TOPo]ogw o§ Lie aroups 4 loop groups. <Concm)
pe§= Bott Hamond lectures 1992 . 2018 S.

§ Topology of Compac{ L[e 9noups .
' G Compac)t Lie group
+ 26 = Mop(S". G)

]DOP g\"oup .

€3 SO(n) = Aut (R", 9)° Q2. Fa
Un) = Aut (T, 8) lEg,E7JEJ
SP (n) = AU'I', (lH exceptional Lie gp.
(~ O)

Up to PﬂoAuc)C O)'fin'rlie covens , these are ALL o:g: them.
m : G X G — G afoup mupcipl{ca&ion.
—m H(G) — H(G) ® H(G)

M =18 %+ T, 008 el

{)S?i
wawnn

(v 9— (e, 9" 9)

Clanm G i SQ
P{ O-H'\QJ\U)ISQ H(S) = @< 1. %> XeH
m* (1) = 1 &1
m(X):1®9< + x @1
Note K = 0 (= dimS*=2)
o= m' (x}) = (m*x)
= (1ex +%xX®1)
— 2 xe X F# 0 (=)

S{Milaﬂly, G i S:m



Ex{'er\s\‘on 03( 'H/ﬁs angumen)c Ey mduc{fom 8\\/63

Theorem ( Hopf)
(1> H.(C>@ - H-<S:2d\+\ SQO{Z-H o )

Q) H(G)@—APQLM(G
( % pmm\jcl\/e @ ’)’)’l X—1®9{+’X@1)

AJQVY\S: G:S @ n:')OY'g.
ie. U(1)=S02) or Sp(1) :‘—SU(.’Z):SPM(B)

T (G) Abelfan.

—
Yeason: Composi%for\ of L loops

— Poirr}wise muHi. of 2 lOOPS in T

ol
ol (K)B(Y)
Pl s > (5
A (d\'o.gonal)

ol * ﬁ ~ o((X)'F(X) NI@*O(
Un)— Umn+1)

2n+1
S i Pt

T (U(n) = T (Un+1), k<an

NF>wE->TB
'\[ITJ"/

v T (U) = j”” Te [ U)

Same for G = Un), SOM), Sp(n)



 Uln+k) wto
1(n, — ~— +
Cor STk UK dmeex T

o Un+k
U= 5

|

ks — Gretnno

This is an appvox\'majcion to the univensal

U(Tl)—bund]e e, given  any Pﬂinc\‘pal b(,moue,
um-—E — M, 3 &

3! (up to homotopy) g M — Gre(n.mn+k)

st E — Un+k)/Uk)
| o |
M T Grm(ﬂ,}”ﬂrk)

Namely, LUG-bdl /MY/= €5 [M, Grp(nn+k)]

][or k >> o

Jm)— &’2 VOtk) . pom) A& pt

J Uk)

,{313;, Grg(n.n+k) =: BUM)
Gvassvnanvxian 05‘ YL—P‘aV\es m )—Mbenjc space
(UM -bd1l)) is vepresentable by BU ),
e fUM-bdl/MY/= &— [M, BUM]



G%ESG—»BG

=  T.(BG) =M. (G)

(SuCl’\ de-,oopinq is not easy qemenal.)

T OX)= Ty () VX
?;agon-. QPX — DPSX - X |loop Silmajcion

*
o. Serve :F(‘o.

QPX — ix — >< <3s§>ec{:falseg_.\/>

X,
X
R
3 Sec{(on (ie. const. ,oops )|

w”\en >< = G
LG —= Q.G G
Yt — (Yo' Yt) , v©)

= T.(LG) = Mma(G) @ m(G)
G cpt = m(G)=0 <7T3(G): Z (§ s{mple))

¥ mG)=0 => m(ZG)=o
M (iG)) — 7\"3(6) Zo0

= 3 (m’njrmesjcmﬁ) line bundle / LG



iG 1S Qa group ulno[en pomjcw{se mu[JCi.
Cor- H.(Ef G) s Q HopJC a]gebna.

¥ .
H 2 o H
IS: X ?I\imi{'\'\/e , 1.e. m* % = 18X ¥ x 81
x e H = K70, ko (oky dim=o0)

= HEG) = N(Prim) 8 S (Prim (1))

§ Gcomejw\/ of Compacjc L[e 9nouUps.
GG =G GG o mibk
v Adjoint action G AG}
Ad(g) h = ghg’
Ad -action fixes €<G

= Ad- @ m—)—ea — {leﬁ nv. vec%orgfie)ds on G}
= = (G , Tg )&

XY € M) = [x.Y] e N)®
v [, 1:0)x0]—9 e algebna.

G compact == 3 left 4 vight in mebric on G

— 3 Ad-inv nnen pnoolch( on O]
ie LIXNY,Z>=<X,LY.Z1>

= G/\IO} same as G7 Yo

ao!jol'n‘):—ac%[or\ — Coaoljo(n% ac{'(on

|



< of ad;- orbit.
Y 2
G=S0® 9= [X, Y] =X
/’\Ol-acjc(or\ = usua' ro)rajtiovxg.
Ad - orbits = STCr) or {0}

: E\/@”ty ,\L”E meejcs SQ(T) orjrhoqowa”)z aJL 2 pfs.
Cantan subalg.

Ad: G — GL(a))

ad = d(Ad): 0 — o){ ()

Fact: od¥(y) = [x, VY]

’XGO:S r—> q O&d%;oz)
ul Ul

Ken(adx) ImladX)

denote O s
D'?op. 0] = O]y & 0]”
Pl <oy, 0> HAL oy, 1w 01>
i ettt ([0, X], 0] >
W of %
dim count = Done

inearize

Def: X € 0] ﬂegu'aﬂ z‘]c dim O]oc minimum.
call such a O < 0] Cantan Suba\g.
(dimkm 1S uppen Semf~CJcs.ﬁ> genenic X 1s ﬂequbn>



Prop. ) (antan = Abelian
Pf 72 ey (i [%.2)=0)
— [ &, x+tz)= o ekl o adwez] = O

=  adysiz pnesexves decomp. 0] = O]y ® ij

ev.forads : 0, %0
= For small t | adwse= = 07O non-sing
—> OJa+1z & OJx

— Olx+tz = OJx ('.‘Xnegu\an)

1§ o« NOT Abdian.ie 37,2€0), [y, 2]#0
— [y.X+tzlZ0 (v[y.Xx])=0)

= Y € Ox N yit (—F¢—) .

_
EX. Canjran Subalg. — mMax. Abelim’\ Su\Jalﬁ.

Let 0 =2 O, ={979"1 3e6G} Ad-orbit,

%9( : O)’ — ”2 <rea“\/ o lfnean)
§y(2) — (%, Z> :g—und:fov\ on 0]

C‘aim: CYiJC (fo(> — Oy N Ojoc.

(a\ways 1 n‘r\)cersecjcions)

z € (Crit (£)
_ d t -t
& 0= g, ez e™ x> Yued]
= <IMw.zl , %>=-<z U X]>
& z1 0" & ze€ 0O)x g




Cor - Any 2L Contan Sul)a}g. ave conjugate.

(: avxy o} 6H’.9 m 07 ane (on) to each oHr\ev.)

(or gvmy y € 0} s Cor\‘)uc\]a-ke to an et in O]
[COYI;)TL\M] (v 4= %> must have o max. on O\/ )

Ecj U Uq)Ad/—N v_"l/((ﬂ) — { skew—)*\enm. Majcr\'ces}

= Conjugot
1 UMN) = { Hmm. majcr\’ces }

CL\oose X = d{ag (A, -, n) € TUMN)
X regulan — )\515 dis'hnr): = ij:Diag N iu(ﬂ)

Cor — 0m7 Hmmijc(cm majcvix 18 dfacjonalizab]e.
(in fac‘{, unigue up to pe/wr\uthaLJcﬂ ~(A)ey\ gY‘oup)

~ stoblizer

Coady. orbit  AdG) X = G/Gx

* (Fact) )’\OW\O%. complex mam’?olo{
%er\e)\ica”y G/T
Topo\og\/ is tractible.

Remank: ad- orbits in O] ~ Ad-ovbits in G nean €

¢ SU@) =8 L e TR

JCO()’\ AwaRy orbit win
hit amjcipoala\ Poinjt. T~ N W




Remank: Noncompact eq SL(Z.IR)

3 adj. mv. non—olecjer\. mnen Pnoducjc on O]
Y Lie al%. 03 M—> Ki”fwg form k:Oj ® 0)— ]R
K(X,y) = Troj(adwad7>

det®
G Sem(simp)e é’ k ﬂon—degenma{e

59. SLUMTR)  semi-simple .

Ry X=(2")
¢ (X, X) = IX)]'= —det X= o +be

(up 1o scalan)

e (sf@aR), «) = R
od-orbit e—= {1X1 =] hypenboloid.

l(gH\{Le space[ike

No cony. thim, Jrowr sd(2,R).

3 conj. thm. on timelike region (- ch has max)



G]obal pfc%ure oJf SL(2.IR)
sLar” = Ll = )

v/
SO(Q) = G (isotropic Subgp o§ 1)

‘ 1___> !
ie S SLﬁﬂ?) i S——%Si)(ll)zgg
N Compae: )—\oP]C ib,
D | S’ ]

= <lL@.p) =~ S'=D°

CL(2.R) se=(1)
= 5 D

Ex.A‘_‘(—OS—;s) e SL@.R) does ot lie in th

B Mmage oJC exyonen{ia\ MOop. e

H;i- A=e* 3IXesl@a.l)
X=(3F) wdeRo iR

N etx:<e"°‘ e‘*‘”“*) = Tre®eR oS

___j T‘(‘etx 722 or 272




BQCk ‘]ZO COYY\POLC'!Z CASE .

ga. J(2) (vank = 2)

w2) = Nh @ E
)
(j;i izo{a.> - (id‘ 1;0('1) + (‘é— z)
-
2 é@ dfol\,olz G[R X

ad (X) (--z ’ ) = [ i(o{'d), (-i 2)1 = <—i(z.-4,)z 1'("‘;"“)?)

—  9x = h unless o = da
di=d2 (non-genenic)
h o

Q o P’Jlml?":e 0()“‘) 012.

Ai'”ﬂf\ese 2pts =G X n ‘q
= Gt fx
of index 04 2,
Ge\neﬂa\\ pic%we? 1’[ T= O]x Canjtan
oy=h e m

(1) X 61’[ 1S ﬂegu\ar unless X 15 n a

S\/s%em 05» L\ypeﬂp\omes N l’l .
(2) Genenal X € 1 will decompose

on which 0d(X) is given by 90 notation
« dilation,

Com choose Comp\ex structure on E st

O«d(X)‘E = 1 Jd(X*x 3 d e LL* called voots
(e.g. o( = o, — da Jcovr~ SUR) )



Yoo-):s o1 (o = d3) ’s_

0(\’43:0 1-a3=0
£q SU3) \/"‘ "
s X
h :{oz\'\'dz—"ozz,:ol .. hi- 2= 0
~ [RQ 2

( I.Y\O(Q)( O{ :S:x =<dX,- >\GX

Inoléxfxé:zz/
M"_*‘§ ]——Y(G-X:Z) has no torsion.
- ) ¢
PSD(3)/T)= 142t + 2t + £

€3 SOH)  (vka, dmé)

TeEREm
é <o )C * o °3><

(look like SU(2)*SUQ) locally)

M- =0

MtN =0

83 SO(5> (vk2, dim10)

Sololy (L1 B
“\ oL | L3

63 LasJ[ Yonk 2 d{aﬂrami Ga

K

> <




§ Re\/iew o§ Morse Hﬂeow
5 M ——= 1R Morse

Morse cpx. Cy "W\@ R < P>% Cre-y

Couch grad
flow lines

Thm: H.(C.,2) = H™ (M. R)

index k

Me(§) = TR
p’c (M) = z dim Hic _}: Pomcave/ Polyn

Thm.=> Y Me(H-P (M= (14 1) QD

] Q) =a.+a.t +a.t*+. ..
W/ Q5>/o bV {)

) QY=o & 9 =0
— Tor H.(M,Z2)=0
Ca”ecl peﬁ§ec‘]; Morse fumc%(ov\,

3) mo\exg cdl = 9p=o0
Comn\ej(ion Pﬂncto\e P y NOT good.

If ¥ pe Git(f),
the wnstable submid. of p

con )oe e%%encleo‘ ‘{’o o cyc‘le, Sa\/}\/\,,
then Mo's is a basis Jcor H.(M.2)

Omd $ ‘korsion.




Rack 1o adjoimt orbit
OyH=Ad@Y. < of

Reca“‘ Yeﬂu\an X € 0]
> 0] = h @ Ed ® Ea, ® . O kg,

——

LGOS B SRS 20 21 1

;y
} E(y) = o\isAEQ('X;‘Y)
= |x-vy!

— X )= 2 <YLY Y Y YT

—_—

. N const.
g)ye.d fy( /) on O(\/o)

1.€, E\O(y) l’\as sSame cn'\'h'ca\ po\'w):s (d index)
s ]CX\O(\/)

1»4 pomjcfcu\om, at p € Cﬂi)[(fx) on O
P—X B O(Y) ot P (" E 1s dist. ‘gu>

\ X? — h L O a\lonﬁ G\i{(fx)

$-foco~ -

A

- =t

focol pt of multi. 2
r\im\exéﬁ\
Recall + Focal pom'\’. OJC N =M
TM\N = TN @ ))/é\’/\“norma\ bdl.
exp: Yy — M (of same dim )
focal set g cnit. values O:g: exp.



R = SO(B) fojta{ior\ a\bou‘\: O

M2 New paHn So + RS\,
w/ same\encfc\n as So t Sy,

M 82 (=SO(3)/S’> aw\{\\/ og PaU\s gvom X ‘ta 91!
O‘§ Ssame \eng)(\n
S'l — Qx_,s’oj (q:mg)

Clain: TDeJEovm’S = Comp\e)ﬁon cyc\e :5:0\( the
C/L'\{l'COL\ Poimjt.
QX-*S’ ‘Rg ’b'\e-" 82 by o\ej}owninﬁ Jco s)cm{qH: \\'nec.

g% SU(B) %ﬁ:iv} \se \oy vo‘ka‘h’vxg
So + S

e So
%
/ / St Ad(gn S,

'/, 8, ;P\ C SU(?})
X planel centrdizen of plane 1
/ Con Yajco&e wrt Q& points.

P\omc?n, %o 4+ Ad(g)s + Ad(g) Ad(9)S,

N P R/T —— 00k
» -
Plame_l P\av\e N, SQ ?(' 2 : 32_\3&\ /S'z.

¢ Mo, Fo(n)t M—> -ﬂ S deg § G/T ’BO)EJE SamelSOn

towen of S \/amejry

) HKG/-F5 15 G\\Yecj[ Suvnmamci og H (TYS}

x/ i




g MOY‘S@ Jtlf\eory on )oop spaces

Geodesics. b N = (M.g) M
Fhegf i (pM— R
E(Y) =z L 1v1d
T M=R = QM
( deforming to straight lnes ).
CY\JL. pom% og E & geoclesic
Wrike X =V , Y = 6V vaaiation vf
S FE =30, Y X X > dt - va= o)
ST XL X K WX ) dt
(WYX dt

Comei
ch\nd
VxY M Pud"

?7( 3)’ on R
Cand TorV = o)

0, (XX = <Y, WXy dt
= OO = 5w dt
EL et S¥E=0 WY & Y(MLN ¢ WX =

[

[

1.¢. geoo\esic
* Morse -H/\eorx/ for E:S‘]Zolulz 1/‘/\ap(Z{ M) — R

d = 1 2 %3
\/ uCOYY\PQV\SOu%eA” X
\ou\bu\'\r\% CCOV\:FOY‘W\OI\)

(reasw: So)oole\/ inequa\(%y).



TL\W\A '- IJ{ é 360@\65\'6\( w/ EQ¥) e (a.b),

then Q“’q; O =1y c M E() <a)
cThn R 1 3) 3eoo\es\'cY w E(¥) € (a.b),
¥ Y is non- o{ecjemenajce wl index (V)=
then b o (f , @t R dm e

A+ = (lan use Jf\‘mjce c\fm. cOhsjcchc(on.

' (Eauiva\emb o\e}c\ﬁ o§ Nown - Cleq)evx ¢+ index:

N <=M
exp - VUnm — M V%‘l
P
1§ (g . v)— p

> aeoolesic Y {YDWI ﬂ_ to P Jre Y(t)= QXP(CL{\H

Y non-degen & dexp (g9 law Dum—TpM
D ]Coca\ poirt of N along ¥ of vank Kk
& | = dimKer [dexp 3.9 Taw Vim —>TPM>
If YV non-degen., then
index Y = # focal points along ¥
= ¢ o N = {5

‘ ],Y\o\ex o= O ‘ TwdexV = 1
oca ')c(vk=13



N N

P y. N N
O—= . 5—e * e —f—- o— o o
S ~ . S [S
S index 0 s :Foco.\ pam’\:
&— 1 ; 2
) 3 . 5 5
A —

v

MOY'
se QP_,N Sj

Qs

~ €, u €

v €2 v €3 v €y U

......

What are the a‘Hac\'\\'ng mops {
<Reca” o«HachMg ce” X g e” = X 1L Bj/o(u()fv%

o{e L 26> X w X €€
L/
e
N

‘ \/\: So -+ 5\
‘ ’ Y 2z € Seiuo&ow ~~—> (p{ecewice smooth)

Q(2) = s+ path from V16 S
dength (¢ ) = Length (¥)

(6(2) hos o coYhex , un\\e&c C@CZ): Y,
Synooth out covnen, C((Z)

é—SL\ovlceﬂ
m— (2) shorten! <

<E(WD
M ('6 : 8 Cﬂ\)o.’lfov Q

L\as a uniﬁue maox \evw‘)'Hn (o:\: Y=-<€(Z):/<E)(Z))
1.2. ¥ (\mks) Jc\hi_s m('}:ica\ p+-/%eooles(c,
> elt. in H1(Q82).

‘_3:0\’ 'V1€><'l’ Odeoalesic ,

~ \ \ <E(M)-¢
S(W\i\&A\/; (6 DS S _>Q r

(( P‘”‘%UYLS (G(Z-Zz): S(2)+ ST(ZD T S
~ —tOYMS (]fV\l<S, a i—ce”_

ereajt/V‘> basis oJC H(QSQ>



n

Remom\Kf Easien jCoY“ QS w/ n>3 since
n n-\ 20n-1

QS ~ P‘]L U el G] 0/2

'm% 2€

be 2010 in H. Ceould be non-vivial in )

Second vaniations:  (w Lnat bdy)
SYE = = S AW D0 LY B B Xy
ot “enit pt. Wy = Vpgrd- ROGY)
= - LWy (Y, ROV X

—_—

= (Y, o+ ROL-IX)Y > dt
Jocobi eauajcion LY) = —qu\{ + ROLY)IX =0
\( ; jO\CO\D{ 51’@\0\ a\owtj geodesic Y

O\im {jOkCO\Di :S:ielals a\oncﬂ Y} = 2 o\{mM

H negqg, e,iCjEV\\/a\ues og L on P(TM\\/>(BC)
= # divecdtions of s)ceepesjt o\escenjcs of E ot V.

oundony condition (BO‘{\(&:O):O
Vs + SX\{:O ot 1=1.

— N
o= Y <Y, X>|, w/T?<

= Y0t <Y X
tensorial Y =< SxVY. V>

(> YLN)
( <V§\/§\/, X5l = S}(&)(<(\7\,g))/4<> + g {VyY ,><>>)
SNRA R $4IN
e A
jf\)ﬂe/?zjcorzgy :T&N e Vio <SX§// Y>: <VyV , X >(Q)




Choose  orthormal frame at p, :%_fv_%/ﬂ

Pana“el tranclate o ong Y s~ 0)'s o

Jowcobi eg‘} :For YY) == %) & 3§u_ X:(®)'s
Write X = (%), - AnlENT

XA RM X =0, RE) mon i
w/ L)Jy condition SZ(O>:O 5 3?(1%\"3?(1)‘—‘0

ILM_‘ Eigenva\ues (‘7(‘””2?:)\?) are discne)ce
O\V\cl \Doumaleol J[rom Ee}ow.

Morse: 1° H 'V\eﬂajcfve e
—F ’foca\ ch. og/\/ a\oncj Y

L = indexyE on any Permissal:\le

i Po]yg on a\ aPPYox{ma{'fom ."

<'-'Vgeoo|esfc Y owy L)< Em 15 unigue (dabs. ym’n))
w/ f\‘xeal Eouholomy poin‘ks.



BQCL 1o GJ 3
* generic X e = (Y = e elcqG Emljumfmax torvs |

* Tndeed T = e [Wite h = 0.
’ IX\ SUH Sman ﬁ O\H %eoo\esicsjrvom € {'0 & lie N T

Ad
Y
< 7 o —— LW e F oeF. & ......
T h G 03 0s T-vmod h @E‘ @E'L@ @Em
e
_T LL 'l:n'via\

T mEc vig OYﬂ'\oaonal %mnsjc

Mdno?sg E. =~ T L/—\T A ; S\ c QX

or\.

(vevense oxi. ~—> 0{:')
vools : OCH ’s < Hom (—]—, g) :T*

= tte . 7 (Kendd)
M= epr/ lattice e VA offine hypenplanes.
1

"Diogram in h
cg SO3) 0] =h & E
Claim: o T =8
BEX? :(-‘;iii e IZ) =( %]

EESF :< O b)
- o /7®\0\5\)Y0tm

"(Rek)y | (@]

Aol(ﬁe)E:(O [R“’) R SR SR



6{9 o) . ( o 2€Q19>
/\d (c> €9>. E = R

p— O{\ : _]— > 81 aleﬂ A cover
(Kend) walls
N—> P M/"z —

€ e e e € @

’K\\:::éi w'e)  whi. lottice

’ AO‘ : SU(Q)__ﬁ SO(3> 5 eve/x)/ ‘lioYuS/CiTc\e n
SUR) is a double coven O;F a torus n SO(3).

Eg. SU(3) \/ V/['ﬁ'(l«mdc)

v KR

X AV 4

N/ >@
K
AWANRN
/PﬂOP‘ G SemiSimple,’N:o

— ’l) loxjtjtice ’7T‘l(€) N LL 1S %i\/en b)/

Tﬁ][]ecjtfows oJ[ € wrt Yoot p\cmes.
(ve. 97 (Kend)'s )

2) Lattice J[ovmeal );7 (VGrook p,ames)
= T for Ad(G)

Ccn{et

Cq Mm(SUGM= 0, AdSUMI=SU0M/Z
= PUM)



'Rejtu\rn {O ?)eoc\esics on Gl :

Lemma: GQeodesic Y C(M)Cﬂ), X = }/
N W\{im{es{mal iSOme{Y}J, ie. i\(%: O
= <X, Y > is conct. al ong Y

— eodesic
PL WX, YO = BN S + <X VY

TorV=06

=X WX -TYL XD S
=72 Y OUXy = X I XD

—
const - O d\( s\<cw ~57W\VV\.

COY‘. AV\)/ 9eoclesic ’Hmroug\n {\(:O} <M

13 Pmpemc\icu\av‘ ‘to \( e\/en)/wlnene.

Cor. G— Isom(M)mM then
R 6€oo\esic Y €M w YO € MG

= Y L (5-orbite

Ad(G)
Note : e & G

3€_nmic @ S
=1\ \V/%eooles\'c Y Jcrom etoQ, Y =T

() (Ex) Ad(G)@ 18 ovﬂqogonal COVY\P\QYYH?V\%
‘to T in G

,— normalizen

wey\ group \/\/ = N<T>/T
1.0, au{om. 05: T 'malucecl from Tnnen au%om o:)( G ,



heorem W s Cje\neﬂajceCl \oy Yeju ctions
wrt voot plomes ‘Hmroug% OE)’L

A desmeJC\or\ o:s? ‘H/\e cllacj)fam
C%oose j5jumalawmewkotl domam ’\5[ UCOT\J\/ }’L
l For Yoo% P}ane S

~ O( : LL E— c\'\cmac}c*r.
(d(h
%(exp(‘«)) = €27T A
Planes NO(I(Z) Oviemjt A sk 0”@; >0

SI'VV\P\e YOO‘lis ~ 'H/\ose o&ls Covvesy. ’Eo 9?,
Canjfa\/\ W\anYiX (Ok«' (A5)>,w

E%‘ /D\'acaram %
o& Spm (5) AN
Blue lottice '71 (0) /
Red \a)cjc\ce

= /2 4 AN

(: C(SPM(SD center ).



S')CMC{V C\xjeoc‘lesfcs s G J(Yom % ‘).'06 :

C hoose G>7 3 P
Assume P genenic = T — ZG.(P) cen-l:va\(zm

= all such geoo\esics < T ('-‘Jco'):o«“y cjeoolesic)
= Can be easi\y a\esmi\)cd N )’L
€q. SO =RP* ~—> h=R

Mo JU; & locol min. ﬁcersics (iV\ACX =o0)

O o D AL L. O .Y h
L © R 1
M M~ jnleniov conjugete point
(index = 2)

Mo 4 i~ 70, ( Qe SO(3)) =M (SOB) = Z,

Yo"ta‘l’es \37 SO(3) (up to ¢tab= SN
~> 2 dim. link .

rvoat p}zmes\,[

o | s | e

3:304’ S+ SQ"\‘Sg'\'Sq P% | ] |

ObeOo\esic segmer\jt ’fY\G Jcrom P)Co € 1n d{mﬁram—ﬁ

P o= SJ[aLi\izen Su\ogp. ocher\o[ f;kl oJ: So
h(—B Fgh m—> S * T (n=vkG)

P, = X 3,
R : 1\ gi
M= /\A; KP) % Pg ng —>Qp—eec\

% ﬂé%\,?(lﬂ@)
=S. +t %\Ss%:‘ + X Y, S')_'X;‘ ’%—)t + X KX 33')(-3\ ')(;' ,)(ll

Sa .C

Check : weH—o\eJCmecl.



te T e P: v

/\As(’)fn'}l ) ’t-ll)(z, ,X3> :/Mg ('Xs X, /X3)
= /Ug ('X\/ th,t-|x3>

5 :/\’(S (’)(\/ /Xl, X3t>
= 7
T3 P ] PZ 3_ Qpee GI

{,é,/"(’)(\{l,’t: le-ta ,—‘::/)(3 3> :/\’((’Xl/ XZ;X&)
> &P.E‘r P, -"(—R/—); L QlpoeG

V(1,2.3)
gg. Spm(S)
eoch sim I Fundmental
\\/es 1 3eo esic c\nam]:)?n
(\S— ™G =

w/ these {no\exes. "

Given G w =0 S\'mp\ex A
n—> 1 3eooles\'c Sa  (ie. anitical p{:. o§ E)

ﬂA : \/A — Qp-»e@\
d{m Vp = 2% #P\anes chossed going, :S:Yomﬂ']:o 0.
( = index Sa)

(deJCorm \/A ""'>> l(V\\dV\ﬂ 'mfol O\F Sa GQPaeG,
p— H( {/"‘A:\/A"’QpeG}>ls ~ ba5e OJC H.(Qpee, Z)
E% Pt(QpeSP\V\(S ) /

N RS AR 1 BN

~ G-1950-1% - ¥2y(1 - 46) /
3t

'ma)(clf\s w/ SpinlS) & SER N

(via Senne sPechm\ sec_;utence) AN A




Y
[\/O"Ze : d CompacJL G ,\6\ 2 p generic pom)c
gtoaesic
O O * G-orbit

S

P
G\p (TﬁSP. Qs) - S%alo\'l(zen 05: p (T€SP.S )

p genenic —>  dimn G‘P = dim Gs

. O\\'W\ G\p > o\im GS — P 18 Jfoca\ Pom“'_
05; O a\OV\Cj S .

S
\ S 3eoole5i c
o So S\ S, Sa

P » W 'P3/O — pi's sk dimGp. > dimS

S = %o+ S, + S2 + S5

> G ¢ G g, Gy, /G, s QoM

[\

Vs

3O ction.
where (Gs) Gp. * Gy YG?-? Lree act

(%, %, %) (9, 9u,95) = (§%1,%F:%a, % G ¥3)

C\aiYH’/Ms Con be o\e-gormeol s\ig\n—):\ly, so
'U(\OLJC E"/'{s has on imla‘keol 'nom—o[ecjen

mox. ot (e,e.e>.

Y
De?’ G M \/aniorhona”y Comp]ejce
(1’§ Eveny ][oca\ pomjc arise g\rom G ach.‘on)

'ig 7 SO\VP,S ”VQY""R(X/Y)Y: O OK\OYIS Omy geoa!esic S,

S.jf_. \/ (GY\ol PJ(s) e—T. (ovbits) }L—L(/G'a
— V& (D)s | $



rT\r\eoren’l G /\\/M \/aniorhonany Comp]e)ce

:>/us[\/s]’5 js:OYW\S l)&se fo*r )—l-(QPQOM)

' In qene/wa], Vs moJL orien{aUe, > ]oase /Za,
13‘ Vi's  orientoble, then ~ base /7 .

1 G=fe) ————0=(3
'llangen‘\: 'to OYE'\SL = VaV\(S}'\fY\S

vaniationally complete &= A Conjugate point
€.9. KM \< O
Eé(,onj. p)r_. in M a\ong any geoclesic

— QPW,M ~ Set o} geoo\esics yoning p to g.

P nop . G /A_"l\/ G\ 15 Vamock\'ohany Comple%e

/P{: G = S %QOOIQSiC ku. A 66)’1&11’6 PO\'YlJL'.P

C}\oose mox. torus | 2P (3ene/1ic 1)

QG . () Ad-ovbit
—r = gy= P e axeh=leT
|

L\'heaﬂiZO\%l’DV\ Ojj ’I.SDYYle'tyy QC{(OV\ a\ways
3\'V€ jacola\' fie]dg.
G l_/NCW PGR isome'['vx/ ( bi-tnwv. ma-kvfc onG)

p— O_JL@OJR %](S):{]aw‘o{ {(elo\ Oxlor\ﬂ S}
d{mj(S)zadimé\.

1 C: ,’L“dovo\en OoDE)

(V. V)=V Pe™ +Pe ok



Howeven LLLQJ— )’[R 3ive same Jaw\){fielc\s.
(7 yeh = ype¥ =P as Xeh)

OH o (HO&{) 'tovus T , \bo“Hn \/ P eb( omol

tP e oane Jacobi 7[\(@1013. Hence
(a=h e E)

Jiheh e EoF—=— J(
V(YN ELE) =Y P+ 1Y, PEXEPE +PEE,
Supp Y = V(WREE) s tangent 1o 2
Ad\)O\V\"Z OYL)')fS alohg S ot t. and ')1 (#t).

Wont Y € @‘ .

Recall for od;. orbit O = 03, 15(T30)= (1-44@)9) €T.G
Se, a?-\:ev |ef4 Jwans)ajtmg back 1o e€G  (9:=pe"™)
Yo+ 1Ya+ AdGE + o= Z, - Ad(9) Z, 122, E
\{l + 1)Y= + LAOK%’;‘)E' + B, = Zo- Aol(f)'i)Zi)

e cE
J[xifz j;\/\:\ﬁ:o

Also  Ad(Pet)'E, +E,=Z-Ad(PMZ v &
1.€. \((H ‘tanﬂenjc o Ad3 obit ¥t
e, Y e 9l QED.

IY‘! 5enma\ Jon' O\V\y compac{ \/mmejc\uc G/K
)<mG/)< 13 Vama'bonau\/ comple'ke

€g. AO‘J OLC'l'fOV\ Gm = (G\AK—)%@'>
So(m 8" =30(n+1)/50(n)



§ %n—degemeﬁajce mi'\:\'cox\ man{:S:o\c\

N

N <= M SR T
() N manfeld, @ df|, =0
(ii\') Hess(§), s a auaclra‘kic of nowna\ bc}l ))N/M

Noll Hess(5)) = T

Thm B becomes Ms ::'P4a‘% Vm.
As we cross a onit. mid M, add cell of dim> vk W)

n n-l - _

83 QN-»S S — S v ))S”\" U DSV\-I U - S
2A=2n-1) A=Y (n-1) --- =

2 copies o\.f'\g"“ W

= S"'u €ain-1y U l’h‘glnm cell.
= vk <an-1N-2
m(QS) = M (S
qu-H (Sh>

v TS E Tl S7) for e
€8' =] and 2= -1 € SU@N

Ope SU(an) > ¥V : Lo, 71— SUG@nN)
Y(9)= (“3{91”‘ ° >
o |e¥1n,
Y is an obsdute min fov E. dln

J@n)
Cvi)t\'cal SuLm;Fd. conlmimng Y = Un)=Un)

(via Com;\ugachon),

_ _uGn
= () SU@N) = gmuem v



Wyile Y & 17 (-1)" o5,
Next enitical point: ’e’lﬁé“fcé":“”
1" 1 -3 de O

€ Ind
T

Uan
COYY‘€ SP OI\%\CG\ 'YY\\‘FJ U(nﬂ) Uin-2)u0)

U@n)
— QSU(NI) = Umuoy VY Con-s U sveee

Leng n—, oo U

= WQSY) = m( 5T
- —
«rfk-\-)(SU)

U(Qﬂ) highen
S\'W\\ Jcor (@) "Um)um) = SUM v Ceﬂ

(ol<a\/ for loop Space of symme%r{c spaces)

(2
= SU 7

&fl/ uu BDHZ POJN’ocl(ciJc):.

N—> )<- -l:heovy jfor ComP)e)( vecj(ov‘ Luv\anes.

O (S0) = S0/U v oo <use =@ (5 10))
OQSO/V = ULp  u weeee ™ complex str
Q(U/S\)):SP/SPSP U e
C2(Sp/SpSp) = Sp U eeeee
Q(Sp) — SP/U U seeves
O (Sp/v) = U/0 U wernes
QWU/0) = 0/00 u -e---.
0 (O/00) = SO U seonne

= 8—:[:0)01 Peﬂl'oclici'l'y
~ kO'H'\eon 3Cor ne&l vecJCmr~ ‘buna”es_



AT
RQV\QW : Ad' OTLD\'): G O-:B O(\"O{'s:o dr-d3=o0

. h={Zd:=0}

83, SU(3) \/-x

idi A=y =0
X:( we,w)elt ‘

A+ de T A3 =0 "\
orbit = {UX U : UeSU®}

1f X @enena\ di 7 dy Vi
U (3)

= Ad@)- X =~ VM UM UO)
I:F >< S-'}f- 0{,: 0{2 —+/_ 0<3

= AdG) X = UL()2()3L))(1) ete.

?OV SUln, OtO\')oiV\)a orbits:
U(T\)/U(ks)U(kQ-" U(ke) wy m:é\q Hag \/omiejc{es.

_(rPan%\'al) ﬁ;[laqj vo\riejc{es
FX :{ §\'Hm+(ons %C an by Sulosp © Ck:‘A. iAaC @n}

Kz &~ Codim
‘ )-\Oh’\ogevxeous Space o:{: GL(YM@)
Comp\ex mani—fou

1 = 6Lno/[( 5] = v/ {5

B Un)
— U(k) U(k2)U(ks)

) gg Comp\cx Grassmanmian C‘lY”(Y",Yl).

—



Coads: orbit M2 Ad(G)-X Xéhcﬂ
— G / ]_ ) T<L N C‘] c)oseol su})gp.
(= C/T {f X éh 3cne\r\'c>

ErMeh =R
CYi‘[{cal pomjcs o]C Eon M is a \A)eyl orbit |
UV\SJ(OHﬁ mfols mw— CGH c[ecovy\pos'\‘hon og M

].Y\ OK\OJCLHOJC geome{’ry, ’HAfS cawn loe olo%ail/\t’ct
w'\'}_\r\owl: Morse -H/\eovy, CQl\eo\ BYU\]/\OL{ ole(.omposijtiom.

eq. CP = Guoz,@/{zfziﬂ
U

c = {1E M} offine cell



Based loop groups  (1.G
¢ G=SU2) =¢§ (8=G6/T)

3 2 - 3k s?
Y'QC&“ QN,SS —_— S u DSQ 9] S" U ‘-
A=2x2 A= 4 »2
waie:u\ufsa'

QC'—:Q — SS = st U Vo PP Yer y-- &
B LU C R (W
=G/Tv B v Ea v TR

P
G/T G/T
-2 -1 o 1 2 3 4 5 4 "|’L7<
- N

—

:D{&gfow\ -S:o*r G/T= S*

’\Hm's Gl\'agvama%\'c o\esmf\b%(ov\ OJC QSU(1>
cjemena\izes to OL.G ]Cor ony cpt. 9P G .

g (e, SUIB) ‘v”\/v”v\

NVAVAVAVA

/\ /\ \

N

W group genena-kecl by ne%lecjﬁons wyt
Jc\'\ese aucl}me \'\ypmp\anes.

\;\\/ ochs on o\)oove (ol\'agram’ w/ ](uvxd. domain o



Ig p=2¢ ,then cnitical pjc. n QG
D — Closea\ 3eoc1esic e C’\ Jcbwu e
— 1 panamejtw Su‘DgP. (——’>SWIOO'H/\€V€V\0C]Z6>

/ S\K\OYJE\Q/S)L (nonconst) c\oseo\ geoo{esic

CY\‘\tuca\ Se‘ts are ]a‘)e”eo\ L:uy la‘H\ce Pochs .
S Q f\xeo\ C)/\amben

/'H:'{O\C‘/\iv\ﬂ maps ane O\iﬂ:\'cu\{ ‘l,'o cﬂescml)e,



Yee loop %Toups

LG 2 MO‘P<S]'G> (p)cwise multi = gp o)
LG —» QG via YO— YY)

Ml——%@%i@—éﬂ@%l

{Consjf.\o ops}

Cloim =3 central extension

1 — S — i/é—%iG—*l
. G is a cood; orbit |

(SO ﬁj[ Lwod o) ce” olecomposi{:(on)
\/\'ew i@\ oS % gov {Y\'V\'O\ Gr\:c”/34

§ Connections 4 curvature.
Principal G-bdl.  G— P—M
((ﬁ P DG ](ree ac‘hon (st M= P/G\))

P 'l:YiVia\\ — P l’\as G sechion
(G’Jforsorh], Pic\< seJm— jé@\)

¢ — ¢

GTOUP O§: %auge Jwansgor)'na)uov\s:

=A(P)=2h P—F ad
jﬁ ’ L% L hpa=hpg
M — M

If P=MG =4 = Map(M ., G)
L P = g4 :>,%—_:iG



&?ace og Covmecjc\'ons:
A =_AP)=A PG
Recan‘ [onnecjcl'on 1S an J, J/ﬂ
G~equ|'vmiav1)c SpliHinﬂ og — M

¥
0 — TP — TP — W TM—0

’ L/él v O\Hime space

(118. A.Be A= A=tA+U-1IBeA VYielR )
1% Ad B 2 SP\i‘H(ng, then

A-B e (P, 7 Th @ TeP)
(5- egu\vav\an)c = descenc{ to M
A-B e QM. adP)
where adP = Pé\}o:i VB/M
A = A+ Q' (M.adP) :
¢ Di%eren{(a] {:orm Viewpo(n“;.
_I\:P = }"\p — K(’/’l@Ap A

Ad‘['

w  @a e U(P, 0])

+ 3 canonical @ = g'dg €OV (& . )

/\/amely comm. on  G-bdl / 1 point .
By Pull\oack this 4s the trivial A
Conn. on l ‘]V‘ Gl _J’_ M

@1
9 P= G G (The identty map)
X Tgp TgG —s TeG = 0)

\d

ie. @=9'dq e O'(P, “ae

MxG




,\A)]ne\r\ P=MxG 4{rivial
r—> 3 Canon. ConV\ec‘E{ow @ on /4-

= OM,9) == A4
A 7 Ken Ba = Ha

with @a =g'dg + d' WA g
L T VA A
Liedy= Q" (M.adP), Tahk =Q'(M,0dP)

The lineanization of action ot A is AL

O (M, 0dP) =2 0/(M,0dP) /’*ﬁ/

(see below) (Da¥=dt + [AT] it loc dvividlizat?)
KenDa = infinitesimal stobilizen of A

. P=MG = 4 = Map(M.G)

% /4 Q'(M, ) =24
= hidh + KA
Write %t'—‘eﬁ w Te’M, ),
oo G- A)= d¥ + AT - 1A = DX
YRy

Now M:S — /ﬁ'

ond P = M"g B(“G\ Q'(sha)
(Mote: ALl == G/AG = T/W)
\‘T\/\is ]DQI/\th?S )il<e ao{\) Yepy. DJC CP{- )_\'e EjTongU




LSOm

(Yne-]cvics on M 0y m— metric o§/4 /%/>

B(©d6. C©de € TaA=Q'(M,q)
= (B, C)y, == |, T B&) C(8) 46

Prop.  Cantan Sul)a\g. HC 9) = StQ(M )=A

1-forms
VQ‘OYE'{'_ L h m

A=ArQ)
KDS Gl\len A C/QD ‘A n \'1 B > %,A

\/BCH e (S, o) A )

(Dat , B) Fo0
:8<"‘§+[Aﬂ B> de
= S§</‘j‘%/>d9 +S {[A.3].B>db
oo, =)o
—_— O ’

=0 CABRM
]Y\%V\'\-}eﬁma] SJ[a\Dilize — KMDA \QO(S\,OJ):?
0 =Da¥ — d‘ YTALE]
- \i(@) _ e -0 adA

£0) and T =%
= 1) € Ker (1 - €%

KCYDA \90(5‘,03): Ker ( 1 - e-adA> —

O\\'m ( "

) = G{i\ml’[ + A ('—ﬁ nost P\anes 'H’\Y'U,Aé\(l)



v%*/—\ “meeJ(s h o0 many Yimes !
Considen A€ I,
A =9gAaq t+3ddg € ba o
if  When 9 € G = LG, ie const qauge

El 016 - /\/(Tz

( L KenDa =) 9 e\W= Wey\ group

2 When 4 € LT LG, 5 5'(9)/—\5‘@):59{%9
— ?)—’Ol% = cConst
= 9(0) closed l-PomameJte\r subap. oSG
49€ Hom(S.T) =2
Facj[ © No othen 'in)tmsecjc{ov\s.

“%'A mh s Wx2Z'

MOYS€ ‘Hr\GOYV JCOY O{\S{'O\V\Ce Jru.
/K/ S /9 ‘A drom generic B s h
AR

+ (A-B, A-B)
Crl_od_m: Crit ( E) :V%'A A L‘L
Pi A'e(ut(E)
& (1A%, A-BY =0 \/”260"(5‘,63)

— M»r[rs Al=o A= A
A1)

2 genenic == A’ const. in h,

.



§ Moment maps
(M—R
ie. S A( M, w) symplectic
st. Ixt :~O\§, X v.f. gen. E)f Stach‘on.
PﬂOE: JC moment map
— cn{(gﬁ hon—clecjen., MGlex)C S/
IJC crit (f) discrete = JC Pengec)c Morse Jctmcjc(om,

In PMJ((cu\an, HOM — O ond lor H=o .

Pl pelrit(f) = M fix poirt seb
VR
S TPM as Tepresenj(ajtior\
Choose on S-inv. mekvic M | so S)—’lsom(M,%>

—> NnNegZ-~o

yivi o\ eﬁn@
i ) \
<S ivred vep. : SR or S R=C >

TPM /\/P ® E, ®. @EN (ovtho. c\ec)
$'-action = tvivial Ni,-> =--

1 loc.

S acts on geoo‘esms = MS = /\/P — M SYhOOH’I

7uv7\.1'1mmove TI}JOHM ) D isl< ( E, EBJ‘,“ @EN>
MS‘

gg. Coad; orbit § M < * 2SR

(eV\oug\n to assume X 9ene/\ajte5 a cpjr. gp. ack. /D

exp



¢q. M= S = R = (3
W4y'+z'=a’
(D & Xdydz-ydxdz+zdxdy e (R
dw =3 dx.dyadz

> C«J‘g?(a) - SO(2)-1nv. symp\. :Fovm.

SOR)
)

Iy\ (jeneno\, choose base ¥, AT :goY‘ ]
[x', ¥’) = Z Cur X
MmN 03* — R
W = = Cix ¥ dxiadx e QQ(O]*)G

‘H’\G’Y\ w‘Avﬂ coad;. ovrbit : G “inv. SVW‘P :gOYYV\

—

C\(){\m" S’ N SO(B)NSQ(Q> yotate aboud: Z -aXis
— TY\OYYIQV\’}L maop 5: --a zZ
;P—]C- >< — ’X% B 7’-’;9_9( (~ votate z-axis)
Ixto = Xdz-AXZdX +vy*dz - yzdy
= (¥*+y3)dz -z d(X*+v*/2
= o'dz (o x*+ ¥y = a*- 2?)

—

§ Exact &J(ajt{onan\/ prase ]Cor moment maps
§ : Mﬁhﬁ [R
Eﬂogl S{ajtionomx/ Pkase approximajc(on.

{Hess{an
—amif(prt - Fi signHE)

-Qm{‘t 100 l
SMe 1 /\;fcmzro ; | det R, |™



PQQPQ IJC g is  moment map.

-t 5 < mp =

-{g w — —L e +Morse 1/)
S[;’le nt T th d-ch;»:o mp -5 4 ) det H(H,)

Eg , 5 ——7 Sl E— ”2 (moment map V)
| btz P2 ot ot _ sinh t
. £-9)=

e —

oy L

2 ) & W T 2

EP\\'CH: ca]culajcion . IV\ C\/]\'V\AY{COK\ coovd. (1,0,Z)

W=vd0dz + Z rdrdo
=(v+29d6dz =dodz (. y+Z'=1ens)

6
1 27 1
gz:-| Se=o Qtz O\G CIZ =27 —-\E [ eiz ]2:-1: same

P§ ojc /Pnop 1 .
Consia]en c)isl’rf\)w}ion ((’GC (M)

z(e)=1 ™" ¢ L
Lemma: Supp(e) n Grit(f) = o

= Z(f)—o0 )Cas)ceﬂ than any powen of T

ie. | Z(9)) 4%1

Fﬁ]c OJf lemma: On gupp(‘@),z\ v,f. \/ <t am \/()C):l
° (Lm{ S;{Y [ eif* %%’l]

2T=1)

—[etype e + (et g o9
1 \[(V\Clepof't
= 11l ] fetfte| ¢ (il =

ie. | Z(@)] < C/t

O



]EZYYIYY\OL::> Yeoluce %o loca\ Cowl:rilm%fons

nean cnitical points.

/\/Q,af\ Cri{ica\ Po[m'): OC—ER s g:%—‘z 4+ hott,

~'X2_CIL. o
&'R e = 1
-(A’X’ dfx . ._’_.
e #=m ¢ Rea»o
-10X?* QX 1 i% | -z%l ()
giR T e e = 5 e 9
2 _n¥
@ €S )P 'Vloﬂ'oleﬁcy\.
S " e-i@(’X) dx’ Ol')(a"”.o{fx“__ | T 8ign0
" o = aaal” €

/p\roo§ og pnop. A Cskip).

(Y'QaSOh "Eauu'Vom.ADomlDou)(:'-> S:: Ot’Xl emc{\y wit std vJ)

Eﬁ. §=<X,->: MCO]*—”R

Coad; orbit

am§t on divd® 1 X
|, g¥mit L =S 0 S

00 dim “egu. (M,g) = dM symplectic
WY, Zy= e <wyY. 2> | By /M
dw=0, W (mildly degen)

S T(AM, w) —— R
morment map i E(V) =2 J14V enengy
(i M)S =M const. \oops.
Divac openator

%ezmt\z ;\)‘““: S A(M) = Imclex’w

IM M




% /—\‘}’_{ya\'\‘BoHls Le}sc%e'\[z &ix P‘L :?ormula

Q uan‘hz o\Jcion

(M,w) ~ > A

ed Tw)/Z
S\/YY\P}'YY\JH neea 162 ) H\\Lm% space

eq, H=H5(M.L)we(L)=TIw]

(use COMP\C)( Po\o«n zotion)

COM, W) == Y

COY\\/QYse\\/, Tep\resewka‘hons s\houlo) \36 \realfzeA
CAsS ciu\ar\'liza'k(ov\ og Coacljo\'n‘}_ or\o{‘ts.

Ecﬂ P\epnesenjta)[\'ons of G=SUQ)

Sl repr. SUM@7T T =V
LSV s a complete list of rred. G- repr
- Compack group  ~~ Finite group
Repr. GV 15 delermined by chonaden
Y G—=C, %9 =T P (lass fud.

A%am,ole)teﬂmmea\ lo)l ,%V\T (\Dy Conjug‘kion ‘Hnm)
L So Z%e-i pepG —— Rep T

For( ) < SU(Q) \/—_-G:2 std
,Xv(z 2") =232 Lite Zi\/‘—' | ® Lq
= F(SV)=S(LelN="+ C +

Nev = 2"+ 1 +z’2
S\m,\m oy =204 27774 e + 7



HO(A) O\o ‘Hnese come gvom auamjciza‘kion?

Coods. orbits of SU@) «— SH ()< [R'= su(2wl > O
(Wl ew] = a e H(S(0) =R
ﬂuo«h‘{izeol cOno\i—hon'- ad =ne Z>,o ﬁ L

i 1o ()= am ) \L
o [lgen)] SU(Q)/\,SQ(M

C\moo e Compajt. cpx. S‘kr. (i.e. CP)(. Po\owizajcion)

= (¢, L)=(CP, 0w (wes)
w— SU@Q) TH = Hs (P, 0m)=S"V

H3(—n—)= o
(S\(\OUH \rea“y use vivtual vep*r.?@l){ Hi(M,L))
L P
Note: (| G (M, L)

G™M
Mm—s chanacten />( ‘G __%[R
IX(%) :Z(-Ui —I—‘{‘H{ (3(%)

C‘aimi L canbe compujcec{ by fix Pjt. —formula.

L-—‘f—n_

1h gen@m\ Y lﬂo}o ,\J;\_Ll\l;\
= ¢ H (M, L) —H (ML)

Lefschetz numb ’
L(Jrs ¢ Zzhu enT e 5 Tre(m
¢) (1) Y~H T Gpep det(1- 0%

Recall #(py=p = tP:Lp = Lewar = Tr v
¢, Ty M—T,'M




Recall - Classical Lefschetz fix point formula
O M—M st Groph@ha =MsM

LUO) S # fix pt. =2 (21) =3 Grophlon A

. Thm L) =Z 0 Ty
Tn the sFecm\ case @ =1y

Hfoopt = #M =M = = (0 b=T6) Te L]

‘Reason ' 1 Fmijce se{: M
@ M— M = 6" (M) —C(M) (=)

bas\s So( s X eX

— T ¢ = #Fix()

H'(M,IR)

Note: €*foo =2 §0Y =0 {»
K(%Y)  mateix/keanel
—]—r(? —xex K (%X, %)

QO SWIOO'U'\ Ynaniq(‘o\ol M
On  Q'(M), as above

Tr " = §, Koo dx
— X — X
k g(‘“&w) d (du=(1-4d%)dx)
— du — 1
o SX o (W 1-dl UEF‘\%{’) ’1 - d(P(U)]
S\'mf arly,

* Tr @ | x
Trﬂf(? ueF;x%) ldet (1 - dew)]



Finite dim. cpx. (), d) © @ chain map
= T ¢ly =T

BE ‘ko mamaco\cl case,
Ty L€*|H‘ = Iy (10;

P Z Z("){Tr/\{‘é(u)
ucFx(e)  ldet (1+ @)

det (1+ @) S (1)

= 2 . —
/ Fod® | det (14 @)) — Fixee)

(Det (I-A) =Z (1) Tr NA)
(1} AeO@n) = Da(I-A) = &A) -A(A)

30 Ho\omorplﬂic seHmﬁ @E %E
MM

——

| () &

—_—

>*(M.E)

(z< N RN ce") TYE

F\X(‘(’) d )('_ (1— (6) AMH)

. TYE(F
_FWZW” det (1-¢")

40 El,ipjtic COVYIP]QX O—eP(EO)gP(E,)g ......

D'=o ) s\/mbol <eqg- s exacJC.

(/H\\/aln Bott {ix point -ﬁovmula)
_]—Y“ (—E (=) TY ?\E

H(E.) :F;xm )ole)m ©)|




Back{oG O]’W*C “I=H(

M,
Coaa\\) ovb
<
For simp\ici)ty, M=G/T. KT s G— C

(ve. 3enenc)

C\Oum Genenic t €1 ~ @ G/T —— G/7
Fix (@) = W
Pl @ (r91)=le] & 19T = 9T
= gtg el & 979 €T

L)
?

= [%]CN(T):\,\/ (-t genenic)
gq2=€"" =T < SU@7 SV=HICP.0m)
Y (@) e T =i = 2T

p— ZV) + ZV\‘I + ‘~..-.-"2-h

In %enena\ AT — ¢ )
W (o) Bt (2 »W <o(?T——>(E )

Sormula WGW< T (-d) ’V\Qﬁd‘l‘ive Yoo

() ::42,10{ has a Squane voot (1.e.G/T1s Spin)

AAdP w
XO) = & Tary ™ M — T ot " i)

1.2. Wle Clnau’lac%f’ﬂ ‘ﬁormula.



