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X(A)  smosth toric.
. Kz = Og(ED0)

CL\OOSQ O.V\y basis €, ..-.8n o.\{: M

dxeu @2 o\')(e“ meno. ﬂ—J-‘ovm
OL) — ye\ A‘A%Xe?. AN xe\n on X(A>

= dfogX® & ... & dlog¥X"
Direct check on each Us

div(lw)=-ZD: = V
Eg. CP' . CP~




+ o — O — Q(Log DY 5 SOy, — o
X

dﬁfj%u,
M %Ox u
- DQSCYiLJQ Q);(QOSD) ) D L\yloo/\sumaﬁokce in X
o Joc §ree s\,\eaac_ (w/ novmal cnossing )

~ Ha(X\D)

o.\m\/e Qxac‘): Seiuence.

(gee Gn‘%(“ﬂs + Howis fo\r hove o[e%a.i\ls ).

PQC&” SQ)UIQ otualijc)l SCL)'S ¥ vector bundle
@r_;E_?X , We L\ave
H™ (X, E*® Ox(3D:) = H (X, E)*
K x

j[or ahy Comple']‘.e SVY'OO"H’\. Vmie{/ X .

Even ij: toric X "M’Cokenewl: Sl\ea:f

OX('Z:DC) :SL} of ra":iona' -fu. w/ at least Simp)e 2ene a\ans De's.
(NOT line l:u.vxoue, Lu‘& .s-|:<l\ Auolizfns .sl\ea-l: ).




APP\{ca{iion'- IhVQJ\Sion Qcormula: poly‘l:ope P = Zn
§p (k)= (kP) , k=ra3.-.

Claim i(") ]CP (X> deg n Po[yhom«’al
(iv) §p (-k) = (-0" # (k 5 )

Vv en

Pf: P M Com\o[e%e foric X w/ D am
(Y‘?{-fne QCOW\ ~> X smooth)

he(X. O(kD)) = X (X, OkDY)
n & f’°l>" (*:RR)
(=" X (X, O(-DY)

Al
Pe.

3 (kP)
# P

-~

o— CDX(—ZDL) — OX —> OX)Z"D‘;—!’O ®D gives

0= 0 (D-TD)— Ox(D) —> Ox(D|,  — e

lons exact seq. =
% (X, 0m) = %X, OD-IDi)) + X (X,0D]g.)
e~ ¢

O ou s o
#(P) 0"y (X, O-DY) (5 P)
(Senne duality) (why?)

—
- D o.W\\o\e = D- =D gen. Ly a\oloal Sec{ions
w\nicl« ouve X“ w/ uepo

am>  0->HT0(D-ZD:)— H(O(DY) — H(O(D)|sp;) — ),V'—:,
# P° #P 0FD

e




§ ’Be)clcf nuanenS

X (A) 'tOch., Pro:‘. q- SMOO%L\ (or sim‘o‘.rcia‘)_

. f— =% 7 dim ces in P.
PROP~ )D:Ik'l'\ © H (n-c)dim. c:‘::ne: in A.
n i~k 71\ T
bae = 2 (=07 (%) dn
ng’ val ew ‘H)’ )
px(‘\:):: % bk 'tk = k% dk ('Lz" ‘)n'k

(From 3 wt. Tf\'ljcm.’ctom ~ MHS)
X vw\cejcy (Can  singulan, quasi-pro;.)
poly: Px(t)  victual Potnearé poly.
st. () Px(B) = usual i X smooth o+ compack.

.. X
(“)g P = Py + Pxvy

_ lso tru
(i) Px xY = PX : PY ( ;.,i -fibme \:undles) _
Ea. P@Y = -1, D Piovic V.




g 1nJcensec4:ion _H\eorj

Modulo national eg- S~8 =X  dimk
X

if 3 TEX & k=1, £ TP,
S,z §7e) ¢ 5, = e,
ms Lree abelian gp. <(X 0w §
¥ A ) Ch 9p- o l »
Ak ( X(A» aeneno:‘:eJ L)/ V(o) 's.

)
%]

; T, T Cones in A , then
V(o o ViT) Z { V) i odc spancone¥
@

D'H'\enw ise

(e.asfen 'Lo See in ‘H’\C Po\y“:oloe, Pfc‘l:uvre )

* (v , D)+ VD €A

w |
e “ VO D= T oV

o “ v
whee  [vle Ne/N ‘
4=

X
S Z

H: Y Simplfcia‘, ‘H‘tel’\ S¢ = mu\-):\'(X)/muH:\'(G")_

o H: VCD, M ove \/ (use n.a:‘:fona\ e_g_uiv.)




AN S\'\M\o\\‘c(a\ (f.e.X(A) oY\n"go\d

AP(X)QQ = Ar\—\o(X) @ QQ <—’ HQP (X))

AP(X) X AQ(XB —> AP+&(X) C how ning.

(compet. w/ U s W)

V(O_) . V(_C> — muldito) - multi(T) V(Y)

f multi(¥)

cone ©

J\m P \):COV\e o{- dimm P-l'ﬂ_ S?an by T4Y
(ot wost 1)

. Genena| X (A)
j‘ XAy — X(A) ~ AN :res-me.\mew): to A

Yoric vesolution
X() — X(u

O"'CAI SA.. GJCG-CA B,Q((Ez
same dim o
JI \/(cr) 7 V(g) l

and 5-\6[\/(0")] = [V(G')] , othecwise :!:*):V(G")] =0
Se (A, «) —> (A(x@). )

~n> Can deteamine ¢ :Fov‘ (singulm) X(A),




é Basfs gor H’(X(A»

\_/— Sm l)bY'DQ

X(X) = H n-dim cones T in A

2 bk(X) ¢ b:zl-\:l = °)
Gen. \,}, V('c)'s (w/ manry velotions)

Qu.? \JL Yl—dim Cone 0 , assoec. T S.'l'-. {,\/(7)} Lase O{ H.(X)
~ Morse -H\eovy (cr. p{.""—-) unstable w-ftl )

1. Oro‘m N-dim Cones gy, Tz, --vees , T
2o m=o, = o). T = %a [ ), TS
N@eJ v Ce¢ © Ty _—>> 1 <y (con be ou\nomﬁeJJ cl«o::se L >0)

T}\m [\/(Tg)] ‘fovm Las;‘s jco( H.(X,Z) = A.(X)

(~Morse) . o /B0

V; <> D;e X
toric
A
divisovr

§ COl’\O\maloay R\'nﬁ
X(A> Sm. Pro&.
H (X) (as vector spaced  span on Vi), o g4,
V@) = Di e Due oDy (005000
if o ospan by Vi, Ve, Vi
=> HM) (as ving) gen. Ly Do's .

Relations : (1) DieDi,e. _..eD, =
i']: Viv, Vi, el Vi not span o cone (n A

” Z<u, ve> D =
(: = div(x") )

(i) ¥ ueM,




Theorem: No othen nelation !

e, H.(X(A)) = Z D\, Da,--»Dal Ly . (i)

Eg.,

(ol) =V,

H'(P*) = Z[D.. D..Ds]) /~

(1) Vi, V2, V3 not span o cone = DD, Dy;=o0
//7 =0 (iy) Z<u.vi>D,= o
vg.zc-u-n)‘ Toke U=(1o>=> D, -D; = o
Take U=C1) = D,-D; = 0

= 1Py =zILD1/DF

Key lemm a. (Imovin3 lemma ) -

o{;Y < p cones in A

> 3 vebdion v H' > V) = Sm:V(¥o) i
w d < ¥ £ B

2 dl‘\ﬂ’\ YC = At‘mv ,

ie.

V() = V(v

m; €4 .
S V()
move \(r) awoy :fv-om \/(f() , inside V()
P_S‘ . R A L B Via - Vd (~ dual base v M)
* L o — o
L Y ! l lake weM
— @ { <UJ Vk > = 1
L — J 11 S n
bocsis tFo*( N <U, Vi >»=o
G
= Dy 5%1% D;

T FK

V(¥) P V(E=DeDy
S
= \/(X) — :D) e 'Dk = ‘>Zn+1aJ<D\.“-.Dk">.DJ (

T NOT Us e',Dk)_
QED.




Pf. of theorem:

[ ]
Reca“ O—\ ) Gz PR ER , O;:V\ < n'JfM cone, m_:y =Y)C H
> Cl J Tz,; - - ) tm

"
(]

st. Ticoy; = i<

Enoualx 1o s)\ow £Z[D, "']/(-'),(ii) Spar\ L}/ V(Tc),s.

(——)) H. w/ vk=\m)_

MY, i T <o, langet i
i=m D> .= ¥ = 0w > V¥ = V(Tw) vV

1': H: =¥ =2V
¥ T.5v = V)= thV(\ﬁ-_)

lermwma
Z'.- <‘i‘t ¢ (V)

by
= G < )).t_ < q; w/ %7 :?\/ ina\uc‘l:ion#

g Riemanﬂ"ROCl’\ ’Formu]&
X, 0M) = § ch(OD) Td(Tx).

X
Recall o O} — _le(,Qoa (;D,;))-—) C;D Op; — ©
M ®; Ox
= ¢ (Tx) - I c(0n) = ¢ (Qxlleg)
('-‘°->q;-'m—]:;)1—+o,—>o) |
= c(Ty) :j(n-bn
= ” ¢ (Tx) Zj(\-!-D;) = = [ V()]

geA




_ crix) - 2 Ca(X)
ch(T) =14 ax) + : 4o
d D
= e
=1
_ ctta ¢, Ca
Td(T0 = 1+Fa0+ ==t 4 2t
d D.
B AI | - e
=1+ 3{ SDi +oennn. + LXT codamental

€ H™(X) “°

Given Po\y-]:ore P c M
N 60mp|e¥e fan A W

very aw\p‘e T- Cantien div. D on X(A)
ykeN, H°( X, 0(kD) = & ¥*

uekp
H*( —»—) = o
+ RR

—  H(kP) = X (X, 0(kD))

= Sx e*® Td(Tx)
- K D" + e D_“-"_C‘O_Q_‘.

—

nl (n-nla ="




Fox ‘w\ge k .
H(k P) ~ Vol (kP) = k' Vol (P)

_ D"
= Vol (P) = T

Howeven. RR gives P eq.
Pdim. # P = Length (P) + 1
Adim. F P = Area(P) + Pm""i’le"(m +)

(0

g BéZOUfE 'H’\eorem.

C,aSSI.CO.) 'LL\M : F‘ ) FJ.)"'JFy\ € @[X\, "'/Xv\]
4 isdotel inbenseckion of {R=os = € T (deg Fo)

C_— =2 —D>
n
F:(¢*) — C
Hom(M,C*)
F —_-DCf%e aw XY ) aunent
ueM )ool/vy;oym‘a]‘

> Newton Po‘y'l:ope PcM
P = Convex Hull {ueM . Qu _-,L-o} |




Let Z={2e(@)': F@=R@=..=F@=0}

Pnop. Z z'(z:F,,.--,F.\) < n! V (P, ---.PY)

Z : isolated

point tn 2
- -
'\'h“:eﬂSec‘LZOV\ mixeo
muliphicity, efn23--% volume .

Mixed VOluW’Q CANY Convex CP)C cets, not 3uLch Po\y’lfore)

P’l PZ) s=%s PY\ < ,Pn > V(P‘J PL)"-_,’PV\)
* V(P,P,-~P) = Vol (P

¢ 2AV(PLPY) = Vol (PP~ Vel(P) = Vol (P2)

* !l V(P, -, Ps) = E,- .. En

HQYQ ‘Y‘DY P\ M= Co\mp\e'\:e ':f-an A, w/
me amP]e T- Can‘l:\?fl d\’v. o# P'
E| on X(A\) . :h(X;O(E'))

U< g4
Refine A, s T X(AD By Y (A
O(e') = 7 O(E)

E. * NoT Veny am‘o\e, s‘k" 3\0Lal Senena{eal.
( Some  gspaces ocf sections)

Thus 3 A compat. w ALL Py, --.Pn
4 E.,--En glol)a“), gen- al\‘v.

+ X(8)  sm. proy. (\97 retinement ).




Now F,..F.:(€C)" — C
n Mewton polytopes P Pn e M = 2"
~— A E.,. 6 En

Lemma‘- E: + div(FD) eatfec-l'ive on X(A)
P:f o{: B?opf

RHS = n! V(R, - Pa)

Ei«...° EV\
(B, +div(F)) ... (Ent+ div(Fn)

> intensection H# in @x)n = X(4)
But these eff. div. meet (€)' on NiF=o}
(" Ei T-dw? Supp(E:) € X(a)\ (€)")

2 LHS. (- E. g\o‘aa“y gen.>.

\%

Proof of lemma: E + div(F)  effective ?

1e. ¥ ky\oensw&ace D < X(a).
OYdefL of E +di\l(F> a\on3 D Ky >/O,

Case D o (@) # D@E

V' since F](an nzSu]o.v-

Cose D (X N, e D=Dio 1 vica
Ocdp(E) ¥ Min ords(0") = Yo (v)
5 oY u —— -
min <u, V> - ovdp (E)
uePaM

ie. ovdp(E + div(F) 2o SED.




§ Sjﬂavxley's Lheorem (skip)_
Complejce chanactenization o£ oll
PossiHe # oaf OCO\ces of Conve X
simplicial polytope.
(P{: Hand Lej:scLe'Lz thim. for X))




