  y ) dy t Sith ,  y , dy
= [ y ) 'T t O = ICase2 : X :  irrational

,

then fix .  = {
0

.

,

Of Ys 'T

I keys I

a "
. TH .  y ) is  continuous  in  y except y

= I
,

and hence  is  integrable .

and to -5k ,  y ) dy = Sok -5k
,  y ) dy t Sith ,  y , dy

= O

TED
's = I

.

'

. In both cases
,

totlxiy ) dy exists  and = I
.

Step 2 : Show  that to tofkiydydx exists  and find its  value .

Sjlofcxiysdydx = to tzdx  exists

=L I ]j =L
,



Q2 ) I Midterm Q 4)

Evaluate SIS lxyzldv ,
 where

D

(a) D is  the unit ball in 1133
.

(b) D is the solid enclosed by the ellipsoid
t It  + I  = I

when a
,

b
,  c > O

Sol ) I a) Step I : Simplify the integral by the symmetry .

Note that the function Tex
,  y ,  zklxyzlis  even  w .  rt .  x.  y ,  z

( i.e .
 THX

,  ty
,

I  2) =  FIX ,  y ,  2 ) )

and D is  symmetric  w .  it .  X
,  y ,  z lie . I x,  y ,  2) ED ⇐  Ctx

,  Ey
,  -12 ) E  D )

:
.

Sff lxyzldv = 8.
Spss

,

lxyzldv
,

where D
'

is  the portion

of unit bull that lies  in the first octant
.

= 8. SSS xyz DV

Z D
'

^

Picture :

D
'

. .

X

"



Step 2 : Describe D
'

using spherical coordinates
.

D
'  

= { I p , 4,0 ) E
 I o

,  to ) x To
, IT ] x  E 0,24 ) I of PE  I ; o E to E

'

Is Of O EE }

Step 3 : Compute Sff
,

Xyz DV using spherical coordinates
.

§! xyzd V = I ! to Cpsinloaosollpsinlosino ) l Paes to ) ( p 's into dpdlodo )

=LSF snow  so do ) I SF sin 't  cost do ) l sips
.

de )

= [ sino ] !
 

[ sina.IT#-E'o=fg

Step 4 : Compute Sff kyzldv
.

lxyzldv = 8 Sf! xyzdv = 8. Is = IT
,



(b) Step I : Apply a change of variable X =  u

{

yin
.

z  =  CW

then thx ¥ = I ⇐ u4v4  WE I

.

.

. D is transformed to the unit ball D
"

in 1123
.

Step 2 : Compute the Jacobian
,  W )

2K
,
 Y z ) it !!! leak

Step 3 : Apply the change of variables  formula
.

Sff lxyzldv =

If !lav.br .  owl ( label dudvdw )

= ab 'd ftp.fluvwldv

=  as hi c
'

. I I by Cas )



Q

3)
( Midterm Q 3) Find the volume of the solid bounded by

the cone 2=2 Rft between  the planes 2=2 and 2=4 .

Sol ) Step I : Sketch the solid D
.

2

^
2=4

HAHA
2=2-

-

D

>  y
2=2 Eye

¥

2=4

I 2=2

Step 2 : Compute the volumes 05

✓
and

8

More generally : Compute the volume  of Ce ,
where to

E
Z=  I

a
41

2=2*1
?  Y

X

'

then Voll D) = Voll

 "

) - Voll I Vol Ka ) - Volta )



Step 3 : Describe Ct using cylindrical coordinates
.

Note that 2=2 axe ⇐ 2=2 r ⇐ r= Zz

<

'

. Ct = { ( r
,

A
,

z ) E  [ O ,  
too ) ×  [ 0,2  IT ) x [ O

,  t ] I O s 2 St ;Of OCZTT : O EREE }

Step 4 : Compute Voll Ce ) using

cylindrical

coordinates .

Vol I Ct ) = SIS! I ? rdrdodz

= Isi
"

do ) SELFIE da

= 21T . Iot ZI dz  = If [ FIT = Tht
's

Step 5 : Compute Vol LD ) .

Voll D) = Volk
¢
) - Voll CD = Ft I 43-2

'

) = FIT
,


