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Restricted Isometry Property

Definition
Given m x N matrix A, its sth restricted isometry constant ¢,

is the smallest constant ¢ such that

(1—0)x|* < [|Ax|* < 1+ 9)x[* Vxex,  (0.1)

Lemma

o * _ 2
0s = max |AsAs — Id[5,,.
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I 0000
1. Proof. For z € ¥,
|Az|]? = (Agz, Asz) = (AfAsz, )
[Az|* = [Jz]|* = ((AsAs — Id)z, ).
R 1 T

IS|<s suppx=5 |2

2. Remark. AjAg —Idis a self—adjomt matrix. lts spectrum

ax ||A*A —Id|[3 s

satisfies
O-(A?;'AS) C [)\m'ma )\max]-

We then have
|ALAs — Id||2—2 = max{|Anaz — 1|, [Amin — 1]}
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Mutual incoherence and RIP

Connection between M| and RIP:

0s < (s —1) < (s —1p.

Proof. Recall the theorem:
Theorem. We have: for all s-sparse vector «

(1= pa(s = D) |3 < [[Az]3 < (1 + pa(s = 1)) [llf3-
Equivalently, the spectrum
o(A5As) C[1—pa(s—1), 1+ pi(s — 1))
for all S with |S| <'s. Thus,

max{|Amin — 1|, [Amax — 1|} < pi(s — 1).
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Proposition
Suppose u € X, and v € ¥, and suppu N suppv = (. Then

|{(Au, Av)| < Osie|ull[o]].

Proof.

1. Let S =suppuUsuppv. We have ug = u, vg = v.

2. Since suppu Nsuppv = @, we have (ug,vg) = 0.

[(Au, Av)| = [(Asus, Asvs) — (us,vs)| = [{(A5As — Id)us, vs)]|
< |NAsAs — Idll2s2|lus|lllvs]l < dstellull|lv]]-

Remark. This means that if suppu Nsuppv = 0, then (Au, Av) will be small.
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RIP and Exact Recovery via Basis Pursuit

Theorem
If 65 < 1/3, then every x € ¥, is the unique solution of

(P1) min ||z||;  subject to Az = Ax.
Key ideas of the proof.
> Goal: show Jp < 1 such that |jvg||1 < p|lvg|lr for all v € N(A).

> Estimate ||v||1 in terms of ||v]|2.

> Estimate ||v||2 through ||Av||3. Use RIP.
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[
Proof.

1. By the Null space property, we should show: for any v € N(A),
[vsllt < llvgll1, or equivalently [us|ly < &llv]l1.
2. We show stronger statement: (use ||vs||1 < v/s|lvs||2)

2529 .
v < vl|1, = — <1 if 925 < 1/3).
Ioslle < 57l p= T2 <1 (620 <1/3)
3. Define index set Sp, S1, ..., each size is s. S is the index set of the s largest

entries of |v|, S1 is the next s largest, and so on. Thus, v = vg, +vg, +---
and Avg, = — Zk21 Avg, .

4.
1
lloso ll? < [ Avs,|I* = — (Avgy, — Y Avg,)
1 —d2s 1= 025 E>1
sy s, 1 < Sllosll - . L "< < gz sollivli:
k>1 k>1 5
5. Here, we use a lemma: If u,v are s-sparse and max |u;| < min |vj|, then
llull2 < = llvll1.
el v
u
2:( Z| 12> <max\uz|<m1n\vj\<72\vj|
Jj=1
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RIP and robust recovery via basis pursuit

Theorem

Given m x N matrix A. Suppose d25(A) < \%ﬁ ~ 0.6246,

Then for any x and y with ||Ax — y||» <7, a solution ¥ of
(Pry) min ||z||;  subject to ||[Az —ylla < n
has estimates

[a — 2|1 < Coy(x)1 + DV/sn

C
|## — z||]s < —=04(2)1 + Dn

Nz

with C' and D depending on d;.
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Proof. 1

1.

Given v and s, we define index sets Sp, S1,--- according magnitude of v; of v

as before. We want to show ||vg, |2 < %”%”1 + 7] Av]|2.
Define t such that ||Avg, ||2 = (1 + t)||vs, ||?, where [¢] < 5.
vs, || for k> 1.

We claim [(Avg,, Avg, )| < 1/03, — t2[|vg, ||
Take u = vg, /||lvs,ll, w = evg, /||lvs, ||, 0 is chosen so that
[{Au, Aw)| = Re(Au, Aw). Notice suppu Nsuppw = @ = (u, w) = 0.

2/(Au, Aw)| = —— (IA(au+w)I? = |Au = W) - @ - 5| Aul?)
=% i 5 (@ 82s)llow - wll” — (1= 620)[1Bu — wl® — (o — B%)(1 + ) [ull*)
= aiﬁ (1 +625)(a® +1) — (1 = 825) (B + 1) — (o = BZ)(1 +1))

= aiﬁ (a2(625 - t) +52(623 +t) +2523) .

Choose o = (825 +t)/+/02s — t2, B = (825 —t)//F2s — t2, we prove the claim.
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Cont. 2
4

| Avs,l|* = <Avs0,A(v - vsk)> < [lAvs Il Avll + D /63, = t2llvs, llvs,

E>1 E>1

= llvs |l | VI+tll Aol + /83, =12 > |lvs, |l

k>1

5 We will use a lemma: Suppose {a;}$_, is nonnegative decreasing sequence.

Then
|| llallx ﬁ

lale < £+ 4

(a1 — as).

S fosall < 3 (Gglesal + 0 =)

k>1 k>1
1 N 1 1
\TH vgsll + 1 oo < EHUQHI + Z”USO”

<

Here, we use vj” < 1H’USOH1 < \}EHUSOHQ-
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e
Cont. 3

6 Replacing ||Avs, |2 by (14 t)|lvs,||? in 4, and plug 5 into 4, we get

1 1
(14 Ol | < VIF Aol + /33, = 2 (S-losglhs + § sl

<(1+1)

\/11Tt||AU|| b D — vyl + %Hmll
/1 — 62, a4,/1- 82,

Here, we use |t| < 65 < 25 and (63, — t2)/(1 + )2 < 62,/(1 — 62)).

52 lvg-ll VIT o2
lvsell < 2 o 4 . [l Avl
J1— 02, —6p/a V5 1— 62, — 824 /4
7 Now, we take 5
2s < 1’

pi= ——
A1 =62, — 82s/4

which is equivalent to 4163, < 16.
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Proof of the lemma: Suppose {a;};_, is nonnegative

decreasing sequence. Then

a S
< —H ||1 + £(CL1 — CLS).

Jallo < 27+

1. Equivalent statement (due to homogeneity)

G1>a3> > as >0 ———————— s
11 4as+-ag +£a <1 = a%+a%+-..+a§+7as <1
st ra <

So we aim at the optimization problem:

s
max f(ai,...,as) 1= \/a% +a§ +-taZ+ %as

over the convex polytope

{a12a22"'2as and

11 +az+---as +£a1§1}
/5 1

2. The boundary occurs at s equalities. There are the following possibilities
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» a1 =---=as = 0: this leads to f(a1,...,as) = 0.

» (a1 +--+as)/Vs+tsai/d=1landar = =ar >apy1 = ---=as=0
for some 1 < k < s — 1: in this case, a1 = -+ = ar = 4v/s/(4k + s) and
flai,...;as) = 4Wks/(dk + s) < 1.

> (a1 +--+as)/v/s++sa1/d=1and a1 =--- =as > 0: in this case,

a; =---=as =4/(5y/s) and f(ai1,...,as) =4/5+1/5=1.
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Restricted Isometry Property

» Def. For s,t > 0, define

ds := max ||AGAs —I||

SC[NJ,|S|<s
051 := max{||A7As|| ||S| < s,|T| <t,SNT =0}
- G < (s —1) < (s— D
(i.e. mutual incoherence = RIP)
> Ot < Ogpts 025 < 05+ 05
» A satisfies RIP of order s if §; is small.

» Thms. BP, OMP, IHP are successful if
BP IHP HTP OMP

095 < 0.6248 | 035 < 0.5773 | 935 < 0.5773 | 0135 < 0.1666
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Sharp RIP bound

Theorem
Basis Pursuit can recover s-sparse vector x from the
measurement data y = Ax if

0s +055 <1

This condition is sharp.

> Cai, T. & Zhang, A. (2013). Sharp RIP bound for sparse signal and low-rank
matrix recovery. Applied and Computational Harmonic Analysis 35, 74-93.

» Cai, T. T. & Zhang, A. (2013). Compressed sensing and affine rank
minimization under restricted isometry. IEEE Transactions on Signal Processing
61, 3279-3290.

» Tony Cai: http://www-stat.wharton.upenn.edu/~tcai/
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Lower bound and upper bound of 9,

» Theorem 6.8: lower bound of §5: One has

DA
m
provided N > Cm and §s < dx.
» Proposition 6.2: upper bound of §s:
ds < (s—1u

> Proposition 5.13: Best upper bound of p ~ 1/4/m. Hence we get

ds <

el

> There are plenty room between /> and -2
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Relation between d, and m(s)

» Corollary 10.8 (necessary condition): Let A be a m x N
matrix. If 05(A) < §(= 0.6246), then necessarily

m > Cssln(eN/s).

» In Chapter 9, we shall show:
If m > C§2sln (eN/s), then certain matrices with high
probability satisfy 6, < 9.
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