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§l. Bosic M™
From T to ToT s X +73

(X4, X+3) = % Signatuve ()
Self - adjoint endomovphism, o.n
(2 %) bk
eg,.( 2 %), need
(B(X+%), %+L)=(BX) ., X) =-(X,B()

= B:T— T  skew. 12 Re AT”
(O O)l:o :>OY'H'\080ha) a(fl.'o, X+3 —= X+3T414B

R O o o
e(go) =T+ (é t;) B——pfe\ol Qchion,

Lie bracLe)L w—> (ourant bvacket
[X+2, Y +7)
= DX YT+ ] = A -z d g -2%)

T T

39 Jacobi idenjci%y , 1€ mo‘t Lie a\g.

(ProP: L. ] ic }:reserved [’)’ closed E—O(re)ds.
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- DiffM X (Y
X +% <€ [N(Te T*)
> X —ds € Lie(Diff(M) v Q) =g
octs on [(TeT") ¢

X- d3 =X
Y+ 285 2 (Yt ) - yd3 =T UV v =Yy

Ex: Courant bnacket = L (uv —vuw)

Ex: & (uv+vud = 4 (ey—1y df + Ly7 - 2xdy)
=1 J(zwg + ¢ %)
= d (wv)

pnop: “u v \/\/>:<U\/)\/\/ + v (Uw), 1'.€,d€YVl'OL£ﬂ

N wr(-\:e ~
PJC. u=X +% m— Y = X-d%

~ ~ Ao~ ~ o~ Ll' brac ket
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Mm—> \/ — cara\bln of@CT@T TX X+|V
_L subbdl \L’
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subbdl {
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Prop: X € '(T)and vellV)
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3 Spinor O on T@TH, 00
> SP\'Y\OY‘ $ - /\T* (® (/\TODT*)\/z)
Clifford action (T+T9) x NT — AT
(X+3):- @ =x@+ L
(2D (X +1V == P =T, X+DP)
B*g\'e\c\ action on ?(D >¢ , B 6/\QT*
(BA(mﬁ)@—(zwm) Bap=- (2xB)p— B, 2x¥ + BuixP)
w— s e e
* On maniold. Diff (M) NQchm (2)
(X = d1) - @ =Lxg+dI.Y
= d (X+4) @ +(X+1)-df
L“Com)tan" formula,
§ TwisjceO\ Sjﬁruc{ures

TeT . (.,).0[.]) pnesenved by closed B—ch'elols.

u@ Bo{(; € QZ« (Ua n U(s’)
e U
‘ BJ‘; + B(S’Y T BY& — O on Ua(sv

(T@T*Nud = (TQT%)\]ufs on uolp
via X + % ‘ > X o+ E 1By

Mm—> VQC%OT Elmo\\e E, \oca\17 ’moc\enec\ on | EBT94

indeed , an ex{v’\. O‘%—Y* — F — T — o0
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’ COY\S\AEAO _%Qfl d> Qg §Qi( — 9, €X.seq- og s\'\f
[B.p] € F'(Q%) = H(Q%)/dH1) = Hir(M. R)
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(E,C.)) »—> Spinor bundle O :
NT NT
Viok e = (andPCe
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= 4 (") — I'(s™)
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Ua u(g on ua{F
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0o T 5 FE —T 55 o
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m— H= dF. =dF (- dBap=0)
e. H € Qu(M)
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wos Y= € = e e (M)
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(~ <jeﬂ\oes)



G\'Ven {wfsjceo{ s%rch(wre,
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’\Def\”.,) A Senenal('zecl me{'vfc i B e o« Su‘okc“
V < E 0\5: ravx)< ! S.'l:‘ (,)lv > O

ie.  vedudion O(m.n) = O(n)*
Loca”)(, V is o 8YQPL\ o]C l’me—;T*
ha = 90 + Fy e SymT e AT, 3 9
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Fp - Fol.

( )I So N E —> T —o
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Defme Vx\fzo )Co\r \eH TNV, \/ecJ&o‘r f\'eus

— -NOCL 'me%r\'c w/ s‘kew—'\:ovs{or\

2%2. Y Henmijciom Vrlfd,, I Bismut) connection
Vg =0 =V7], Tor(V)=dw=Jdw=:H
dH=90 & dd'w = o

10 S—kronﬂ K&Mm w/ jLowrs{or\ (SKT) metric.



Gen. metric & usual metyic + 1‘soJ[ronc SPliJch‘n3 Va= Im(g’ff]).
~— closed 3-3Corm H=<s.[s.s1>.

. Gewmaln'zeo( connection D T(E)—T(E*®E)
. Leibniz < C‘ompo&- w/ < O

Torsion |p € /\gE
T'D(Q"e"eg): <D€. €. —Dege\" [61,62]/€3>+<:D93€‘ ) €2>

*

’ Guapcieri-stmch Connection V- T/{\A
-

Given gen. mebeic  \/x (Ve =T) / C

w— (1) C:E—E wa Pno\jecjcion

C(\Ve)=Vs
(2) Connection D5§ = le., £adet [ ,f_]_4[ce_,§-]_+[c eh:ﬁl{

B B
D pnesevves \/ﬂ; 5 Jcom‘on _E)B 03[ D 1$ SLEL«J-SVW\W\,

PﬂOjQC']: {0 _]— m— Vi - V3 =+ L S—lH 2 me’:n'c conn. w/

skew-symm torsion

D= Dg -3 T
Mm—> D;C : \/+ — \/+ %Y \/i* 137 resjoric%ioym
"> ¢:C : gt(\/ﬁ — $(V+) assuvning dimM = an.



% Ki“ing) spmors
RQCO\“ : :Def "[é F(gM) k\'”[YIO\\ Spmov‘ 1“1(
3 A€ (EndTm)<t. Vi = A(X)-’] Y X
A = ] o Re=C
A = 0o, "M pure = SPecio«\ l'\o,onomy

Def. 71 € %y () K{ang spinor  if DL*CY -0 ::D_ch

,PHDP(anomoleZ'Pul)io-T\'plm) 7z¢0 pure kf”fng Spivnor
= H=0 4 9 CY metvic.

[Fle H(P.R)® v G—P—M
s oo TP— E—TP—o
equvan, exact Couwrant algebroid /T
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M = P/G



Cl’\oose ar\)/ G—eguivan. isojnfopic SpliHMg oj: /E\'.

~~> Conneckion A on P
st P = Yot C(Z,A)

H = pPPH - CS(A)
dii=o = dH = (R = p(P)=o

¢ IY\ Pl’\ysfcs, P — Rr x /}DK w K < EgxEg
e 3< >q [ 1 on E

T%QOTQM (F@mamleZ'PulaiO"T‘plm)
(\// '7+) PMYQ K”W\% stov- w/ s;awajtwre 2n

&= g{romin@@ﬂ S sJ(eWx (00, A)  on CY (X Q)
w H=dw , [H]l=[pdw-Cs(A)]

(\Fa =0 = P

1dw" =
L B2 W = C(FA2>
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§ Ge\/\eralizeov ComPlex structure

Recall usual complex structure.
(Lovean)  T:T — T w/ T =-
M~> (‘H)-c\'%enspace n | @C »> T

(IY\']I?.%YO(\D{“{Y) [Tbo p T‘/o] — TLO (;Fov sec:kfons)

1.0

Def+ Generolized complex chchcwe is
Y TeT —TeT o §=-
(fu.v) =-(u, ?V) (re U (n.1)- siw)
vy (41)-eigenspace in (TOTIBC »> B
(Integrobility) [E" B Jouit= B

Claim E"" s mox. isotropic in (T @ T¥)8 C
Ewu) “eB (v ) E i (U P) EE - (uv)
uv € E = [w vl = § Tu.vl+ (X6)v - g df

r—> J(ensO\r(o\.

e neal GL(2N,R) = GLn. @) CpX.

A N
gen. Oan.an) = Y(n.n) qen. cpx .
E%L (‘omp\ex ndd. F =< '925 y dz: >
2 Sympleckic mfd. E"7=< B i i
¥ B- ie'o{.
;r ,;r@ T cloged 2-formm presevves [,

= == - Ok Xk
o s K &



3. Holomorphic Poisson manifold (M, T, 0)
T eH (AT) v 0T — T
]C"M% C = Hamil v ><Jc =0 (df)
Boiscon bracket {go}} = Xs(9) = U(dff,d‘j):“{ﬂlg}
inj(ejm\ai‘i)(y : [ch, Xj] = o (d{{.9}) Lie bracket
E7 = <57 | 42 -0 Inkegrable /

ie. [dzi-0(dz)  dz;-0cdzp) =odiz.z] - d{z:.%)

(con also be viewed as “B-Jffe\ci" transf. wy B= )

(23 ]\J} comp\ex smgace ws/ aV\Jci—canorl. cuyve

C = {ag=o0} c=HKHY=HNAT)
mjceqra\oili%y 13 aujtoma{ic.
mox. isO)woPic E € (T o T*)c
~ pure spmor @ € =NT"®C
(pwe L dim évm(“e) rmau(\'mal)
E/O

Eg. cOmp\ex (e :C\Z"‘”"‘CJZV‘:S\/MP\ec{{C (€: eicu
(Gencra\izeol CY ~ Cl(?: O )

Injtegral;ili{\/ & Cl‘( =0 ,Ccf , 10 € F(Te™)
Clifford mulks
U=Y+1 eT(TeT*) m> U =X-d3 € LieDi§M*Ver)

Lu L\'e Aev\'va:h've_ wH'_ C(

- W(VU)= UV
Lue = d(u-¢) + u- (de)



Prop. Assume d¢ = 6-¢
'l,(-(e =0

U.W—ok = [w.vl-¥ =

Pl:o=Lou@) = (Lw ¢ + ulve)_,,
M.(LV%):u~o{(M+ u-W-de)

U- (V- 60-9%) e

U-(2(v,9) - 9-v) -

:zwmye(f’ - U-9- W

H il

LD\[U"U]% :(LVU)‘@ _<LuV>(€ = O

Note: § M — R .
v 4df) =X+t e [(TeT)
w— X d5 e Lie (Diff(M) x Q%)
(Tl'\{s 18 img\‘mi‘les\'ma\ symme{vy Og 5/

on S\/mp\ec—hc = % 0\§ = Xf Hamil. v.§.

tq. Complex = ¢ (df) =17 (df)
Mm—S d]dg*—'l ~§ nlOSEdH’\)

eal forw\
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% Tl’\e %—Com})]ex

(jEBT*)C — Elp85 Eo,\ (EOA)*:ELO
5=T""d + ["(Cw) — ['(E™)

Ecﬂ. COW"P'&X SYWPI‘?CJU'C \r\o\o. Poisson.
:{ = 24 s 2(2x +df) s af+a@hH-T(@f)

Ftend to 27 [(E®") — [(N'E™)
vie. 2(25d) (U V) = XA (W)= (h(w)+ A ([uv)

where U= X+3%, v=Y=+7n [(E7)
(%5)°= © (okay because E* isotropic)
(Jocobi identity holds for T(E™)

> D5 CP(NE®Y) — CP(NPTE™) w53 =o

Q%. Tor cOmP\ex case, EN =T eT
omol 75_5:5 on QO#(/\.T)



'Twis{m% on @ comp\ex 'mamgcolo\
replace TOT by E via H € (Va5 potch by Bag

B;{; - %mr\sgovm (~ holom. bundle )
~ gyt H o QU= Q70 )
“This s e“ip“t\'c Comp\eY.
Note: 5 € Mepx = Maen. cpx.
Ts My e = HAAT) @ HY(T) @ H(O)
(same os o\eformajcl‘om of (M) 1)

Obeteuctions in HO(AT) @ H(T) @ H(0)
e H( AT) @ ......

% Gean\izeol Comp\ex submanij}olds.
Su})mgol. Ce=eM
= e @w/\/c*/b’\) <(Tw & Tu >\c
Te  genenalized tangent bdl
Eg. C = (M,J) cpx. mfd
Coepx submfd & Te is $200 3)-in0
Eg. C = (M,w) sympl.mfd.
C Lagr submfd & Te s ?Z(w w\)—mv. (Ex.)




Problem w/ this as oles:Q : NOT Yespec{
B—f{e\o\ J(ransformajcfons.
Def- Genendlized complex submfd of (M, $)
isa pair C=M ¢ F = Q'(C) st dF= ]—llc,
<l ixsseToeTul  xF="tlc}ic §-inv
(0 veal max. dsotropic subbdl of (TweTWle)
Note: €®- (C.F) = (C,F+B)
This action pneserves  dF = HIM condition,
E% (M ) j) Comp\ex “maniQCo\o\
(C.F) gen cpx. subwmfd of (M, 4)
— =M epx submid and
F e Q" (C)
€3. (M, w) Symp\ec‘lfic ynawifold
(C,F) 4 gen. cpx. submid of (M j/w) ?

Tf 1S ?w—s%alale
& Te is stable wnden

) ~w'B -~
e T

wtRWB  Buw'

& C\)_I (/\/?/M) CTC (i.e. Cost{roP'\c)
C\)-I(ZTC F ) < TC (1e. F descemds +o TC/TC—L )

(o+ Fud' FI(Te) C/\/zf/x\/\ (1‘.2.@‘3\05"’ F olm.cprstr. ov\T%cJ‘)

— ]<apusJC(V\ Con‘so—k\ropfc A~\bnane ,



Def: @ — N — (M, ) Fnepemis
Geneﬂo\\izeal L\DIOYYIOYPLH'C EL{VIC“Q 1S
D (V) — ['(Vve E")
st D (fs) =s ®25f + { Ds
and (ﬁ)a — O,

Exam})lei {. Ar\7 3evm. CX. S+r. l«a.s C’ahom‘ca] Luvxolle
y C‘-(/\*T*)C ac  gen. helo. bdl.

ueE” & wg=o L @sATY
5‘50\ Oj: K = C-©
in%egra\:\'[i'[i)/ : d@ — 9.(6 = 0 e EO,\

Eg 1 Cononicol line bundle K < (/\.—1:()C Vgem.ch.s%r.
E\‘o = KE’J’I((F' ): o Ipure spmov:t (66([1\‘_\-;‘)(
1n‘}ec3.~ o\‘f:@ce G HUngue vp T scdlon’
\< = @(P
— d
D(fe) =(3sf + o) wedldd®
D=0 & 250 =o0
\[ 6 El,o

, (Brd (U vy = X(el, VY= Y (o, ud + ol [uv),

U,
E%Q J = OYcQ{mw\y C¥. S%Vuc'l:ure,
SV — Ve (T e T7)

D
DUs)=s® (25F.,0) + {Ds

ol
Ds = (s , #5) $e C(EdVeT")
lAsual kvl"-
ste. forv
—2 _ —
o — :DS: (?LAIS)<’Q¢\¢>SJ¢A¢S)
holo. ctr. b s holo 95A¢ =0 & HA(EndV ®AT)

on v



3 Genenalized Kihlen manifolds

Kalf\leﬂ = CPX + Symp. m—> 2 ﬂen. CPY. sjcr.

Deg" Genenolized Kahlen mij (M, 5/\ ,fz)
en. cpX. S‘\‘Y‘.
9‘}:- y\?{? :jzjl omo{ (?\?2U,V>>O J P

T}\eorem. MQV‘ Gen. }(&Hen —
© metric 9 - m'kegra‘o\e H(’IWYI.CPX.S'}IV. 1i

Viﬂ =0 = VT oand Tor(VH)=2H
. closed 2—§ovm (equiv. up to B—Jcceu action)
(Gajce-HuH"roek (484 ).

(?\%)2 = ] m> (£1)- eigenspaces \/ omal\/-l-.

Aim ( etﬁemSPace) =N (- Cg'\g’a‘,-)>0),

X
T v ms mebric w/ sJ<ew torsion

T i%lw —~ T

Y 9/"lv*cTN_’ T

(Tl'\m.(GoJEo) (M,],w)compac{ Kahlen w/ T holo. Poisson
g/\(t) gami\y O§ gen. CpX. S{‘(. o\es:d b\/ t T, g/\(o):j

= ¥ small 1. 3 gen. Kahlen ¢tr (54({3 , i’:z(‘t))
st. Jalo)= o

(1", 1] =Re(o) € T(AT)



