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CL\OOSQ V-g- X Y Spon B (evef\y{kimﬁ 1s Iocal asound O)
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A A A= A3

dim N(V) = G:) (= osksn)
eV o ws g NOV) s ATV)
’caspose L - /\KI( )__;__) /\k (\/*)

S‘%Diﬁevemjcial gorms. and Ci
M anfd ~— TC) 2TTHM), ATn bdl

| ! l
M = x M
Q‘<(M> = TIM, AT dfferentil Jorm deg k-
M) = CT(M)
(M, Tu) @ M) — C°(M)
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= WNeom H < G st h = LL
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ﬁ-pamme)(m

XGO}M—% Q——_)Oj TR=0 [R———>G Subop
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~> oxp : 0} —(
Pﬂopev)c\es \) Cj(exp)(o) _]'003 ———eTG
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9 e gl R — GLInR)
AY\Y\‘—) e ‘Z

§ u Co Group COO ”
Ibm. (()3 ]’)—_—)G , C° gp. homo. = COO
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exp(nY) = exp(\() ~ veduce of nbd fe
Same -fov p  ~ ‘same = C7
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d
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ad - 0} — End(a]))  adjomnt repr.
Priop: ady (YY) = [X. Y]

/-Df: View X, as ]eP( v, \/.f. on G

write
QAXY — ’g{tzo Ad(@ﬂ:x> Y, etx'»:exp(’c)() ;—(E‘:r;o‘;me‘l:m
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Yomtx © ﬁetx e~ leﬁ ¢ Y‘\'g\r\“l multi.
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Chopten &, Hodge Theorem.

§ R iemannian W\QJCrIc
(M", 9) se 3 el (M, SynTi)
st. MoaeM, 9, :’EM@’EM__,]R
1S N innen Fvoo‘uc{: (c.e. pos. er:S:. Symw. L\'lmeo\ngorml

n

CL\OOSQ ah/ Xocoﬂ coo‘rd. x', x% oo, X",
= At ¥, dx', dxt ., dx jform base -D*M

= 3 = 2 g (x) dx'@dx’ (8:)=(9;5:) >0
EXO-VWPIQ: l’Rn) 33’((1 = {Zd%d@dwi P L. 6':3(9(): g‘:s

ExamF)e= M < RY Subm'poe. , 9 = Jstd IM.

/\/asl'\ e\m‘oeoﬂo{fvg ‘U\eorem? E\/Qﬂ)’ 3 on M
onises 'H\is l/Oa)/_

)V\XWEV\SiC Geomejw)/: Geovr\e%vy °7C M cA)L\icL‘\
Je\oemals valy on 3 . bot net on M S RN,

OH\erwc‘seJ ca“ exbrinsic geomelir/.

Exencise: r ﬂ?n — [R o M= Gm@«(&) < IR
e M = L = Lo, x b LOReE s g on M7

N+|

Remank: Locany, we Can alway& :gina[ (;oord.
s Sc3 (x) = & + OUxn?) (Exencise). ' we
howe e (x> = S + O(I'Xls) then we have
(M", q Y = (IR™, ﬂs’col>/]—| CThose & orden
terms  ane colled the Riem. cunvature of M .



° 6% on \/:—er
w—> 6,,( on /\k \/* {or ony )<
n S\)clf- a woay f‘lﬁaﬂl: rJC d?(I, e, AX” is  an
OY'HAOV\OT‘W)OJ )Da.s‘e 070 \/)f o %’J\er\ y
. . . X
{ C{X“/\ A, A a[’XL"} is on. L)ase T)[ov' A\ V

1< 1< - <)

Exencise: SL\ow ‘H\ajc 'H\(s s wen—cle\'yineo!.

;9 -y
By Uu=Uop . V=V €V (b p)
S(UJV) — Z 3‘3 u': vs ( not nec. o.n.D

(PR

Q= ©;dx‘adx’ , =7 dx‘adx’ e N\
a1 = 2 S‘Q 3" @5 Tax

4

(,«)L\e/\e 6{3 sk = &, L ie | 3‘5) = ( S:;yl,

Fxoncise: The & unit ,engjch elts in AV~ R oxe
D = 3 Jdet(ge) dxa- adx”

:H: M L\as o orl'ey\'):a'l:ion, ‘Hﬂem B

(,oi\l l)e Cl‘\osen 'llo l:e N ‘H«e Sam e OY‘(.G\V\C!

Ca”C& ‘H‘e (R\'emomvxiaw) Vo\uw\e DCO\’WL

n-k
. HOOQSQ stan O‘PQJ'\OC)ZOT: $ 2 NV —— NV
NNV o NV @ NV

con, —— —)
v R
VIO : % p!

Exencise :(i) ¥* =7
(i) K@,y ¥l = @a%x] = A¥Q
(l.l-\) ¥ (dx'a d)(2>:? ;§ Adx‘'s : emn. o»riem‘keal base .



EFxencise: Given Om)/ v e V , fet
vt = v'ag = g(v.-) e V¥

((»C' H-‘ v = U(%" S ‘H«en Vb: 655'\]1; d9<°)
Kl X
V

Show that Jor Gny @ e NV '76/\

we L\owe. <(€, V-S’Z> ——'<\fb/\(€,"z>~
1.2. vPA s the a&3ofn‘!‘. ogc v
K (need M oviented)
. IV\Y\QJ\ \oroaYULC% on Q(M) :
c->p

> IR

OF « O —=— M

= S 9,(@. 1) Yo

K@, >
M
= S eaxn = Juaxe
Deline - d¥=-xd#*: O (M)— Q)
and A = dd* +d*d ‘»QK([\/D@ )_aplac{an
= (d+d*)* - (@** = o,

F xencise :(i) Suppose M CDW\P&CJ:_ Show that

(<@, apon = Jede q>
ie. d* is the formal adjomt to d
() we.ae>» = |ldel? + 1 d*ell
IY\ pcmjc(culan, A s a hon—\negajcive oooefmjcor
with Kon A = Kon d an  Ken d”

Note: d (@an D= CUDNBENCNETD
But ne such simple &Ymulq -S:or O\X.



Lemma: dA: Ad , &*A:AOQI*
P{: aA(dey= d*dded + dd*(de) = dd*d ¥
= d (dd@) + d(dd* e = daw)

Given JC e CT(M) =O'M), e worite
VJE — (d§># — 26‘09—‘&' ’9_‘ aY‘O\C!iem‘)L \/e,clror §\'eld,

ox° X’
Exenc‘\setA(§ 3): 5[_\3 +2<V30,V3>+3A§
Exe/\cise:g\nouo 'Hr\a'l‘_ N /@oCa,Q OOOro((mochQ.

P

ot o ) e i

Aﬁ: :,J__
Exencise: Suppose dimM =2 and 6} = €u3
‘g:or some 5—(,4. u:M——>R, slwow ‘H’\a‘l: A&‘—”O {%,A':f:‘{

% Liﬂear /-\]C)e}yfa OLSPecj(S 03( HOO\%@ hﬂ’\eor)/
Given o FINITE DIM. complex,

o 44 4ot ., d=o
< a)
H\ é EQVQ (( D) Qk (measure fai)ure of emcjmess)

Cl’\OOSe AN\( me)wfc < O on Q&
Let d* - oQF — OF be +the odj. o§ Ol,
e X, d*y > = KLde, >
Debine A= dd*+ d¥d=(d+d: Q"D

A = A" 2o

KQAA — kQﬂ d n Ken 0Pe hamonic e“:x



Lemma:  H = Ken Algx /1““4

[:-,-C@ 1 Imd & d*@:o] e

\

Ken d
E)(?/\Ci S €(|) A ssupe ( Q. , d) i a C(’:l"?fwt) 3ro\o|eo‘ alg ®.6 A).

e deeapy=d ey +L—I>A°3(€C€Ad7  Then A
decends to H ¢ makes it a 3raoleol a)s.
HP » H® —2 HP'Y
(i) 5_5:; moreoven , 3 Linean nop 5"Qn — R
sadisfying Sdcé = o ¥ pe Q™.
TL\CV\ iJc gfves a \?“"‘”‘“3 s

K n- K

H™ x H S

— H" — R

([ Also assome OO0 25 T LR parfect parvin

N—*Dgtslfne stor oFenockor,

y - QK V_{;_)@n—k>* J_‘-;miﬂn—k
L4
e (o ap =<xe. fo :;sg-k
= QL %E >
l{ < > on oF is  chosen st.
S (Y s e fsomehy
Show that #* = 21 d¥=-xd¥ ; ¥a=a%
As o vesult, H"x H"* 25 H AL R

1S a\So O ‘DQ/\JCQCTIZ \oaivmg OW\O{ (POZV\Café alual\’%))

k = n-<
¥ : H— H isovr\evay.



Remanki (Q., AL d) JOQS COV\-kain M ove ‘\‘y‘?(\o_
thon (H,2) . ( Massey )orwa{udi, min. mode) {ormal(@)

see Rott/Tu
- Ei qengpace Olecow\posiJCc‘on.
Since N=2%: QP  Considon  the
eijemsF&ce O\meFos(Jc:‘on, OK - ® Q‘; w/

eeQs #f ap=>¢.
Lemmoa: d: Q\; —9@}4;1 4+ J° .D\;‘*QK;

Pf: da = ad + drAaz-rd =

ln Pw\%icu[w\, —JCoY‘ avx)/ DA ,We \have Q. ch.,

o — QOQ\’OL?Q;\’Q[% ~~~~~~ __9@;\———700

Tkeoremi (i) d=o on Q;\:o.
(i1) When N # o0 |
(O, d)  is exact. (Imd = ¥end)

P-§i (i) s obvious. For (i) Imdeckond vV
Suppose e € O% n Kend
AP = dd¥e + d¥d P = ¢

O

e = d(5d*®) (v a#o)

)n \oaAJc(cular, i (-))i dimﬂ;z o Y nFo

t=o0



“dim’ P

’ ; o
o= (-0 dim H
‘ , —~ ¢ ¢
= Z (=1 dim L+ )%o (?(—\) O[imD>>
= = (- dimOF )
— . \\Aim'/ Q‘
Agair\ YV t,

X = I (-0 dim Q2 Nz dm)
= = (1" M) 5
Telet*0'2)
Heot OpQAaJCoV e—{A () — ()

. "(’ts""tz)é) —{Z\A —tzA
Exencise: (i) e = € ° &€

Givew avxy (eo GQ R ole—jrfme (et = e‘tAC(o
Show that (i) (d_oll’._ + A) @Y., = o .
(ivy) H} d¢.,=o , then d@, = o ond
L1 = 1] e H ¥t
(iv) Show that @ = gj};’;(& exicts
Aceoo =0 ow\o! f{ K ‘H'\e ow\) eH:.
in [ €,] which s in Ken Al L\OJWV‘O“"C.
(v) Sl«ow 'k)’\a']'_ H\e V€c{70~r' -\Fl’ela\ on ‘H'\Q
\recjr,ov Spoce O given Ly @ — A(F is ‘H«e
6‘(‘0&C1t€V\%- \/QC'I:OY' Oc\e[d —\fov 'H'\e DC(AWC‘\:\OV\&\
M* Q—R
iiL ld@l® + 2 [d*e*



m*\ ;{)— N > O

e” |
O -tA
A\:( o >=> e :< et >t——>fw< = )

i.e. Hﬂ‘—)Q 1S OT-‘:\’\OSOV'\O..\ Pro\j. ‘):o l’\O&/\VY)OV\iC e\‘ts.
:DQJCW\Q Greer\ oFerA:o\r? Q : Q —(2

o 1.2. 1ThVense OV\-—LA

G :< ’*) on (Ken 27
(We then have I=H+Ga :5’(‘\‘4&@.

e @ = He + d(d*Ge) + d*(d G¢)

| KenA

=

ken d

A‘so 'H‘\LS is oT'H'\OSOV\al Aecompos\‘l‘;iom_

WQ V\QQO‘ ‘):o O.'Oply a\oove S‘lzuolies "Io J.:,\qe
GO OQ{m. Se‘\I'l:ivw\cI eoc &\ﬂ: JCDYVV\S on M
’V\ j:ac{ ) 'Uney cawn axop\\-eal ‘[?o UHAQ/\ (iJCua'l:{om.

630\ "\:w\'s‘\mJ w/ Q@ J:\a‘\‘_ awmecjc\'ov/\) ) o‘oma‘liors_

8 Hoclse theorem .

I oun 0 dim situation Q(M)
we need e‘ll:iojcicxjc; OJC A 1o ensune
JLL\aJc_ - olim Q)5 < oo Mo

N grows Veny fa_c‘l', in kst

T‘f €_tA 1S u)e”—-a[ei{mecq,



3 Proof of Hodge Theovem

~vefen to Lawsons
ASS'UUY\G (A) OV‘Cl (B> (P} ‘Siin GeomejCYY' )

(A) T]f\eowm (Qegulaﬁ{y) ol éﬂp(M)
if AW =L weaLly )
Cthen A = ol (shrongly).
IJC A ) = o, then
AW, @) e (W, ABD v B
<o, @Yy

“weaLL/" means (\ EJJ cts ﬂm_ ,@,‘)3 5‘)—‘) C
L st Lu(Ap) =< B> Y p

B)Theorem: dv.dv, €M) w lldille N 8dilly, € C
= 9 Caucl\\/ Subseg.

Cor: (1% eiaenva)ue estimate )

B L Kend = Iflw< ¢ lARN
Pl I NOT, 3 such Bi's Ifll=1 4 Iopl—e
Thm = (auc']ny seq- (up 1o subcegq)
= 3bdd inean L1 CF = € w L04)=Lim<fe ¥y

L(Aap)=0 (. 1apd—0)

ie weak sol? Ho AR=0 % AQ—TO 3(3
L e e B Ao Cupl=1) But B L Kend —%—.
fPﬂoogC of Hoclﬁe Decomposijfl'on QP = InmA ® kenA,

[ (KQAAYLC ImA ] ( [ Ima c (KQAA)-L ] Ol)Viouts >
\D)

A Mﬁ : (Im&)ﬁq:
Llae) =dd. o> |

well-defd  since
d,Hw)>=0 )



eplace
| L (a@)) fm Nl 1l (Yby oV\e\f/(Qé(keAA))
< ChdN lal

1.2. ﬂ bo\al livxew\ fcﬂ
Ha\nn-BanacL\> extend ﬁ : QP ()

ie. weak SO\“A to AW=d
R ularijf
_U Jwe (F st A =d

APPIICQJC(OV\ oQC the Hoo\ae ’H’\W\.)

(1) dim HM <oo ;J(" M cpt ori. mid

(2) Poincare duality H (M) = H (M) 5 H o) s R
is porfect paiving. x: HN(M) —F— HN(M)

(3) Bochnen method (ue +he can. Yepr).
. Rc>0 > b =0

(4) Hodge (p.q>-decomposition, H“(M.€)=@H (M)

P+9=k

HP-2 = W , 7(or COW\)OOLC’}: Kahlen W‘JCOQS'

(S') Hc{nd )_QJ"SCLQ{‘Z. SQ(Q,m>~aC‘I¢fon on H(MJIP)
‘(:or Compavl: Kéhlen hn—j:o'



