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Let z,y € X with T'(z) = T(y). Since T is linear, T(x —y) = 0 and so z —y €
N(T)={0}. Thus x —y =0, i.e. x =y. This implies that T is injective.

By part (a), it suffices to show N(T') = {0}. Let x € N(T'). Then ||z|| = || T(x)| =0
and so z = 0. This implies N(T") = 0.

Note that H]. -+ 2t”oo = Sup0<t<1 |]. + 2t| = 3

1Tl = sup [T(f)]= sup
Iflh=1 I£h=1

Consider f,,(t) = (n + 1)t".

/f )1+ 20) dt]< sup (1111142610 = (1)(3) = 3.

fllhi=1

1
1l =/0 (n+ 1 =1.

2
n+2

1
|T|[ = sup [T(f)l =[T(fn)l = / (n+1)t"(1+ 2t) dt‘ =
Iflli=1 0

Letting n tends to oo, we have || T'|| > 3. Together with (a), we have ||T|| = 3.

We claim that ||.S|| = maxo<t<1 |g(t)|.
Firstly,

1S] = sup [S(f)| < sup |[|fll1llgllcc = max [g(t)].
I fll1=1 I £ll=1 ost<1

To prove the reverse inequality, we construct f,(t) as follows.

Let M = maxo<i<1|g(t)]. If M =0, g(t) =0 on [0, 1], it is obvious ||.S|| = 0. Without
loss of generality, we assume g(zg) = M > 0,z9 € (0,1) (for g(zg) = —M and the case
xo = 0,1 we can apply similar procedures as below). For each n > 0, by continuity of
g(t), there exists 7, > 0 such that g(t) > M — L for all t € (zo — ry, 20 + 1) C [0, 1].
Define

0, [07$0 _rn]
%(t—$0+7“n)7 (xo_rna'xo_r;)’

fn(t): 1, [IO_?axU—F?]a
1—%@—9?0—%"); € (zo+ 5 w0 +10),
0 [$O+Tna ]

Then f, is continuous on [0,1] and || f, |1 = 3r,. For all large n, M — 1 > 0. Then

S| o Ly Sn()g(t) dt] L () (t) d]

151 = >
[l fnll170 ”anl anHl %’I“n
+ n
> | f::oo rr fn dt‘ — M — l
2 2?"n -

Letting n — oo, we get ||S|| > M. Thus completes the proof.



3. T, is a Cauchy sequence in B(X,Y). For any € > 0, there exists N > 0, such that
T, — Tin|| < e, whenever n,m > N. Thus

Tn(x) = T ()| < [Tn = Tnlll2]] < elj]]-

For every fixed x, the right hand side ¢||z|| can be made arbitrarily small. Hence, (T},(z))
is a Cauchy sequence. Since Y is a Banach space, T),(x) is a convergent sequence in Y.

4. Let f(x,y) = ax + by € (R?)’,

Ifll= sup |az+byl < sup Va?+b2V22+1y2=a2+ b2
[l (z.y)lI=1 l(z,p)||=1

The above equality holds when ay = bz, thus || f|| = va? + 2. Consequently,
ISHI = ll(a, )] = Via* +b* = || f]].

5. Let y € V' \ Z. Note that every vector z of V' can be expressed uniquely as z + ay for
some z € Z and a € R. Then f(z) = f(z + ay) = f(2) + af(y) = af(y). In the same
way, g(x) = ag(y). Note that y ¢ Z = N(g) and so g(y) # 0. Let ¢ = f(y)/g(y), then
f(x) = af(y) = cag(y) = cg(x).

6. Assume on the contrary z # y. Let z = © — y # 0. Define a linear functional f on
7Z = span{z} = {az : a € R} by f(az) = a. By Hahn-Banach Theorem, there exists a
linear extension f on X such that || f]| = ||f||. Since f(z) = f(z) # 0, we have f(z) # f(y),
which is a contradiction.

7. (a) Let x € ¢. |f(z)] = [limie0 x| < ||2|l0o, thus f is bounded and |[[f]| < 1. Let
z=(1- )2y, then |f(2)] = Lm0 2| = 1, | f] = 1.

(b) Take e, € Z the n-th unit sequence, then y, = T'(y)(en) = 0. Thus y = 0 and T'(y)
is the zero linear functional on [*°.

(c) By Holder’s inequality, |T(y)(x)| < ||yll1]lzlleo,|T(v)]] < ||y|l1. For ther reverse in-
equality, let

L,y >0
x;=signy; =40, y; =0;
-1, y; <O.

Then [lzfloo = 1, |T(y)(2)] = 222 lvil = llyllx- Thus |T()] = [lyll:-

(d) Let y1,92 € 1Y, T(y1) = T(y2). Then T(y; —y2)(z) = 0 for all z € Z. By (b), we have
y1 — y2 = 0,y1 = y2, T is injective.
Let f be the linear functional in (a). By Hahn-Banach Theorem, there exists a linear
extension g such that g = f on c and ||g|| = || f|| = 1. If there exists some y € I! such
that T'(y) = g. Then y, = T(y)(en) = g(en) = f(en) = 0 for all n. Thus g = 0 which
is a contradiction, T' is not surjective.

8. Omitted.
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